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Abstract  This paper focuses on the role that production subsidies play in a Bertrand mixed duopoly. The paper examines 
four regimes: mixed and private duopoly, each with and without subsidies. The results of this study are compared with the 
findings of the existing Cournot mixed market literature. As a result, the paper shows that that the introduction of production 
subsidies into the analyses of Bertrand and Cournot mixed markets can improve social welfare. 
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1. Introduction 
Mixed oligopolies are common in developed and devel-

oping countries as well as in former communist countries. 
Public firms compete with private firms in many industries, 
such as the airline, banking, broadcasting, education, elec-
tricity, health care, home loans, life insurance, overnight 
delivery, rail, shipbuilding, telecommunications, and to-
bacco. The pioneering theoretical work on mixed oligopoly 
was done by[1]. Since then, the analysis of mixed market 
models that incorporate public firms has received increasing 
attention and has been widely performed by many research-
ers (see, for example,[2-16]).1 

As is well known, there has been a worldwide wave of 
privatization of public enterprises since the nineteen-eighties. 
Therefore, the theoretical studies of privatization are often 
studied in the context of mixed market models where 
state-owned welfare-maximizing public firms interact with 
profit-maximizing private firms (see, for example,[22-41]). 
However, most studies analyze privatization in mixed mar-
kets where public and private firms compete in quantities. 

Therefore, we study privatization in price-setting mixed 
duopoly competition. We extend the analysis of[25], which 
studies the role that production subsidies play in a Cournot 
quantity-setting mixed market and how they may influence 
the privatization decision.[25] presents three main results. 
First, if subsidies are used before and after privatization, then 
privatization does not change welfare. Second, if subsidies 
are used only before privatization, then privatization always  
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1 See, for example,[17-21] for excellent surveys. 

lowers welfare. Third, the subsidy contributes to overall 
efficiency in a mixed market due to cost distribution effects. 
In addition,[26, 27] consider Stackelberg competition in 
which the public firm becomes the leader,[28] considers 
partial privatization introduced by[31], and[29] examines a 
mixed oligopoly that each private firm’s objective is not 
profit maximization. As a result,[25-29] show that the op-
timal subsidy, equilibrium output level, all firms’ profits 
and social welfare are identical before and after privatiza-
tion of a public firm in a quantity-setting mixed market. 

We investigate the role that production subsidies play in a 
price-setting mixed market. We consider the following four 
regimes: mixed and private duopoly, each with and without 
subsidies. We solve and compare the four models. In addi-
tion, our results are compared with the findings of quanti-
ty-setting mixed market model by[25]. 

The remainder of this paper is organized as follows. In 
Section 2, we describe the basic setting. Section 3 solves the 
four models. Section 4 compares the four regimes. Finally, 
Section 5 concludes the paper. 

2. The Basic Setting 
There is an industry composed of one state-owned wel-

fare-maximizing public firm and one profit-maximizing 
private firm producing imperfectly substitutable goods. In 
the remainder of this paper, subscripts 0 and 1 denote the 
public firm and the private firm, respectively. In addition, 
when i  and j  are used to refer to firms in an expression, 
they should be understood to refer to 0 and 1 with 
i j≠ .There is no possibility of entry or exit. On the con-
sumption side, there is a continuum of consumers of the 
same type whose utility function is linear. Following[42, 43], 
we assume that the representative consumer maximizes 

0 1 0 0 1 1( , )U q q p q p q− − , where iq  is the amount of good i  
and ip  is its price. The function 0 1( , )U q q  is quadratic, 
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strictly concave and symmetric in 0q  and 1q : 
2 2

0 1 0 1 0 0 1 1( , ) ( ) ( 2 ) / 2U q q a q q q bq q q= + − + + , where 0a >  
and 0 1b< < . The demand function is given by 
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where b  is a measure of the degree of substitutability 
among products. For the sake of simplicity, we assume 

0.5b = . Each firm’s profit is given by 
( )i i ip c s qπ = − +              (2) 

where c  is the total cost for each unit of output and s  is 
the subsidy for each unit of output. We assume 0 c a< <  to 
assure that the production levels of firms are positive. 

Social welfare, defined as the sum of consumer surplus 
plus profits less the cost of subsidy, is given by 

0 1 0 1( )W CS s q qπ π= + + − +         (3) 
where 2 2

0 0 1 1 0 12[ ( )] / 3CS p p p p a a p p= − + + − −  
We consider four regimes: mixed and private duopoly, 

each with and without subsidies. In the regimes without 
subsidies, a simple Bertrand price-setting game is con-
structed and solved. In the regimes with subsidies, a 
two-stage game is constructed, wherein the government sets 
the subsidy in the first stage, and in the second stage each 
firm observes the subsidy and simultaneously chooses its 
price. 

3. Results 
In the mixed duopoly models (Subsections 3.1 and 3.2), 

the public firm chooses 0p  to maximize social welfare (3), 
and in the private duopoly models (Subsections 3.3 and 3.4), 
it is privatized and therefore maximizes its own profit (2). 

3.1. Unsubsidized Mixed Duopoly 

When there is no subsidy ( 0s = ), the Bertrand equili-
brium values of prices, outputs, profits, consumer surplus 
and welfare are presented as follows: 
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Note that the price of the public firm is lower than that of 
the private firm. Also note that the public firm earns a strictly 
positive profit. 

3.2. Subsidized Mixed Duopoly 

There are two stages: in the first stage the government sets 

the output subsidy to maximize social welfare; in the second 
stage each firm simultaneously and independently chooses 
its price conditional on the subsidy. The game is solved by 
backward induction to obtain a subgame perfect Nash equi-
librium. Maximizing (2) and (3) simultaneously, we obtain 
the second-stage equilibrium prices in terms of the subsidy 
s : 

M
1

2 5 4( )
7

a c sp s + −
= , M

0
6 2( )
7

a c sp s + −
=

    
(9) 

We now solve the first stage of the game. In the first stage, 
the government, taking into account how firms will react to 
the subsidy, maximize (3); the solution to this problem 
yields the optimal subsidy: 

*

2
a cs −

=
                

(10) 

Note that *s  is strictly positive. Therefore, the govern-
ment will always grant a positive subsidy. 

From (9) and (10), we derive the following subgame per-
fect Nash equilibrium outcomes: 

M * M *
1 0( ) ( )p s p s c= =             (11) 
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Note that each firm sets a price that equals c . We can now 
state the following proposition. 

Proposition 1. When optimal subsidies are used in a 
price-setting mixed market, price is equalized between pub-
lic and private firms, increasing total output, and increasing 
social welfare. 

3.3. Unsubsidized Private Duopoly 
In this subsection, we solve for the Bertrand equilibrium 

outcomes of the unsubsidized private duopoly game, 
wherein each firm maximizes its own profit. The results can 
be obtained as follows: 
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3.4. Subsidized Private Duopoly 

There are two stages: in the first stage the government sets 
the output subsidy to maximize social welfare; in the second 
stage each profit-maximizing firm simultaneously and in-
dependently chooses its price conditional on the subsidy. 
The game is solved by backward induction to obtain a sub-
game perfect Nash equilibrium. Maximizing (2) simulta-
neously, we obtain the second-stage equilibrium in terms of 
the subsidy s : 

P 2 2( )
3i

a c sp s + −
=

           
(21) 

In the first stage, the government, taking into account how 
firms will react to the subsidy, maximize (3). It happens that 
the optimal subsidy, prices, outputs, profits, consumer sur-
plus and welfare in this case are identical with those in 
Subsection 3.2, subsidized mixed duopoly. Therefore, ex-
pressions (11) – (15) also represent the relevant expressions 
for the subsidized private duopoly. We can now state the 
following proposition. 

Proposition 2. Optimal production subsidies can increase 
total output and welfare in a price-setting private market. 

4. Comparisons 
First, we compare the two unsubsidized regimes (Subsec-

tions 3.1 and 3.3). The difference between welfare in the 
unsubsidized mixed and private duopoly regimes is 

2
M P 44( )(0) (0)

1323
a cW W −

− =
        

(22) 

The result of this comparison is stated as follows. In the 
absence of subsidies, welfare is higher before privatization 
than after privatization. 

Second, we compare the subsidized mixed duopoly 
(Subsection 3.2) with the unsubscribed private duopoly 
(Subsection 3.3). From (15) and (20), we see that welfare is 
higher in the subsidized mixed market than in the unsubsi-
dized private market. Proposition 3 presents this result. 

Proposition 3. If optimal subsidies are used before but not 
after privatization of a public firm in a price-setting mixed 
market, then welfare is lower after privatization. 

Finally, we compare the two subsidized regimes (Subsec-
tions 3.2 and 3.4). The optimal subsidy, prices, outputs, 
profits, consumer surplus and welfare in the subsidized 
mixed market are identical with those in the subsidized pri-
vate market. This comparative result is stated by the fol-
lowing proposition. 

Proposition 4. If optimal subsidies are used before and 
after privatization of a public firm in a price-setting mixed 
market, then the optimal subsidy and welfare are unchanged. 

5. Conclusions 
We have investigated the role that production subsidies 

play in a Bertrand mixed market and have considered the 

following four regimes: mixed and private duopoly, each 
with and without subsidies. We have found that our results 
are the same as those of Cournot mixed market models. As a 
result of these studies, we find that the introduction of pro-
duction subsidies into the analyses of Bertrand and Cournot 
mixed markets can improve social welfare. 
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