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Abstract  An analytical approximation for the probability density function of a one-dimensional random walk with 
gradually varying step sizes is derived using the convolution theorem for Fourier transforms. The range of applicability of 
this expression is studied by numerical simulations for the particular case of strictly decreasing step sizes. 

Keywords  Random walks, Polymers, Approximation 

 

1. Introduction 
The random walk, a term coined by Pearson [1], finds 

utility in an incredible number of scientific and technological 
fields, ranging from polymer physics [2] and biology [3] to 
the “who-to-follow” algorithm used by the popular social 
networking website Twitter [4]. A one-dimensional random 
walk is a path traced by a walker that takes a succession of 
steps, with each step chosen with equal probability to be 
either to the left or to the right. The overwhelming majority 
of analyses assume, for simplicity, that the step length of a 
random walker remains constant throughout the duration of 
the random walk.  

However, this need not always be the case and studies of 
random walks with monotonically decreasing step size, 
referred to as Bernoulli convolutions, are available in the 
mathematics literature [5, 6, 7, 8, 9]. Random walks with 
monotonically increasing step size, referred to as greedy 
random walks, have also been studied [10]. In both these 
types of studies, the random walk is discretized into a 
sequence of steps and the step size is changed at every step. 
In the case of Bernoulli convolutions, the step size is a 
strictly decreasing function of step number, while in the case 
of greedy random walks, it is a strictly increasing function. 

In this note, I examine a slightly different type of random 
walk where the step size is held constant for a sufficiently 
large number of steps, , before it is changed. This 
problem lends itself to a simplified analysis, and yields a 
closed-form solution for the probability density function 
(PDF) of the end-to-end vector, and consequently, other 
quantities of interest such as the hydrodynamic radius. The 
analytical solution is compared with numerical simulations 
of random walks in order to assess the limits of its 
applicability. One potential application is in the field of  
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gradient copolymers, where the polymer stiffness varies 
gradually along the backbone, such as the sinusoidal 
variation produced by Lefebvre et al. [11] Another 
application would be in diffusivity problems, where the 
diffusivity of a particle is a function of time, or if a particle 
were diffusing in a temperature gradient.  

2. Formulation 

A one-dimensional random walk is first discretized into a 
sequence of blocks, where the  block is made up of  
steps of size , and each individual step is either  or 

. For simplicity, the step size of the first block is set to 
. Figure 1 shows, for the particular case of strictly 

decreasing step sizes, a plot of step size as a function of step 
number with two different block sizes, viz.,  (which 
is equivalent to changing step sizes at every step) and 

. 

 

Figure 1.  A random walk is discretized into a sequence of blocks. Each 
block contains  steps of equal length. The case where , shown 
with the solid red line, is equivalent to having the step length change at 
every step 

If we shift the origin so that it is at the position of the 
walker before it begins the  block, and if the number of 
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steps of the  block is sufficiently large, the PDF of the 
end-to-end distance of a one-dimensional random walker is 
given by a Gaussian with zero mean and variance  
as [12]  

     (1) 

For a sequence of two blocks, the PDF of the end-to-end 
distance is given by the convolution of the Gaussians for 
each block as  

 (2) 

It can be shown using the convolution theorem for Fourier 
transforms that the convolution of two normalized Gaussians, 
say  and , is another normalized Gaussian. The resultant 
Gaussian also has the useful property that its mean and 
variance are respectively equal to the sum of the means and 
the sum of the variances of the individual Gaussians. In other 
words,  

           (3) 
            (4) 

This result can be extended to an arbitrary number of 
Gaussians. For the 1-D random walk under consideration, 
the PDF of the end-to-end distance after  blocks is 
therefore a Gaussian with zero mean, and a variance equal to 
the sum of the individual variances, and is given by  

 (5) 

For a continuously varying step length (such as might be 
encountered in diffusion problems), the replacement of the 
summation by an integral can be accomplished with relative 
ease, and will not be discussed here. If we set , and 

 for all values of , equation 5 reduces to the standard 
Gaussian distribution for the end-to-end distance of a 1-D 
random walk given by  

      (6) 

3. Comparison with Numerical 
Simulations of Strictly Decreasing 
Step Sizes 

For comparison with numerical simulations, the individual 
 were restricted to be equal to a single value, , and 

PDFs were computed over  random walks for a given set 
of parameters. The error was defined as the integral of the 
absolute difference between the analytical and numerical 
PDFs: 

          (7) 

with  
      (8) 

The prototypical 1-D random walk with strictly decreasing 
step sizes has an end-to-end distance given by:  

            (9) 

where  is a random variable that can take on values of 
 or  with equal probability. The PDF of  is called 

an infinite Bernoulli convolution [6], which in the language 
of equation 5, is the PDF of the end-to-end distance of 
random walks with .  

The worst case scenario for using equation 5 is obtained 
for infinite Bernoulli convolutions in the limit as . 
Here, the random walk effectively terminates after the first 
step, and the PDF of  approaches a function which is the 
mean of two delta functions centered at , given as:  

(10) 

where δ refers to the Dirac delta function. Denoting the 
pointwise error as  

     (11) 
where  and  are as given in equations 5 
and 10 respectively, the error can be computed as an integral 
over the real line as: 

    (12) 

This integral can be split into the sum of two limits: the 
first in the neighborhood of , and the second over the rest 
of the real line, which is written as: 

 

 

      (13) 

In the neighborhood of ,  does not affect the delta functions. Away from , the delta functions do not affect 
. Consequently, each of the limits evaluate to unity, yielding  

                                       (14) 
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Figure 2.  Comparison between numerical simulations (red points) and the approximation in equation 5 (green broken line) for infinite Bernoulli 
convolutions, for various values of . The normalized errors are indicated. Note that the ordinates are slightly different for each sub-figure. For  

, the approximation given by equation 5 is close to the results of the numerical simulations.which will be used to normalize any errors that are 
computed for comparing results of numerical simulations with equation 5 

 
Figure 3.  Normalized error as a function of the step length reduction factor 

 for various values of block size . Low values of error are obtained for 
small  and/or large  

Random walks with strictly decreasing step sizes were 
obtained by setting , as in the case of Bernoulli 

convolutions, and a natural end point for this type of random 
walk is when . Practically, this is achieved 
by setting a cutoff step size of , and terminating 
the random walk when the step size drops below this 
threshold. Decreasing the cutoff below this value by two 
orders of magnitude did not produce any changes in the 
errors. 

Figure 2 shows a plot of the actual distributions for infinite 
Bernoulli convolutions, along with the analytical 
approximations. Figure 2 (a) is the worst-case scenario with 

. For , the numerical distribution 
seems to have a self-similar structure, as shown in figure 2(b) 
and its inset. For  and , shown in figure 
2(c) and (e), the distributions have a simple form and was 
shown by Krapivsky and Redner [7] to be the result of a 
“fortuitous cancellation of errors.” For , the 
inverse of the golden ratio, the numerical simulations show 
the self-similar structure of the distribution, as previously 
reported [7], and referred to as the “golden walk.”  

While the approximation to the PDF given by equation 5 is 
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incapable of capturing the fine structure that the numerical 
simulations show, as  increases, the structure disappears 
and the analytical approximation gets better because we start 
to approach the regime of gradually decreasing step sizes. 
For , the match between numerical simulations and 
the analytical approximation from equation 5 is reasonable, 
and figure 2 should also give the reader a sense for whether a 
particular value of  is acceptable for his/her 
purposes. 

Figure 3 shows a plot of the normalized error, , 
as a function of  for a few selected values of . For , 
there is a prominent kink at , and is the result of the 
numerical distribution crossing over from the self-similar 
structure seen in figure 2 (b) to the structure of figure 2 (d). 
As  increases, the error progressively decreases, and the 
analytical expression in equation 5 becomes applicable to a 
wider range of . 
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