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Abstract The study presents the effect of uniformly distributed various thermal loads on the thermal buckling
characteristics of trapezoidal laminates by developing finite element formulation. Towards this, the trapezoidal panel is
discretised by using a 9-noded heterosis plate element by incorporating the effect of shear deformations and rotary inertia.
The effectiveness off the presents formulation is verified by correlating present findings with the accessible literature. The
present study involves the effect of various parameters like the intensity of temperature, trapezoidal shape, ply-orientation,
panel edge conditions, panel width to thickness ratio etc. It is observed from the study that the trapezoidal shape and its
boundary conditions significantly affect the thermal bucking characteristics of thin panels.
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1. Introduction

Advances in material science have resulted in a
remarkable rise in the allowable material stress level.
Laminated composites is often employed to replaces
traditional metal for the skin panels of aircraft wings and
fuselages in order to reduces the weights of aerospace
vehicles. In the designs of composites skins for aircraft
wings, one of the important issues is thermals buckling of the
panels. High-speed aircraft structural panels are subjected
not only to aerodynamics loading, but also to aerodynamics
heating. The laminated composites structures are very much
vulnerable to elevated heats or temperatures and which leads
to considerable degradation of strengths and other damaging
effects. In practices, the laminated composites panels are
not always rectangular or square in shape, but which are of
different shapes. For instance, the aircraft wings and ship
bodies are made up of trapezium panels which are located at
some regions. Most of the literature covers the stability
analysis of rectangular and square panels under thermal loads,
but trapezoidal plates are also commonly founds. And there is
not enough literature regarding these trapezoidal plates. The
in-plane thermal stresss distributions within such panels is
not uniform, the existence of stresses may also be vary in
different regions, resulting in loss of stability at an extremely
low levels of stress. Therefore, the complete knowledge of
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thermal buckling behaviour of trapezoidal panels is most
necessary in order to prevent the premature failures and to
use their full strengths. This can be explored to a great extent
in the area of thin walled structures. Ganapathi et al. (2018)
and Biswal et al. (2016) studied the effects of hygrothermal
loading on the buckling behaviour of laminated composites
plates by adopting the finite elements techniques (FE).
This study is restricted to the square/rectangular plates
and a quadratic iso-parametric eight-noded elements with
first-order shear deformation theory (FSDT) has been used
in their study. However, for certain mesh configurations and
boundary conditions, the eight-noded plate elements appears
to be locks in shear, even when selective or reduced
integration techniques are used for a thin plates
configurations. It is also stated that the eight-node serendipity
elements is comparatively more sensitive to elements aspects
ratios and elements shape distortions Rajanna et al. (2016).
Rath and Sahu (2013) adopted the finite elements modelings
approach for investigating the parametric instability of
laminated panels subjected to periodic dynamic loading in
hygro-thermal environment. Theoretical and analytical
investigations based on the finite elements methods were
performed by Panda et al. (2013) to study hygro-thermal
effectss on free vibrations of delaminated woven composites
fibres panels. On the vibrations actions of woven fibre
glass/epoxy delaminated composites panels subjected to
elevated temperatures and humidity were studied by Parhi
et al. (2013). The thermals bucklings behaviours of shear
deformable functionally graded single/doubly curved shell
panels with temperature dependent (TD) and temperature
independent (TID) properties were studied by Vishesh et al.
(2016). Using the finites elements methods (FEM) via a 3D
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eight-noded solid element, Na and Kim (2004) investigated
the thermals bucklings behaviours of the FG (fractionally
graded) panel. Abdelhak et al. (2015) examined FGM
(functionally graded material) panels thermals buckling
behaviour using four variables theory in the n™ order.
Hygro-thermal effects on the bendings of angle-ply
composites panels were examined by Zenkour (2012) using a
sinusoidal theory. To present hygro-thermal effects on the
stretching behaviour of laminated composites panels, Ram

and Sinha (1991) have been used the finite elements methods.

The effects of hygro-thermal environments on post buckling
behaviour of laminated panels has been studied by Shen et al.
(2001). The hygro-mechanical connections and multiscales
swellings coefficients evaluations of flax yarns and
flax/epoxy composites have recently had been investigated
by Marwa et al. (2020). Abdelmalek et al. (2017) observed
the hygro-thermal effects of composites panels free
vibrations behaviour using node n-order shear deformation
theory. The research of hygro-thermal effects on stress
analysis of tapered laminated composites beam were
conducted by Debabrata et al. (2013). Madhusmita et al.
(2016) investigated the impacts of hygro-thermal effects on
the buckling behaviour of laminated composites cylindrical
shell panels. Patel et al. (2002) used higher-order theory to
do his research on hygro-thermal effects on the structurals
behaviour of thick composites laminates. The effects of
thermals buckling behaviour of hybrid angle-ply laminated
composite panels with a hole was studied by Sinan (2005).
Abdelbaki et al. (2017) did their research on thermals
buckling using a simplified higher orders shear deformation

theory (HSDT) for cross-ply laminated panels.
Chandrashekhara (1992) have been investigated the thermals
buckling behaviours of laminated panels using a shear
flexible finite element.

From the above literature study, it may be concluded
that vast amount of literature are available, which deals with
the buckling behaviour of laminated panels subjected to
hygro-thermal loads, but they are restricted to rectangular or
square shaped panels. No work is found in the literature, as
per the knowledge of the authors, which relates to the effect
of temperatures on the trapezoidal laminate panel under
thermal buckling behaviour. Therefore, by conspiring
various parameters such as trapezoidal shape, ply-orientation,
panel edge conditions, width to thickness ratio etc. Through
this work, an effort is made to study the impact of trapezoidal
shape and other parameters on the buckling behaviour of
panel under different elevated temperature by adopting
9-noded heterosis plate elements. This kind of element
exhibits higher accuracy as compared to that of 8-noded
serendipity and 9-noded lagrangian elements even at
extremely thin plate configurations.

2. Mathematical Formulation

The basic form of the problem considered here is a
trapezoidal shaped panel, whose geometry and meshing
pattern considered are shown in Figs 1(a) and 1(b)
respectively.
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Figure 1. (a) Geometry of the panel with its co-ordinate system. (b) Panel with a meshing type

The panel is assumed to consist of N orthotropic layers.
Each layer has arbitrary fiber orientation. The displacement
field may be expressed as (Subash et al. 2020)

u(X, y,2) =Uy(X, y) +26,(x,y),
V(X,Y,2) =V, (X, Y) + 26, (X, Y), D

W(X, Y, 2) =W, (X, Y),

where Uy and vg are the mid-plane in-plane displacement
components of the panel; 6, and 6, are rotations of the
mid-plane with respect to y and x axes respectively; wp is
the out-of-plane displacement component of the panel.

The kinematic relation can be determined as,
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The stress-strain relation for a lamina with reference to
the plate axes is given by

Oxx 211 212 216 Exx Oxx
Txy n Q16 Qze Qee Vxy Uxy n

n

where (_le are the transformed reduced stiffness, oOxx,

Oyy, Txys Tyz and 7y, are the stress components, &, &
and %y, %z % denotes the bending strains and shear
strains respectively at any point on the laminated plate and
O, oy are the thermal expansion coefficients in x and y
direction, respectively. ayy is the coefficient of thermal in
shear.

By using Egns (1) and (3), the constitutive relation for
the symmetric laminated panel can be given by

INF]_TTAL (o] ({1} | [{N*T ],
[{M}} {[01 [DJ Lk}] [ (0 “
where [A] and [D] are the extensional rigidity and bending

rigidity of the panel, respectively. The thermal forces {N*"}
induced by the temperature change are defined as

T
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The total strain energy for the thermal buckling of
composite laminated panel can be expressed as

se=—f dA——j{ }{NAT}dA 6)

By following the procedure described in the strain energy
of a quadratic element can be expressed as

1

Use =5 {0} [k{a) —{a)" [ Q" J{a) ™)

where [k] and [kﬁTJ are the element bending stiffness

matrix, geometrical stiffness matrix due to thermal effect and
{q} contains the nodal degree of freedom.

The boundary conditions for simply supported and
clamped supported edges can be described as (Muddappa
et al. 2021),

(1) Simply supported condition (SSSS):
Atx =0, a; Up =wy=0y,=0
Aty=0,b;vg=wy=60,=0

(2) Clamped condition (CCCC):

Atx=0,a;Up=Vo=Wy=0,=0,=0

Aty =0, b; up=Vvo =Wy =0,=0,=0

After assembling the element matrices and vectors and
then applying suitable boundary conditions, the governing
equation in matrix form for the thermal buckling analysis of
the composite laminated panel is obtained as

{[K] e | RN H{Q} -0 ®)

The thermal buckling analysis has been represented as
the standard eigenvalue problem. The critical buckling
temperature A7; may be found from the eigenvalue A,

which is equal to 7.
AT=T; =T, 9)

where, AT is the temperature difference between the final
temperature (T¢)and the reference temperature (T,).

2.1. Finite Element Formulation

A computer program by using FORTRAN language
has been developed to work out buckling problems. The
different participating matrices are acquired by assembling
each individuals element level matrices which are retained in
a skyline technique. Eigenvalues and eigen-vectors involved
are extracted by using subspace iteration. technique. In the
computer program, a selective integration scheme, in which
3 x 3 Gauss rule for membrane as well as deflection terms
and 2 x 2 Gauss rule for shear terms has been incorporated to
generate element elastic stiffness matrix without any shear.
locking. Similarly, full integration scheme (i.e., 3 x 3 Gauss
rule) has been used for both geometric stiffness as well as
mass matrices. Figure 2 shows the schematic example of
various this types of elements.

8-N Serendipity

9-N Heterosis 9-N Lagrange

® Node with u, v, w, 6, 6, degrees of freedom
O Node with u, v, 8, 8, degrees of freedom

Figure 2. Schematic example of various types of elements

9-noded heterosis panel element has been employed in the
current research to study the thermal buckling behaviour of
the trapezoidal panel. By use of minimum potential energy
rule, the stiffness matrix of the panel is achieved. Bending
stiffness [Kys], shear stiffness [Ks] and geometric stiffness
[Kgs] can be represented as:

[Kbs]=”5bs]T[Dbs] [Bps ]dA, 8

A
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[Kss]:“Bss]T[Dss] [Bss]dA: ©)
A
and
[KQS]:“BQSJT[DQS] [ Bgs JdA, (10)
A
Where
| Ad B
[Dbs]{Bkl Dkl},
[Dss]= @ s *0 , (11)
0 kaAys
| N1 N2
[Dgs]_ N1z N2
hi2 _
(Aa:Ba.Da)= | Qq(Lz.2%)dz (ki 1=1 2 6) (12)
—h/2
h2 o o _
(A44’A55): _[ (Q44:Q45)d2 (13)
—hr2

Here [Aq], [Ba]and [Dy] represents extensions,

extensions-bending and bending stiffness respectively.
Compared to Ay and Ags, in which the terms Ay is
ignored and the shear corrections factors for the trapezoidal

cross-sections are donated by kf =k; =5/6. The overall

matrices are receives by assembling the corresponding
elements stiffness, geometric stiffness matrices using the
skyline technique.

3. Results and Discussions

There are several methods to solving eigenvalue problem.
In this analysis, the subspace iteration technique is adopted
to get numerical solutions to the problem. in order to obtain
the eigenvalues. The angle-ply and cross-ply laminated
trapezoidal composite panels used here have multiple
thicknesses and are symmetrically bonded.

The trapezoidal laminated panel considered in this
research is a thin panel with h/b = 0.01 and having 4 layers,
each layer is having the equal thickness of 0.5mm unless
otherwise stated, the thermo-elastic properties of the material
that are used for E-glass/epoxy are shown in Table 1.

Table 1. Material properties used for numerical solutions at different
temperature (Sai ram 1991)
Elastic Moduli Temperature T (K)
(GPa) 300 325 350 375 400 425
Eu 130 130 130 130 130 130
= 950 850 800 750 7.00 6.75
G2 6.00 6.00 550 500 475 450

G = Gy3, Gy = 0.5Gy3, U= 0.3, 0!,1=—0.3E76/K and
a,=28.1E%/K. Here Ey, E,, and py, are modulus of
elasticity in direction 1 and 2 and Poison’s ratio, respectively.
oy and a, are the coefficients of thermal expansion of the
materials considered in the solution.

3.1. Comparison and Convergence Study

Table 2. Comparison of non-dimensional buckling temperature under simply supported boundary condition for isotropic thin panel E=1.0x10° Pa,

p=0.3, a/h=100, a/b=1, a=254. oip= 1x10™°

Critical buckling Temperature (aT,x10™)

Present Chandrashekhara [20]
b Mesh size Mesh size
4x4 5x5 10x10 15x15 20x20 4x4
0.25 0.6731 0.6725 0.6720 0.6720 0.6720 0.6727
050 0.7918 0.7912 0.7906 0.7905 0.7905 0.7913
0.75 0.9897 0.9889 0.9882 0.9881 0.9881 0.9890
1.00 1.2667 1.2657 1.2648 1.2647 1.2646 1.2657
125 1.6227 1.6214 1.6202 1.6201 1.6201 1.6234
150 2.0577 2.056 2.0546 2.0544 2.0543 2.0561
175 25715 25695 25676 25674 2.5674 2.5696
200 31641 31615 3.1593 3.1590 3.1589 3.1617
225 3.8354 3.8322 3.8295 3.8292 3.8291 3.8324
250 45850 45813 45780 45777 45776 45817
275 54132 54088 54050 5.4046 5.4044 5.4096
3.00 6.3193 6.3152 6.3098 6.3093 6.3091 6.3144
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In order to test the validity of the mesh to be considered
for relatively accurate converged outcomes, the convergence
study is most important. A 10 x 10 mesh size is found to be
so well converged in this study and throughout this work
the same mesh size is chosen as observed in Table 2.
The graphical representation of convergence study can also
be seen in Fig. 3. On the other hand, the comparison study is
also most pertinent to determine the accuracy of the
convergence study established for thermal buckling of
laminated panel to validate the current finite element
software. The comparisons of the current results gathered
against the existing results are shown in Table 2 along with
the results of (Chandrashekhara 1992). The present results
are well agreed with the literature.
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Figure 3. Convergence behaviour of thermal buckling with different a/b
ratios

3.2. Case studies on the Buckling Behaviour of
Trapezoidal Panel Under Uniform Thermal Loads

In this section, the thermal buckling behaviour of
angle-ply and cross-ply trapezoidal laminated panel. are
examined by considering various temperatures, width to

thickness ratio and different trapezoidal shapes, etc. The
term trapezoidal shape indicates when the percentage of b1/b
value changes from 0.5 to 1 and when b1 equal to 1 indicates
the square panel. Set of six different temperatures have
been considered to study the thermal buckling behaviour
of composites panel and the performance of each parametric
condition is investigated in detail in the following
sub-sections.

3.2.1. Effect of Ply-Orientations and Temperatures on the
Thermal Buckling Behaviour

The thermal buckling behaviour of trapezoidal panels
with trapezoidal shape ratio (b1/b) 0.9 is considered here.
The effect of various temperature and the ply-orientations
are deliberated in this section and the results are illustrated
in Figs 4 and 5 by considering simply supported (SSSS) and
clamped (CCCC) boundary conditions respectively. It is
evident from Figs 4 (a) and 4 (b) that the thermal. buckling
load (T,) increases with the increase. in ply-angle and found
to be the highest at a ply-orientation. of (£45); thereafter
reduces with the further increase in ply-angle. It is necessary
to be noted that the value of T, is significantly higher when
for b/h = 5 as compared to that of b/h = 100. When b/h =5,
this means that the thick panel. This may be due to the effect
of high stiffness of the material. The critical buckling
temperature reduces significantly as the b/h ratio increases.
It is also important to remember that the critical thermal
buckling (T¢) increases with decrease in temperature, and
is found to be the highest at a temperature of 325 K. This
difference is much more significant as compared with the
temperature of 425 K. It is worthwhile to mention that, thick
laminated panel with lower temperature show higher
buckling resistance. Moreover the clamped edged boundary
condition will always shows the highest thermal buckling
resistance as compared with the simply supported edge
condition in both thick and thin laminates as shown in Figs 5
(@) and 5 (b) respectively.
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Figure 4. Thermal buckling behaviour under 4ply-orientations by considering SSSS edged (a) thick and (b) thin laminates
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Figure 5. Thermal buckling behaviour under ply-orientations by considering CCCC edged (a) thick and (b) thin laminates

3.2.2. Effect of Trapezoidal Shapes and Temperature on
Thermal Buckling Behaviour

The effect of different trapezoidal shapes and the various
temperatures on the thermal buckling behaviour of
composite laminates are observed in this section and the
results are illustrated in Figs 6 (a) and 6 (b) by considering
cross-ply and angle-ply laminate schemes respectively.
Clamped edge condition with b/h = 50 are considered to
know the effect of thermal buckling behaviour of the
trapezoidal panel with b1/b = 0.9. From the Figs 6 (a) and 6
(b), it is clear that the thermal buckling resistivity of the
panel progressively decreases as the temperature increases.

However, angle-ply composite laminates is having the
highest thermal buckling resistance, when compared with a
cross-ply laminates at the same temperatures conditions.
However, it is observed much variation in the thermal
buckling, as the trapezoidal shape increases. It is also
observed that, as the trapezoidal shape ratio increases, the
thermal buckling increases and is found to be maximum at
b1/b = 0.5. This increasing buckling strength may be due to
the increase in stiffness of the panel due to the reduction of
span length. However, the thermal buckling resistance of the
trapezoidal panel is minimum, when the b1/b = 1.0 i.e square
laminated panel.
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Figure 6. Thermal buckling behaviour of different trapezoidal shapes (a) cross-ply and (b) angle-ply laminates
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3.2.3. Effect of Plate Aspect Ratio and the Temperatures on
the Thermal Buckling Behaviour

Effect of different plate aspect ratios and the temperatures
on the thermal buckling behaviour of the trapezoidal panel
have been investigated in this section and the results are
illustrated in Figs 7 and 8 by considering simply supported
and clamped boundary conditions respectively. The
trapezoidal shape which is considered here is having the
trapezoidal shape ratio (b1/b) = 0.9. Both simply supported
and the clamped boundary edges are considered with the
cross-ply and angle-ply laminate schemes. It is observed
from the study that as the plate aspect ratio increases, the
thermal buckling decrease and found to be maximum when
the a/b = 1. It is also observed from the study that, as the

temperature increases, the thermal buckling reduces and
found to be minimum where the temperature is 425 K.
However, the thermal buckling resistance is quite higher in
case of clamped edge restriction as compared with the
simply supported edge restriction as shown in figures 8 (a)
and 8 (b). Moreover angle-ply scheme shows the higher
critical thermal buckling resistivity as compared with the
cross ply scheme at simply supported boundary condition.
It is also noting from Figs 8 (a) and 8 (b) that, the thermal
buckling is found to be maximum in case of cross-ply
composite laminates at clamped boundary conditions. It is
evident from Figs 7 (a) to 8 (b) that the thermal buckling
resistance of panel reduces with the increase in uniform
temperature load.
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Figure 7. Thermal buckling behaviour under different width ratios of SSSS edged (a) cross-ply and (b) angle-ply laminates
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Figure 8. Thermal buckling behaviour under different width ratios of (a) cross-ply and (b) angle-ply laminates
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3.2.4. Effect of Different Thickness and Temperatures on
the Thermal Buckling Behaviour

A similar research is carried out to examine the effect of
panel thickness and the temperatures on the thermal buckling
behaviour of the trapezoidal panel. By taking angle-ply and
cross-ply configurations with all four edges are clamped
supported, the effect of thickness are exemplified in Figs
9 (a) and 9 (b) respectively. The Trapezoidal shape which is
considered here is having the trapezoidal shape ratio (b1/b) is
0.9. The b/h ratios considered here are 10, 20, 30, 40 and 50,
which represents thick to thin in nature. It is very clear from

Figs 9 (a) and 9 (b) that the value of T, is reduces with
the increase in panel thickness ratio with respective to a
temperature loading. The highest thermal buckling is found
in case of cross ply laminates i.e (0/90),. As the thickness and
the temperature further increases, there is not much of the
increase in the thermal buckling stability found, wherein
the amount of T, found to be remain unchanged for thin
laminated panels. However, there is much variation in the
thermal buckling resistance in the case of thick laminates. It
may be due to the good strength and stiffness of the thick
composite laminated panel.
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Figure 9. Thermal buckling behaviour under different thickness by considering (a) cross-ply and (b) angle-ply laminates
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Figure 10. Non-dimensional buckling behaviour under different thickness by considering (a) SSSS and (b) CCCC boundaries

An impact of various temperatures and the thickness on
the non-dimensional stability resistance of simply supported
(SSSS) and clamped (CCCC) conditions of trapezoidal panel
have been investigated in this section by considering
angle-ply layup scheme and the numerical results are shown

in Figs 10 (a) and 10 (b) respectively. The trapezoidal panel
considered in this investigation is subjected to uniform
thermal load with various thickness ratios (b/h) and
trapezoidal shape ratio (b1/b) = 0.9. It is inferred from Figs
10 (a) and 10 (b) that, as the temperature increases, the
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thermal buckling resistance reduces. However, as the b/h
ratio of the composite laminate increases, the laminated
panel becomes thinner in nature and hence reduction in the
thermal buckling resistance. It is clear from the study that,
the CCCC boundary condition has a higher buckling
resistance as compared with SSSS boundary condition at
different temperatures as well as thicknesses. It should
be noted that, only in thin panel the impact of CCCC and
SSSS boundary conditions play an important role in the
non-dimensional buckling resistance of the trapezoidal
shaped panel.

3.2.5. Impact of Different Boundary Conditions on the
Thermal Buckling Behaviour

An impact of various boundary conditions and different
temperatures are considered to know the thermal buckling

behaviour of trapezoidal panel in this section. A variation in
the thermal buckling behaviour under different boundary
conditions is shown in the Figs 11 (a) and 11 (b) by
considering cross-ply and angle-ply laminate schemes
respectively. It is observed from Figs 11 (a) and 11 (b) that
the buckling resistance of trapezoidal panel reduces with the
increase in temperature with various boundary conditions
and is maximum at CCFF edge condition in the case of
cross-ply trapezoidal composite laminated panel, whereas
the thermal buckling resistance is found maximum at CCCC
boundary condition in the case of angle-ply trapezoidal
composite laminated panel at the same thickness. It is also
observed that, minimum thermal buckling resistance found
at SSSS and SSFF boundary condition at cross-ply and
angle-ply respectively.

34+ b1/b=05,ab=1,bh=50,0=(0/90)y Edge conditions 26 "
3.2 —=— SSSS 54 blb=05 ab =1, bh=500= 455 Edge conditions
3.0 —e—CCCC ’ —=—SSSS
28 —A— CCFE 2.2 1 —e— CCCC
2.6 —v— SSFF 2.0 CCPF
—v— SSFF
244 1.8 1
52.2 - >
€ 50- 2167
et )
£18 —\0\’\‘\‘ 831.4 4
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Figure 11. Thermal buckling behaviour under different boundary conditions of ( a) cross-ply and (b) angle-ply laminates

4. Conclusions

Thermal buckling behaviour of trapezoidal laminated
panel has been studied by considering various temperatures,
thickness, aspect ratio and boundary conditions in both
cross-ply and angle-ply laminate schemes. A nine-node
heterosis plate element has been employed in the current
research to study the thermal buckling analysis of composite
laminated trapezoidal panels. Based on the present results,
the following conclusions can be drawn.

» The trapezoidal shape ratios (b1/b) play a significant
role in the thermal buckling resistance. For a given
parameter, the thermal buckling resistance increases
with the increase in b1/b ratio and found to be higher
at bl/b =0.5.

» The ply-orientation also play a significant role in the
thermal buckling resistance, wherein the thermal
buckling resistance of the panel increases with the
increase in ply-orientation and found to be highest at
an angle of (x45)s.

» As the thickness ratio increases, the laminated panel
becomes thinner in nature. This will reduces the
stiffness of the laminated panel resulting reduction in
the thermal buckling resistance. It is observed that, as
the b/h ratio increases, the thermal buckling resistance
decreases and is found to be lowest at b/h = 100.

» It is also observed from the study that, for any given
boundary condition, the value of T, is initially higher
at a temperature of 325 K and gradually reduces as the
temperature increases uniformly.

» The panel with CCFF edge condition shows highest
critical buckling temperature in the case of cross-ply
scheme, whereas it is CCCC edge conditions in the
case of angle-ply scheme.

» The thermal buckling variation among different
temperature is found to be significant in the case of
thicker panel, i.e., for lower b/h ratio and this variation
keep on reduces and becomes insignificant in the case
of thin panels.
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» For a given temperature, the thermal buckling

variation among different trapezoidal ratio (bl/b)
shows significantly higher in the case of angle-ply
scheme as compared to that of cross-ply laminate
scheme.

For any selected parameter, the thermal buckling
resistance of the panel decreases with the increase in
the plate aspect ratios.
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