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Abstract  A procedure based on digraph and matrix method is developed for the evaluation of feasibility of a 
nano-lubricant at the conceptual design stage. Feasibility analysis parameters of a nano-lubricant are identified and are either 
referred to as feasibility attributes or nano-lubricant attributes. Consideration of these attributes and their relations are 
essential in evaluating the feasibility index. This is modelled in terms of feasibility analysis digraph of a nano-lubricant. The 
digraph is represented by one-to-one matrix for development of a feasibility expression which is based on various attributes. 
A variable attributes relationship permanent matrix is defined to develop feasibility expression called the variable permanent 
function which is also useful in comparing two nano-lubricants. Feasibility index of a nano-lubricant is obtained from the 
permanent of the matrix or from the feasibility expression by substituting the numerical values of attributes and their 
inter-relations. A higher value of the index implies better feasibility of the nano-lubricant. The ideal value of feasibility index 
is also obtained from the matrix expression, which is useful in assessing the relative feasibility value of the nano-lubricant 
alternative. The procedure is useful in selecting nano-lubricant at system conceptual design stage. A step by step procedure 
for evaluation of feasibility index is also suggested and is illustrated by means of an example.  
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1. Introduction 
Tribology, the science of friction and wear has provided 

spectacular and innovative solutions to the problems of 
failures occuring in the industry due to poor friction, wear 
and lubrication properties of materials used in tribo-systems. 
One of most prominent and effective solution to reduce these 
failures is obtained by the application of lubricant at the 
interface between two tribo-elements. This is obtained by 
applying either liquid or solid lubricant at the interface in a 
tribo-system. In the recent past, the development of 
nanomaterials has augmented the performance of these 
lubricants by many folds in particular for the use of MEMS 
and NEMS[1,2]. The strategy is based on the feeding of 
sliding interface with nano-particles of the tribo-active 
phases dispersed in lubricant base oils or grease to produce 
the tribo-film without reaction, with the substrate surfaces  
[3, 4]. 

The main advantages of the nano-particles is their size in  
the nanometer  range which is  well adapted  for perfect 
feeding of the sliding interface and the possibilit ies of the 
composite part icle synthesis which can combine mult ip le 
p ropert ies  s uch  as  f r ict ion  r educt ion ,  an t i- wea r,  
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anti-corrosion etc[5]. These nano-lubricants not only help in 
reducing frict ion and wear by a considerable amount but also 
play a significant role in  conservation of material and energy. 
It is also evident from literature rev iew that a procedure / 
methodology is not available for evaluating the performance 
/ index of these nano-lubricants for the use of design and 
development of tribosystems[4, 5]. In order to reap 
maximum benefits it is essential to consider evaluation and 
selection of appropriate lubricant at earlier design stage, in 
particular at system conceptual design stage for a 
tribosystem. 

In this research work, parameters which  influence the 
performance of nano-lubricants are first of all identified in  a 
systematic and logical manner. On the basis of these 
parameters and their relationships, a methodology based on 
digraph and matrix approach, used by many researchers[6-9], 
is proposed for the evaluation of feasib ility index of  a 
nano-lubricant.  

2. Feasibility Attributes for a 
Nano-lubricant 

Performance of nano-lubricants depends upon their 
various physical, chemical, mechanical and tribological 
properties, e.g. the higher value of co-efficient of friction 
means a lower performance o f the lubricant. Similarly, the 
higher value of co-efficient of wear implies lower life of 
tribo-system Environmental compatibility is one of the 
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important properties of a nanolubricant. Eco-friendly 
nano-lubricant is preffered over hazardous lubricant. At 
operational level one of the typical problems faced by the 
industry is the recycling and reclamation of lubricant. These 
features of nano-lubricants are elaborated and discussed as 
below: 

2.1. Friction 

Mechanical systems are composed of various tribo- 
elements. Each tribo-element performs desired function 
through interaction with one another to achieve the desired 
output, e.g. in roller bearing, the inner race and balls perform 
the function of supporting load. The interaction between 
tribo-elements is always accompanied by friction and higher 
friction means higher temperature rise, higher wear and loss 
of energy. The force of frict ion depends upon the contact 
area and the applied load. The real area of contact must be 
minimized to min imize adhesion, friction and wear[10, 11]. 
The frict ion between two tribo-elements is generally reduced 
to a large extent by applying lubricants, viz., grease, viscous 
oils, etc. The force of frict ion decides whether the 
tribo-surfaces shall come in adhesive contact or remain 
separated by thin, liquid like layer. If the surfaces are 
separated by one or more molecular layers of fluid and if this 
cushioning film remains in the liquid like state during sliding, 
this may ensure that the friction force will be low and the 
sliding will proceed smoothly[12].  

It is a fact that the development of nano-lubricants in the 
recent years has played a significant role in increasing the 
efficiency of a lubricant and in  turn increased the life of a 
tribo-element to a large extent. There are various laws that 
govern the laws of friction in case of this nano lubrication. 
Squeeze pressure and wetting propert ies play an  important 
role in defining friction laws fo r nano-lubricat ion[13].  

Therefore the first attribute fo r evaluating the feasibility of 
a nano-lubricant is friction. The calcu lation of friction can be 
easily done by having knowledge of co-efficient of friction 
for the tribo-element—nano-lubricant interface, hence 
co-efficient of frict ion becomes our first attribute and is 
abbreviated as COF. 

2.2. Wear 

Wear is observed in all mechanical systems due to the 
interaction between tribo-elements. It has been reported that 
most of the failures in mechanical system are due to poor 
friction and wear properties of the materials used for design 
and fabrication of the tribo-elements[14]. Materials used for 
design and development of tribo-elements are classified on 
the basis of wear co-efficient[15]. The wear occurs due to the 
inter-locking of the asperities of one tribo-element into the 
asperities of the other e.g. the rubbing of journal and bearing 
in case of the crankshaft of an IC engine, the rubbing of the 
cylinder lining and the piston leads to the wearing out of the 
lin ing surface and piston both. Friction force shears 
inter-metallic junctions formed at the reg ions of the real 
contact ploughs the surface of the softer material by the 

asperities of the harder[10]. However wear is reduced to a 
large extent by applying appropriate lubricants at the 
interface between two tribo-elements. The performance of a 
lubricant is determined how best it is able to reduce the wear 
of the tribo-element. Nano-lubricant has also played a 
significant role in reducing the wear under severe conditions, 
as evident from various studies, the development and use of 
nano-lubricants in recent years has increased the efficiency 
of the lubricants and in turn increased the life of the 
tribo-elements to a large extent. 

Therefore wear is considered as the second attribute of the 
Nano-lubricants, to check the feasibility of nano-lubricants 
at conceptual deign stage. This is calculated from the 
knowledge of coefficient of wear for the part icular 
nano-lubricant and may be abbreviated as COW. 

2.3. Material Conservation 

Tribo-elements in mechanical systems deteriorate due to 
the rubbing against each other because the material wears out 
from the surfaces of the tribo-elements. This wearing  out of 
the material leads to the material losses, e.g. rubbing of 
piston against the cylinder liner leads to the wearing out of 
both the cylinder liner and the piston and ultimately leads to 
the failure. Deplet ion of material resources has urged a need 
for developing materials with longevity. At the plant level if 
the replacement intervals of components and assemblies are 
increased, impacts on environment are automat ically 
decreased. Nano-lubrication helps in increasing the life of 
tribo-elements to a large extent by increasing the wear 
resistance of the materials used for tribo-elements; they have 
proved excellent due to their anti friction and anti wear 
properties. Due to the anti wear propert ies of the nano 
lubricants these help in material conservation. Hence 
material conservation becomes our third attribute to judge 
the feasibility of a nano-lubricant at the conceptual design 
stage and is abbreviated as MC. 

2.4. Thermal Conductivi ty 

It is a well-known fact that mach ine elements during their 
operation produce heat. This is because of the rubbing action 
of tribo-elements against each other. The rubbing of 
tribo-elements involves friction, which as a result generates 
heat. This heat is to be transported away from the machine 
element to increase the life of the machine element. The life 
of the machine element can also be increased if friction is 
reduced, which is done by lubrication of the contact surface, 
e.g. in case of piston cylinder arrangement of an IC engine, 
friction between cylinder walls and piston is reduced by 
applying lubricating oil. Moreover choosing a suitable 
material of the contact surfaces can also do the required job.  

With the advancement of technology new methods of 
removing heat and reducing friction have evolved with time. 
The use of Nano lubricants is one of the modern methods for 
the removal of the heat from the tribo elements. Nano 
particles are excellent at carry ing away the heat from the 
tribo-elements and hence improving the life of the 
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tribo-elements. It has been observed that the particle size 
reduction caused an increased surface area during 
chemo-mechanical processing, which increase the heat 
transfer[16]. Thus thermal conductivity is an important 
criterion for deciding the feasibility of the nano lubricants at 
the conceptual design stage and hence serves as the fourth 
attribute to check the same. It is abbreviated as TC. 

2.5. Energy Conservation 

It is a  fact that machine elements during their operation, 
have to overcome frict ional resistance. Whenever tribo-ele
ments rub against each other frict ion comes into play. A 
significant amount of energy is used to overcome this 
frictional resistance, which leads to energy loss and hence 
reduces the efficiency of the mechanical system, e.g. in  case 
of an internal combustion engine a significant amount of 
energy is lost as friction power, which reduces the overall 
efficiency of the engine. Energy losses due to friction 
between two tribo elements in  mechanical systems are quite 
alarming[17]. The largest friction losses occur in engines, 
which amount to 18 percent of the engine indicated power in 
the environmental protection testing mode[18]. It is a fact 
that by application of certain lubricants this friction power is 
reduced in magnitude. Moreover the application of 
nano-lubricants in the field of lubricat ion has helped to 
reduce this friction power by a significant amount. 
Challenges of having smaller co efficient of friction by 
developing a better combination of contact materials, surface 
morphology, and lubricant will be constantly required until 
the impact of frict ion losses become negligib le or s mall[19]. 

Thus by using nano-lubricants frict ion force can be 
reduced by a certain amount and energy can be conserved, 
thus an increase in the overall efficiency of the mechanical 
system. The propert ies of nano materials will go a long way 
in the design and development of tribo-elements, which will 
help in conserving energy. Thus energy conservation, on the 
basis of energy saving obtained by the reduction of 
co-efficient of friction through tribological methods, is 
identified as another i.e. fifth  attribute to check the feasibility 
of the nano lubricants at the conceptual design stage and is 
abbreviated as EC. 

2.6. Environmental Preservation 

The present day use of mach ines has led to number of 
threats to the environment. Machine elements use lubricants 
to reduce friction and wear rates at large scale. Though the 
use of these lubricants has increased the efficiency of these 
mach ines but they also impose a great threat to the 
environment due to the industrial wastes generated by them. 
Two main aspects have to be considered: saving of resources 
and reducing the impact on the environment[15].The 
contaminants and the wastage is a serious concern for 
environmental experts throughout the globe. In the recent 
past, solution to the problem is to develop and use 
biodegradable and eco friendly lubricants[20]. Modern 
technology has come up with the use of nano-sized particles 

as lubricants, which have increased the life o f the tribo 
elements and are also biodegradable by nature. Hence the use 
of nano lubrication is increasing day by day due to their 
excellent lubricating properties and their bio-degradability. 

Thus environmental preservation serves as a factor in  
governing the feasibility of a nano-lubricant at the 
conceptual design stage, hence it becomes our sixth attribute 
for carrying out the feasibility analysis and is abbreviated as 
EP. 

2.7. Economic Viability 

As evident from our recent discussions the use of nano 
lubricants shall increase day by day due to their excellent 
lubricating properties and eco friendly nature.  Each year, 
more than 4 billion gallons of spent lubricant are generated 
worldwide. A lthough they can be considered valuable 
resources, less than 10 percent of worldwide supply is 
actually refined into high quality lubricant base stock. The 
remainder is typically  burned as fuel or disposed off using 
even less environment friendly  methods[21]. The use of 
nano lubricants will only increase if they increase the over all 
efficiency of the mechanical system and reduce the over all 
expenditure. This is possible only if they are cost effective. 
Moreover the recyclability of these nano lubricants adds to 
this feature. At the service end , one of the main challenges 
before the tribology researchers, designers, engineers, and 
end users is disposal/reclamation or reuse of these nan 
lubricants. Kimura et al.[22] reported that about 30 percent 
of lubricating oil in advanced countries is wasted, which my 
partly contaminate the global environment. Hence 
recyclability reduces the over all cost of the nano lubricant. 

This adds to our list of attributes for checking out the 
feasibility of the nano lubricants at the conceptual design 
stage, and is abbreviated as EV. In other words this attribute 
checks whether the nano lubricant chosen is economically 
viable or not on the basis of best product end-of-life scenario 
by using digraph and matrix method as done by many 
researchers for their various investigations[23-25]. 

3. Modelling of Attributes for a 
Nano-lubricant at Conceptual Design 
Stage 

The attributes of a nano-lubricant have been identified in  
the previous section. Each attribute facilitates the feasibility 
analysis through its contributing factors/features. Each 
attribute possesses distinctive characteristics which help to 
develop relationship among these attributes, i.e. how one 
attribute is related to the other in  determining the feasibility 
on the basis of the performance of a nano-lubricant during its 
entire life-cycle. The relationship among the attributes is 
called  the degree of relationship. The relat ionship between 
the attributes varies. It may be taken, as strong to none as two 
extremes of the degree o f relat ionship. In between this is 
assumed as medium and weak relationship. These are 
developed and are also represented in the table 1. Th is table 
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shows clearly that the degree of relationship varies among 
attributes. The degree of relat ionship is represented in the 
last column of the table 2. The seven attributes of 
nano-lubricants in general are shown with their serial 
numbers. The degree of relationship for an attribute among 
the other attributes is shown against the attribute in its row 
entry as their serial number. 

It is known from the experiments that the higher value of 
the co-efficient of friction will always result in higher wear 
of the tribo-surface, thus a higher value of co -efficient of 
wear, which predicts a strong relationship between the 
co-efficient of friction (COF) results in an increase in the 
wear of the tribo-surfaces and consequently an increase in 
co-efficient of wear (COW ).This shows that the two 
attributes are directly related to each other. The degree of 
relationship in  this case is hence strong. Similarly increased 
wear rate (more co-efficient of wear) results in more 
degradation of the environment; hence the two are also 
related to each other. It is however ment ioned again that the 
relationship among these attributes needs to be derived by a 
concurrent engineering team comprising of designers and 
experts from other fields of nano-tribology. 

The modelling of the attributes of nano-lubricants after 
carrying out their feasibility analysis at the conceptual design 
stage requires the consideration of attributes of 
nano-lubricants and their relationship. This can be 
conveniently represented using graph-theoretical concepts, 
which have been applied in various fields of science and 
technology (Chen, 1997). 

3.1. Feasibility Analysis Digraph 
Feasibility Analysis modelling requires consideration of 

all attributes of nano-lubricants and the degree of 
relationship among these attributes. This is conveniently 
represented by a digraph called Feasibility Analysis 
attributes digraph (NLg). NLg G𝒂𝒂

𝒅𝒅=(Aa, Ea) fo r a tribo-element 

is defined where Aa
={ A

𝒂𝒂
𝟏𝟏, A

𝒂𝒂
𝟐𝟐,… , A

𝒂𝒂
𝟓𝟓 } is a set of nodes 

representing seven nano-lubricant attributes (NLA’s) and 
Ea={ e

𝒂𝒂
𝟏𝟏𝟏𝟏, e

𝒂𝒂
𝟏𝟏𝟏𝟏 ,…} is a  set of edges amoung nodes, e.g. 

e
𝒂𝒂
𝟏𝟏𝟏𝟏connects attribute A

𝒂𝒂
𝟏𝟏  to A

𝒂𝒂
𝟐𝟐 . The direct ion of edge 

indicates the relationship of A
𝒂𝒂
𝟏𝟏  with A

𝒂𝒂
𝟐𝟐  for feasibility 

analysis of nanolubricants. 
NLg for a nanolubricant is developed, in general, 

considering seven identified attributes in section 2 and their 
degree of relat ionships. This is shown in Fig  1. The seven 
nodes represent seven FAAs, e.g. A

𝒂𝒂
𝟏𝟏  (node1) represents 

COF and A
𝒂𝒂
𝟐𝟐 (node 2) represents COW. The direction of 

edge from node 1 to node 2 represents the degree of 
relationship between COF and COW. Similarly, edges in the 
NLg are drawn keep ing in mind the degree of relationship 
amoung NLAs. The NLg shows the attributes of a 
nano-lubricant visually. For evaluation  of a nanolubricant 
quantitatively, the NLg is represented by a matrix. This is 
discussed in section 4. 

4. Matrix Representation of a 
Nano-lubricant Attribute Digraph 

Matrix representation of the NLg for a nano-lubricant 
consists of all the important nano-lubricant attributes e.g., 
Co-efficient of Frict ion (COF), Co-efficient of Wear (COW), 
Material Conservation (MC), Thermal Conductivity (TC), 
Energy Conservation (EC), Environmental Preservation (EP) 
and Economic Viability (EV). In this case, the facilitation 
among all these attributes is considered to develop the 
Feasibility Analysis expression of the nano-lubricant. The 
NLg of the seven attributes is developed based on the 
discussion in section above and is shown in Fig 1. 

Let the NLg in general, with N nodes be represented by Nth 
order binary matrix[rij], where rij represents relationship of ith 
attribute with jth attribute, otherwise rij=0, as an attribute can 
not have relationship with itself. Feasibility Analysis matrix 
for the NLg as shown in Fig 1, is written as: 

R= 





























0111111
1011111
1101111
1110111
1111011
1111101
1111110

       (1) 

The diagonal elements in  the matrix have value 0 and off 
diagonal elements have value either 0 or 1. This implies that 
in this matrix only relationship among attributes is 
considered and value of the attributes is not taken into 
account. To incorporate this, a new matrix called 
Nano-lubricant Attributes Relationship Permanent Matrix is 
defined. A Nano-Lubricant Attributes Relationship 
Permanent Matrix representing the Nano-Lubricant 
Attributes Digraph shown in Fig 1 is written as: 

Q=[AI + R] = 





























V111111
1V11111
11V1111
111V111
1111V11
11111V1
111111V

  (2) 

Where I is identity matrix and V is value of the attributes. 
It is noted from the matrix expression (2), that all the 
diagonal elements have been assigned the value of V, i.e., 
each attribute has equal value in the system. However this is 
not true in actual practice. A lso, the relationship of one 
attribute with the other attribute (i.e ., rij) may take any value 
rather than extreme value 0 and 1. Thus there is a need for 
considering general attribute value (i.e. off diagonal 
elements rij) to develop matrix expression characteristic of 
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the Feasibility Analysis of the Nano-lubricant at the 
conceptual design stage. 

These are taken into consideration through a new matrix 
called  Variab le Nano-Lubricant Attributes Relationship 
Permanent Matrix (VNLAper). A permanent is a standard 
matrix operation used in combinatorial mathematics. It  is an 
analog of a determinant where all the signs in the expansion 
by minors are taken as positive (Jurkat and Ryser, 1966). Let 
the off diagonal elements of matrix Q be represented by rij 
instead of I, where ith attribute is related to jth attribute. Let us 
also define a diagonal matrix, H, with diagonal elements Vi 
representing variable value of ith attribute. If an attribute is 
excellent in a Nano-Lubricant, it is assigned a maximum 
value. In general, most of the attributes are assigned 
intermediate values of the interval scale, as attribute may 
have medium contribution in Feasibility Analysis. The 
attribute value may be assigned qualitatively or 
quantitatively. 

Variable nano-lubricant Attributes Relat ionship 
Permanent Matrix for the digraph shown in figure is given 
as: 

Q=[H+F]= 





























7767574737271

6766564636261

5756554535251

4746454434241

3736353433231

2726252423221

1716151413121

Vrrrrrr
rVrrrrr
rrVrrrr
rrrVrrr
rrrrVrr
rrrrrVr
rrrrrrV

(3) 

It may be noted that any matrix expression (3), represents 
value of attributes (Vi’s) and their relationship (rij’s) for the 
given product. Permanent of this matrix (or Per(N)) i.e., 
VNLAper is called Variable Nano-Lubricant Attributes 
Relationship Permanent Function, abbreviated as VPF-n. 
VPF-n is characteristic of the nano-lubricant attributes as it 
contains number of terms which are its variant.  

As stated above, permanent is a standard matrix function 
and is used in combinatorial mathematics. Use of this 
concept in modelling of nano-lubricant at conceptual design 
will help in  representing structural informat ion from 
combinatorial consideration. This is desirable to associate 
proper physical meaning to the structural components and 
their combinations. Moreover using this no negative sign 
will appear in the expression and hence no information is 
lost. 

VPF-n of matrix, expression (3) is written in sigma form 
as: 

PER (N) = ∏ 𝑉𝑉7
𝑖𝑖 i + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij  rji )Vk 

Vl Vm  Vn  Vo   + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij  rjk rkl    + 
rlk  rkj  rji   ) Vl Vm Vn  Vo  + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij  

rjk rkl rlm+ rml rlk  rkj  rji   )Vm Vn Vo   
+∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij  rjk rkl  rlm rmn+ rnmrmlrlk  rkj  

rji   ) Vn Vo  + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij rji) (rkl rlk) (rmn 

rnm)Vo  + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij rjk rkl rlm rmn rni + rin 

rnm rml rlk rkj rji)Vo + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij rji) (rkl rlm 
rmn rno) + (ron rnm rml rlk) + ∑  𝑖𝑖 ∑  𝑗𝑗 ∑  𝑘𝑘 ∑  𝑙𝑙 ∑  𝑚𝑚 ∑  𝑛𝑛 ∑  𝑜𝑜 (rij rjk 

rkl rlm rmn rno roi + rio ron rnm rml rlk rkj rji)       (4) 
This equation consists of number of terms. These are 

arranged in eight (i.e., Z+1=8, with Z in this case) groupings 
in descending order of number of attributes value. The first 
grouping contains only one term and is a product of seven 
attribute values, (i.e., Vi  Vj Vk Vl Vm Vn Vo). The second 
grouping is absent as there are no self loops present in the 
digraph. The third grouping contains number of terms and 
each term is a mult iple of five attribute values, (i.e., Vk  Vl  
Vm Vn Vo) and 2-attribute relat ionship loop (rij rji). Similarly, 
terms of 4th, 5th and 6th groupings are a mult iple (Vo) and 
6-attribute relationship loops (i.e., (rij rjk rkl rlm rmn rni) or its 
pair (rin rnm rml rlk rkj rji). The 7th and 8th groupings contain two 
sub groupings. The terms of the first sub grouping consist of 
one attribute value (Vo ) and  3-attribute relationship loops 
(i.e ., (rij rji) (rkl rlk) (rmn  rnm)). The terms of second sub 
grouping is a multip le of 1-attribute value (i.e. Vo ) and 
6-attribute relat ionship loops (i.e., (rij rjk rkl rmn rni) or its pair 
(rin rnm rml rlk rkj rji). The terms of 8th sub grouping are also 
arranged in two sub groupings. The terms of the first sub 
grouping are a multiple of 2-attribute relat ionship loops (i.e., 
rij rji) and 4-attribute relationship loops (i.e.,rkl rlm rmn rno) or 
its pair (i.e., ron rnm rlm rlk). Each term of second sub grouping 
consist of 7-attribute relationship loop (i.e ., rij rjk rkl rlm rmn rno 
roi) or its pair (rio ron rnm rml rlk rkj rji). It  is once again  stated that 
VPF-n when expanded takes into consideration all terms of 
the matrix expression and thus no information is lost. This 
shows that VPF-n is a  powerfu l expression for analyzing 
Feasibility of a Nano-lubricant. 

5. Feasibility Index of a Nano-lubricant 
Feasibility Index for a nano-lubricant is a measure of 

Feasibility of an alternative at system conceptual design 
stage. This is represented as Idi. The nano-lubricant 
alternative is better, if its feasibility index is higher and v ice 
versa. The index for the nano-lubricant needs to take into 
account the value of attributes for the nano-lubricant and 
their degree of inter-relationship among the attributes. 
VPF-n, developed earlier is a characteristic of the feasibility 
analysis of a nano-lubricant and this can be used for the 
evaluation of index as it meets the requirements. Moreover, 
all terms of the VPF-n are positive. Therefore increase in the 
value of attribute and their degree of relationship will result 
in increased value of VPF-n. VPF-n, i.e. permanent of 
VNLAper is therefore, considered for evaluation of feasibility 
index of a product. The index can be evaluated if Vi and rij 
are assigned quantitative or qualitative values. The values 
can be assigned on appropriate scale. In this paper, Table 2 
used for assigning values to attributes has been proposed. It 
is suggested that the designer/ user may develop similar 
scoring tables for the evaluation of criterion. However, 
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methodologies already developed by various researchers 
may also be used for evaluation of criteria, as is given by 
(Wani and Gandhi, 1999). An attribute (Ai) is therefore 
assigned a value on a scale e.g. 0 to 3 based on system design 
features for the attribute or using the existing scales from the 
literature. The attribute takes value 3, if the system feature 
favors feasibility issues of the nano-lubricant to the 
maximum extent. For example, the value for the attribute 
COF is given on the basis of table 2. The scale for each 
attribute is developed on the basis of the understanding of the 
nano-lubricant features. The degree of inter-relat ionship rij is 
also assigned value 0 to 3 if the degree of interrelationship 
for attribute i to attribute j is strong, it is assigned value 3. 
The value of rij is 0 if the degree of relat ionship is none. This 
is given in table. On the basis, appropriate value to  rij is 
assigned. The values for degree of interrelationship among 
attribute in fact, depends on the type of analyzing lubricants. 
If the design alternative under consideration fulfills all the 
design requirements, the attribute is assigned the highest 
score value i.e., 3. However if a  design alternative fulfills 
few of the design requirements, the given alternative is 
assigned the value 2. In case a design alternative does not 
fulfill any of the requirements, the attribute is assigned a 
value 0, for a design alternative under consideration. 
However the suggested score values as per table 2 will be 
useful for the user to start with. This assessment becomes 
easier for the team comprising of designers and other experts 
of life cycle engineers, rather than an indiv idual. It  is 
expected that a team or indiv idual fu lly  conversant with 
system will have no d ifficu lty in  assessment. Numerical 
value of permanent, i.e. VPF-n becomes a powerful means 
for feasib ility and evaluation of a p roduct as it contains 
various structure invariant of Nano-lubricant. An index 
called Feasibility index, is defined as numerical value of the 
permanent. This index is a measure of the feasibility of a 
particular alternative. Based on the index value the design 
alternatives are evaluated. The best alternative is the one 
having the highest index value and is selected. The 
alternatives are thus evaluated in feasibility index (Idi). The 
ideal value of the Feasibility Index is obtained from VPF-n 
i.e., expression (4) by taking the value of the diagonal 
elements to be equal to 3 i.e. the highest score value. The 
value of the off diagonal elements is obtained from table 2 on 
the basis of degree of relationship. The Ideal value of 
Feasibility Index is calculated to be 41.1602x104 . 
Comparison of the Feasibility Index value of the system can 
be relatively made with the ideal value (Ii). Th is comparison 
shows to what level Feasibility of the system is achieved of 
the ideal value. This is obtained as: 

Ir = Idi/I I x 100%               (5) 
Where Idi represents the feasibility index of the ith 

alternative and Ir is the relative index, which represents 
Feasibility value of the product as percentage of the ideal 
value of the index. This relative index provides designer 
qualitative information for improving Feasibility of the 
nano-lubricant. A scale 0-3 is proposed for assigning value to 
the attributes and their degree of relationship. The user may 

select an appropriate scale e.g. 0-5, 0-10 or 0-100. However 
it is desirable to select a lower scale value to obtain 
manageable value of index and also to reduce subjectivity. 
The lower scale is obtained so that there is a limited range of 
score values available to the designers for uniform 
evaluation of the design alternative from Feasibility point of 
view. The final result will not be changed it the user chooses 
a different scale. The relative Feasibility Index i.e . equation 
(5) will be useful in this regard. 

6. Steps in a Feasibility Analysis and 
Evaluation Using Digraph and Matrix 
Approach 

The procedure proposed previously for Feasibility 
Analysis and Evaluation of the index for a Nano-Lubricant is 
given now. Consider the g iven number of nano-Lubricants 
and mark them as (q=1, 2,.......). Study functions and details 
from feasibility analysis point of view. 

1. List the nanolubricants to be considered for feasibility 
analysis, and name these as qi , (i=1,2,3…Z). 

2. Consider the first nanolubricant (i.e., q=1). Identify  
various attributes (Ai , i=1, 2, 3........., Z) of the Nanolubricant 
and also assign values to attributes i.e., Vi , i=1, 2, ....Z 

3. Identify the relationship among attributes i.e., in terms 
of degree of relationship (rij ). Assign value to rij using Table 
2. 

4. Develop NLg for the Nano-Lubricant attributes. 
5. Write VNLAper. This will be Z X Z matrix with d iagonal 

elements Vi’s and off diagonal elements rij’s. 
6. Derive NL Expression (VPF-n) or permanent function 

i.e., permanent (VNLAper ) on the line of expression A=(A1 , 
A2 ,.....) 

7. Evaluate the ideal value of Feasibility Index from 
VPF-n obtained in Step 5 by substituting Vi  =3 and rij as 
obtained in step 3. 

8. Use VPF-n  and substitute the value of Vi and rij  
obtained in step 2nd  and 3rd to evaluate Feasibility Index (Idi ). 
Determine also the value of I, using equation (4). 

9. Consider the 2nd nanolubricant (i.e., q=2) and repeat step 
2 to 5 and 7. 

10. Carry out step 8 for all other alternatives i.e., q=3, 
4,.....q 

11. Calculate the Relative Feasibility Index, Ir. 
12. Compare the Feasibility of all alternatives based on 

step 6 to 10 and identify the best alternative from the best 
feasible point of view. 

7. Example 

In this section an example of evaluating and selecting 
appropriate nano-lubricant for a t ribosystem is considered 
for illustrating the procedure. 

There are numerous nanolubricant alternatives available 
for tribosystems.However only two alternatives are 
considered here for feasibility analysis evaluation and 
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comparison. These are Molybdenum Disulphide (MoS2) and 
Graphite. Th is completes the first step of the procedure. As 
per step two of the procedure, various relevant attributes of 
nano-lubricant are identified and assigned value as discussed 
in section 2 of the methodology. These attributes are COF, 
COW, MC, TC, EC, EP and EV. The relat ionships among 
these attributes are given in table 2. As per table, values of rij 
‘s are assigned. These are r12=3, r13=3, r14=0,r15=3, r16=2, 
r17=0, r21=3, r23=3, r24=1, r25=1, r26=3, r27=3, r31=3, r32=3, 
r34=2, r35=1, r36=2, r37=2, r41=0, r42=1, r43=2, r45=1, r46=1, 
r47=0, r51=3, r52=1, r53=1, r54=1, r56=2, r57=0, r61=2, r62=3, 
r63=2, r64=1, r65=2, r67=3, r71=0, r72=3, r73=2, r74=0, r75=0, 
r76=3. This helps to model NLAs in terms of NLg . In this 
example NLg  remains same, as shown in Fig. 1. This 
completes step 4 of the procedure. The VNLAper for NLg 

is 
obtained as 





























7

6

5

4

3

2

1

V300230
3V21232
02V1113
011V210
2212V33
33113V3
023033V

     (6) 

This completes step 5 of the procedure.  
The ideal value of the index is obtained by substituting the 

ideal score values for all attributes (Vi =3) and the value rij  
from Table 2, in expression(6) as  





























3300230
3321232
0231113
0113210
2212333
3311333
0230333

         (7) 

Iideal =41.1602x104 is obtained from above matrix 
expression(7). This completes step 6 o f the assessment 
procedure. 

As per the procedure, the value of Iideal for the first 
alternative (i.e . q=1), is evaluated. This is obtained by 
assigning the values to diagonal elements (Vi ‘s) on the basis 
of presence of relevant property value. In this case, the value 
of attribute V1 is obtained by finding the value of co-efficient 
of frict ion (COF) o f MoS2 which  is very  less. Hence a 
highest score value is assigned to V1 (i.e. 3). Secondly it is 
found that MoS2 has a good wear resistance, hence COW  is 
assigned a value V2 =2. The third attribute MC is direclty 
related to wear and thermal conductivity, the former is small 
in case of MoS2 whereas the latter is also low which is 

unfavourable and is thus assigned a value of 2. The fourth 
attribute TC is assigned a score value V4  =2 as MoS2 does not 
have a very good thermal conductivity. Since MoS2 has a 
very low value of co-efficient of friction, thus it is at 
conserving energy, hence an attribute value of 3 is assigned. 
It is known that MoS2 is not hazardous at all, thus a score 
value of 3 is assigned. It is known from the market survey 
that MoS2 is a costly nano-lubricant as compared to other 
nanolubricants available, thus a score value of 1 is assigned. 
Thus the assigned score values are V1=3, V2=2, V3 =2, V4 =2, 
V5 =3, V6 =3, V7 =1. Thus 

Id1 =





























1300230
3321232
0231113
0112210
2212233
3311323
0230333

          (8) 

Therefore Id1 =21.7368x104 . The value of Ir in  this case is 
52.8%. This completes step 7. 

The second alternative (Graphite) is considered now and 
the values of its attributes are assigned on the basis of several 
aspects as followed in  alternative 1. The assigned values are 
V1=2, V2=2, V3 =3, V4=1, V5=2, V6 =2, V7=3.Thus Id2  is 
obtained as 





























3300230
3221232
0221113
0111210
2212333
3311323
0230332

            (9) 

Therefore Id2 = 17.8841x104 . The value of Ir is 43.44%. 
This completes the step 9 of the procedure. It is observed 

that the Feasibility Index decreases from 21.7368x104  to 
17.8841x104. For two alternatives considered here in this 
example. The relat ive index also decreases from 52.8% to 
43.4%. The alternative with highest value of Id = 
21.7368x104 is considered as the best alternative from 
feasibility point of v iew.Therefore in th is case, alternative-I, 
i.e. Molybdenum Disulphide is the best alternative amoung 
the two. The Feasibility analysis is therefore very v ital for 
the product’s performance throughout its operation. 

This simple example has been elaborated for the benefit of 
readers. Although the procedure may appear troublesome 
and time consuming if performed manually, however it  is not 
so when using a computer. 
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8. Conclusions 
Feasibility analysis of nano-Lubricants is done in terms of 

a ‘feasibility analysis attributes digraph’ which considers the 
feasibility analysis attributes and degree of relationship 
among one another. The attributes of the nano-lubricants in 
general have been identified considering all important 
tribological aspects. The feasibility index (Idi) which 
evaluates the feasibility  of nano-lubricant is obtained from 
VPF-n which in turn is obtained from one-to-one matrix of 
the digraph. The function is also useful in identification and 
comparison of product from feasibility analysis point of view. 
The influence of attributes individually o r collectively is 
obtained using feasibility analysis matrix expression. The 
relative value of feasibility index (Ir) is also obtained and this 
is used to compare the relative decrease in the value of 
feasibility index from ideal value. The major limitation of the 
proposed approach is that with the increase in number of 
feasibility attributes, the digraph becomes complex. This 
problem, however, can be overcome by representing the 
digraph by a matrix. Another limitation of the proposed 
method is that evaluation of feasibility index is subjective in 
nature. The proposed procedure is useful for designers and 

practicing engineers to compare various alternatives of a 
nano-lubricant from feasibility point of v iew. 

 
1. COF 
2. COW 
3. MC 
4. TC 
5. EC 
6. EP 
7. EV 

Figure 1.  Nanolubricant attributes digraph 

Table  1.  Nano-Lubricant Attributes 

S.No. Requirements of Nano-lubricants Tribo-features facilitating requirements of 
nano-lubricants 

Nano-lubricant 
Attribute 

1 

Low friction, Low energy loss, high wear resistance, 
minimum power /energy consumption, minimum 
environmental hazards, minimum wastage, no 
carcinogenesis, minimum ecotoxicity,  easy 
reclamation at low cost. 

Low Co-efficient of friction, viscosity and viscosity 
retention, surface roughness, surface hardness, 
micro-hardness, operating speed, embed ability, 
conformability, compatibility, less toxicity, 
eco-friendly and biodegradable. 

Co-efficient of 
Friction (COF) 

2 

Long life of tribo-system, high wear resistance, low 
wear, high heat dissipation, minimum environmental 
hazards, high surface finish, minimum wastage, 
minimum ecotoxicity, Cost effectiveness. 

Low Co-efficient of wear, Low Co-efficient of 
friction, Higher micro hardness, surface hardness, 
micro-structure, high thermal conductivity, 
compatibility, eco-friendly and bio-degradable 
nano-lubricants. 

Co-efficient of Wear 
(COW) 

3 

Longevity materials, High wear resistance, minimum 
power consumption, high heat dissipation, minimum 
environmental hazards, high surface finish, minimum 
wastage, dimensional stability, no carcinogenesis, 
minimum ecotoxicity. 

Low Co-efficient of wear, Low Co-efficient of 
friction, Higher micro hardness, surface hardness, 
high thermal conductivity, compatibility, embed 
ability, eco-friendly and bio-degradable materials, 
Low Coefficient of thermal expansion. 

Material 
Conservation (MC) 

4 

High heat dissipation capacity, minimum thermal 
expansion, thermally stable, minimum energy 
consumption, environmentally safe, should not 
produce green house gases, low coefficient of 
friction. 

Low co-efficient of thermal expansion,  good heat 
carrying capability, should not suffer thermal strain, 
environmentally safe, biodegradable, low coefficient 
of friction. 

Thermal 
Conductivity (TC) 

5 

Minimum co-efficient of friction, light weight, 
minimum energy requirement for production, 
minimum power consumption, minimum energy 
requirement for marketing, service and 
disposal/recycling 

Good lubrication, better surface coating, low density, 
bio-friendly materials, light weight, 

Energy Conservation 
(EC) 

6 

Less emission of gases during manufacture/ 
processing, minimum wastage, ease of 
disposal/recycle, minimum energy consumption, 
ease of production, easy surface coating, 
bio-degradability, renewability 

Contamination, wear, operating temperature, less 
emission of toxic gases, bio-degradable 
nano-lubricants. 

Environmental 
preservation (EP) 

7 
Cost-effective reclamation, easy to recycle/dispose, 
easy to coat on surface, minimum environmental 
hazards during recycling, retention of properties 

Higher efficient methods of recycling/reclamation, 
sustainable materials, lower weight, longevity 
materials, reclamation of lubricants, biodegradable 
nano-lubricants, etc. 

Economic Viability 
(EV) 
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Table 2.  Nanolubricant attributes and their relationship 

S.No. Feasibility Attribute Abbreviation 

Degree of Relationship among Attributes 

Strong 
(rij =3) 

Medium 
(rij =2) 

Weak 
(rij =1) 

None 
(rij =0) 

1. Co-efficient of Friction COF 2, 3, 5 6  7,4 
2. Co-efficient of Wear COW 1, 3,7,6 - 5, 4 - 
3. Material Conservation MC 1, 2 4, 6, 7 5 - 
4. Thermal Conductivity TC - 3 2, 5, 6 1, 7 
5. Energy Conservation EC 1 6 3, 4, 2 7 
6. Environmental Preservation EP 7, 2 1, 3, 5 4 - 
7. Economic Viability EV 6, 2 3 - 1, 5, 4 

r12=3, r13=3, r14=0, r15=3, r16=2, r17=0 
r21=3, r23=3, r24=1, r25=1, r26=3, r27=3 
r31=3, r32=3, r34=2, r35=1, r36=2, r37=2 
r41=0, r42=1, r43=2, r45=1, r46=1, r47=0 
r51=3, r52=1, r53=1, r54=1, r56=2, r57=0 
r61=2, r62=3, r63=2, r64=1, r65=2, r67=3 
r71=0, r72=3, r73=2, r74=0, r75=0, r76=3  
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