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Abstract The conventional treatment of the Bethe-Bloch equation for protons accounts for electron capture at the end of
the projectile track by the small Barkas correction. This is only a possible way for protons, whereas for light and heavier
charged nuclei the exchange of energy and charge along the track has to be accounted for by regarding the projectile charge g
as a function of the residual energy. This leads to a significant modification of the Bethe-Bloch equation, otherwise the range
in a medium is incorrectly determined. The linear energy transfer (LET) in the Bragg peak domain and at the distal end is
significantly influenced by the electron capture: Thus the stepwise filling operation of the electron shells along the particle
track is treated by the Fermi energy Eg of Fermi-Dirac statistics and leads to the conversion of carbon ions from C®* at the
beginning of the track to C'* at the Bragg peak region. A rather significant consequence is that in the domain of the Bragg

peak the superiority of carbon ions is reduced compared to protons.
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1. Introduction

The application ofthe Bethe-Bloch equation (BBE) for the
determination of the electronic stopping power is established
for the passage of electrons and protons through homoge-
neous media. A particular importance of BBE appears in
Monte-Carlo calcu lations to simulate the behaviour (energy
transfer) of charged projectile particles along the track. This
equation reads:
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E, is the atomic ionization energy, weighted over all pos-
sible transition probabilities of atomic/molecular shells, and
q denotes the charge number of the projectile (proton:q =1,
carbon: q = 6). The meaning of the correction terms agey,
agarkas, 80 and ageen are explained in literature[1 — 6]. Since
the Bloch correction agjoch Will be introduced in equation (12),
we present, for completeness, the remaining correction terms
according to ICRU49[4]:
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Some comments to the relations (2 — 4):

The parameter C, referring to shell corrections, is deter-
mined by different models ([4, and references therein]). A
unique parameterization of C depending on Z, Ay, and E,
does not exist. It is therefore recommended to select C ac-
cording to proper domains of validity. It must be noted that
several models have been proposed to account for shell
transitions. Therefore, the recommendations in[4] have been
applied in this work.

The function Fagrs in equation (4) refers to the theory of
the Barkas effect developed in[7]. The parameter o refers to
Sommerfeld’s fine structure constant and b to a fitting pa-
rameter. Unfortunately, b is not a unique fitting parameter;
this results in an uncertainty of about 2 %. Modifications of
this equation with regard to high-Z materials are not of in-
terest in this work. The Barkas effect represents a correction
of BBE due to the electron capture of the positively charged
protons at lower energies in the domain of the Bragg peak
and behind leading to a slightly increased range Rcga,
whereas the negatively charged anti-protons cannot capture
electrons from the environmental electrons. Therefore their
range is slightly smaller. With regard to protons this kind of
correction works, i.e. the charge g% = 1 is assumed along the
total proton track. For charged ions such as He or C® it ap-
pears to be insufficient to keep the nuclear charge constant
along the total track and to restrict the electron capture only
to the small Barkas correction[8]. This means that all posi-
tively charged projectile particles stand in permanent ex
change of energy E and charge g with environment, and, as a
consequence, q° is a function of the actual residual energy,
i.e. g°> = g*(E), and only for E = E, (initial energy) q° = qo? is
valid. A correct modification of BBE by accounting for q?(E)
makes the Barkas correction superfluous.
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A further critical aspect of BBE, which leads to a modi-
fication by accounting for g(E), is the range Resga (CSda:
continuous slowing down approximation) of the electronic
stopping power. Thus a naive application of BBE would lead
to the conclusion that a carbon ion requires the initial energy
per nucleon Ey (carbon ion) = 3 times Ep(proton), since the
square of the carbon charge amounts to 36 and the nuclear
mass unit is 12 times nuclear mass unit of the proton.
However, the ratio is not 3 to obtain the same range Rgsqq, but
about 25/12. The Monte-Carlo code GEANT4 assumes an
average charge Qaverge = 5.06 for the simulations of the
carbon tracks. This is, however, not satisfactory, since elec-
tron capture is a dynamical process. Therefore the range of
charged particles has been subjected to many studies due to
the increasing importance of carbon ions in radiother-
apy[9-24].

Itis also possible to substitute the electron mass m by the
reduced mass m = p=m/(1+m/M), where M is the proton
mass. However, this leads for protons to a rather small cor-
rection (i.e., less than 0.1 % for protons). For complex sys-
tems E; and some other contributions like agpe and agapas can
only be approximately calculated by simple quan-
tum-mechanical models (e.g., harmonic oscillator); the latter
terms are often omitted and E, is treated as a fitting parameter,
but different values are proposed and used[4]. The restriction
to the logarithmic term leads to severe problems, if either v
— 0 or 2m V? /E; — 1. It should be added that a correct
treatment of the electron capture removes the singularity of
positively charged ions, since q%(E) — 0, if the residual
energy Eassumes zero.

2. Methods

2.1. The Integration of BBE for Protons

In the following, we consider at first the integration of
BBE for protons, i.e. we consider the Barkas correction in
the conventional way. In previous publications[25-26] we
have presented an analytical integration of BBE, which is the
physical base of the transport of protons and electrons.

In order to obtain the integration of BBE, we start with the
logarithmic term and perform the substitutions:

v:=2E/M; B,=4m/ME,
E=(/pB,)exp(-u/2)

With the help of substitution (and without any correction
terms), BBE leads to the integration:
} (6)

—Idu exp(-u)-(/u) =1 K-Bz2- dez
)
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The boundary conditions of the integral are:
z=0= E=E,(or: u=-2In(E, -B,))
z=R_gpp = E=0 (0or: u= ) }

The general solution i given by the Euler exponential
integral function Ei(§) with P.V. =principal value:

%K'M'Blz'RCSDA:

—P.V. j u~exp(—u)du=Ei(£)
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Some details of Ei(§) and its power expansions can be
found in[27]. The critical case & = 0 results from Egjticy =
ME/4m (for water with E, = 75.1 eV, the critical energy
Egritica amounts to 34.474 keV; for Pb with E; = 800 eV to
about 0.4 MeV). Since the logarith mic term derived by Bethe
implies the Born approximation, valid only if the transferred
energy Eqansier >> the energy of shell transitions, the above
corrections, excepting the Bloch correction, play a signifi-
cant role in the environment of the Bragg peak, and the terms
ag and agg) remove the singularity. With respect to numerical
integrations (Monte Carlo), we note that, in the environment
of E = Egitica, the logarithmic term may become crucial
(leading to overflows); rigorous cutoffs circumvent the
problem. Therefore, the shell correction is an important
feature for low proton energies. In similar fashion, we can
take account ofthe Barkas correction. Since this correction is
also important for low proton energies, it is difficult to make
a quantitative distinction to the shell correction, and different
models exist in the literature implying overall errors up to
2 %[4]. Using the definitions/suggestions of the correction
terms according to[4] and the substitutions we obtain:

Some details of Ei(§) and its power expansions can be
found in[27]. The critical case & = 0 results from Egiticy =
ME/4m (for water with E, = 75.1 eV, the critical energy
Egritica amounts to 34.474 keV; for Pb with E; = 800 eV to
about 0.4 MeV). Since the logarith mic term derived by Bethe
implies the Born approximation, valid only if the transfer
energy Eqanser >> the energy of shell transitions, the above
corrections, excepting the Bloch correction, play a signifi-
cant role in the environment of the Bragg peak, and the terms
ag and agg remove the singularity. Therefore, the shell cor-
rection is an important feature for low proton energies. In
similar fashion, we can take account of the Barkas correction.
Since this correction is also important for low proton ener-
gies, it is difficult to make a quantitative distinction to the
shell correction, and different models exist in the literature
implying overall errors up to 2 %J[4]. Using the defini-
tions/suggestions of the correction terms according to[4] and
the substitutions we obtain:

%K-M-Bffdz = [ du exp(-u)

PB
[u+ 204 ++ 20g51ka0 (4-m/ EI) exp(pBu /2)+

ag(E, /2m)exp(-u/2)] ®

A closed integration of equation (9) does not exist; it can
be evaluated via a procedure valid for integral operators [28],
which reads for commutative operators:

-1 -1 -2 -3_2 -4 3
[A'+B7 =A'" -A'" B'+A' B' -A'" B' +
-n-1_n

)" A" (10)
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A’+B’ is equated to the complete denominator on the
right-hand side of equation (9).The small Barkas correction
and the Bloch correction agjocn (S€€ equations 12, 13) are
identified with A’ and the other (more important) terms with
B’:

AI:ZOLBarkas (4m / EI)pB eXp(pBu / 2) +aBIoch (11)
B'=u+2ag+0,(E, /2m)exp(-u/2)

We should already point out here that the expansion (10) is
also applicable, if the electron capture is accounted for. The
integration of equation with the help of relation (10) leads to
standard tasks (i.e. to aseries of usualexponential functions).
In the following, we add the Bloch correction to the de-
nominator of equation. In order to use the procedure, we
define now the non-relativistic energy E, by: E, = 0.5-Mv?
and write the relativistic energy expression Eg (the rest
energy Mc? is omitted) in terms of an expansion:

Agioen =— (Q°a® /¥*)[1.042 - 0.8549¢°a” / y*
+0.343q"a* / y* — .+ higher order terms]
a=1/137.036;

y? = 2E,, | Mc?= 2exp(-u/2)/BMc?

Relation (12) provides a sequence of exponential func-
tions:

(12)

122 2

aBloch = —(7q a BMc exp(u/2)-
22 2

[L.042 - 5 0.854-q o ByMc exp(u / 2) +
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+70343q a B M ¢ exp(u) —..+ higher — order terms]

1K-M ~B,2jdz:jdu exp(-u)-[A'+BT* (14

The integration of equation is carried out with the
boundary conditions. Since these conditions are defined by
logarithmic values, which have to be inserted to an expo-
nential function series, the result yields a power expansion
for Respa in terms of Ey:

N
A n n
RCSDA:%'TNZOLnEIp E0 (NZ}OO) (15)
n=1

The coefficients o, are determined by the integration
procedure and only depend on the parameters of the BBE.
For applications to therapeutic protons, i.e., E; <300 MeV, a
restriction to N = 4 provides excellent results (Figure 1). For
water, we have to take E, = 75.1 eV, ZIAN = 10/18, p =1

g/cm®; Formula (15) becomes:

N
n
Respa = ZanEo (N=x)
n=1
The values of the parameters of Formulas with restriction
to N=4 are displayed in Tables 1 and 2.

(16)

Table 1. Parameter values for equation (15), Eo in MeV, E; in eV and
Rcspa incm

o1 o2 as 7}
6.8469-10* | 226769-10* | -24610-107 14275-10%°
pl p2 p3 p4
0.4002 0.1594 0.2326 0.3264

The determination of Ay and Z is not a problem in case of
atoms or molecules, where weight factors can be introduced
according to the Bragg rule; for tissue heterogeneities, it is
already a difficult task. Much more difficult is the accurate
determination of E,, which results from transition probabili-
ties of all atomic/molecular states to the continuum (6-
electrons). Thus with regard to stopping powers of protons in
different media according to[4], there are sometimes dif-
ferent values of E, proposed (e.g., for Pb: E; = 820eV and E,
=779 eV). If we use the average (i.e., E; = 800.5 eV), the
above formula provides a mean standard deviation of 0.27 %
referred to stopping-power data in[4], whereas for E, = 820
eVor E =779 eV we obtain 0.35 % - 0.4 %. If we apply the
above formula to data of other elements listed in[4], the
mean standard deviations also amount to about 0.2 % -
0.4 %.

Table 2. Parameter values for equation (16), Eo in MeV, Ein eVand Respa
in cm

ai az as Ay

6.94656:10° | 8.13116:10" | -1.21068-10° 1053107

polyncenial of dth dedyee o d
E fl‘i
2. a1
§ 07 s
3 . - ol

r"'r
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Figure 1. Comparison data in[4]of proton Respa range (up to 300 MeV) in
water and the fourth-degree polynomial (equation 16). The average devia-
tion amowntsto 0.0013 MeV

Instead of the usual power expansion (16), we can repre-
sent all integrals in terms of Gompertz-type functions mul-
tiplied with a single exponential function by collection of all
exponential functions obtained by the expression of[A’
+B°T* and the substitution B,E=exp(—u/2). A Gompertz-
function is defined by:

2
exp(—& exp(—u / 2))=1-¢& exp(—u / 2)+% g exp(-u). —.+

17
.. 3 (17)
k=

1 k k
—(-1) & exp(-ku/?2)
1 k!

By the integration boundaries u = 2:In-4m-Eo/(M-E), i.e.,
E = Ej and u — oo (E =0), the integration leads to asequence
of exponential functions; the power expansion is replaced

by:
N
Reson =a,Eq - [1+ D (b —by exp(-g, - E,)]
k=1

(N =)

(17a)
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For therapeutic protons, the restriction to N = 2 provides
the same accuracy (Figure 2) as formula (16); the parameters
are given in Table 3 (a; is the same as in Table 2).

Table 3. Parameters of Formula (17a); b; and b, are dimensionless; g: and
g are given in MeV™.

by b, o/} 02

The Role of Electron Capture and Energy Exchange of Positively
Charged Particles Passing Through Matter

, q
¢’ =Cy -(18/10)-Z-p- (7511 E ) K/ (Ay - pw)

|
2 =AT (10 py, /18) - (75.1/ E))

p
K.Ag!(p-2)

(20)

5
E@=(Rcspa =2 2 ¢k &P-(Regpa ~2) 7]

For therapeutic protons, a very high precision is obtained

15.14450027

29.84400076

0.001260021

0.003260031

In the following, we shall verify that the latter formula
provides some advantages with respect to the inversion Eq =
Eo(Rcspa)-
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Figure 2. Rcspa calculation - comparison between a fourth-degree poly-
nomial (equation (16)) andtwo exponential functions (equation (17a))

2.2. The Inversion Problem: Calculation of Eg(Rcspa)
and E(z)

Above formulas can also be used for the calculation of the
residual distance Rcspa — 2, relating to the residual energy
E(2); we have only to perform the substitutions Rcspa —
Respa — z and Ey — E(2) in these formulas. In various
problems, the determination of Ey or E(z) as a function of
Recspa OF Respa — 2 is an essential task. The power expansion
implies again a corresponding series Ey = Eg(Rcspa) in terms
of powers:

c k
Eo :ZCkRCSDA

= (18)

a3>/a;‘}
(18a)

¢,=l/a,c,=-a,/a’ c,=(2a,’a," -

¢, =f@aa,.a,.)/a" (k>3

The coefficients cy are calculated by a recursive procedure;

we have given the first three terms in formula (18a). Due to
the small value of a; = 6.8469-10, this series is ill-posed,
since there is no possibility to break off the expansion; it is
divergent and the signs of the coefficients cy are alternating,
see[27]. The inversion procedure of equation leads to the
formula:

N
E,= Rcsdazck exp(_}“chsda) (N — )
i=1
N (19)
E(2)=(Resa _Z)ch exp(—Ay (Regga — 2)
i=1
The inverse formula of equation (17a) reads:

by the restriction to N = 5 (Table 4 and Figure 3). Formula
(20) is also suggested by the consideration of S(Rcspa) =
Eo(Rcspa)/Respa according to equation (17a). A plot of
S(Rcspa) has been previously presented[25]; it gives rise for
an expansion of S(Rcspa) in terms of exponential functions.

Table 4. Parameters ?f the inversion Formula (40) with N =5 (dimension

of ck: em/MeV, M cm™)

P P, P3 P4 Ps
-0.1619 -0.0482 -0.0778 0.0847 -0.0221
Qe [07] 0] Oa Js
0.4525 0.195 0.2125 0.06 0.0892
C1 Co C3 Cs Cs
96.63872 25.0472 | 8.80745 419001 9.2732
' Nt | et A At
0.0975 1.24999 5.7001 10.6501 [ 106.72784

One way to obtain the inversion formula is to find S(Rcspa)
by a sum of exponential functions with the help of a fitting
procedure. Thus it turned out that the restriction to five e x
ponential functions is absolutely sufficient and yields a very
high accuracy. A more rigorous way (mathematically) has
been described in the LR of[25].

The residual energy E(z), appearing in equation (20), is
the desired analytical base for all calculations of stopping
power and comparisons with GEANT4. The stopping power
is determined by dE(z)/dz and yields the following expres-
sion:

S(z)=dE(z)/dz

N
=—E(2)/ (Respa —2)+ DM E L (2) (N—>o0) ¢ (21)
k=1
Ey(2) = (Respa —2)-eXp[—2Ay (Respa —2)]
- e
240 —
3l a—
180 - e
3150 - e
120 - e -
LY < Flgt EG a5 function of Resda -
Bl ——————— -
3 _,f— Calculaticn with inverse fomula
i -
L e L = S B e S B

Figure 3. Ted of the inverse Formula (40) Eo = Eo(Rcspa) by five expo-
nential functions. Themean deviation amountsto0.11 MeV; the plot results
from Figure 1

The aforementioned restriction to N = 5 is certainly ex
tended to equation (21), which can be considered as a rep-
resentation of the BBE in terms of the residual energy E(2).
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Due to the low-energy corrections (2o, ashell, aparks) the en-
ergy-transfer function dE(z)/dz remains finite forall z (i.e., 0
< z < Rgspa). This is, for instance, not true for the corre-
sponding results at z = Rcgpa. The calculation of E(z) and
dE/dz according to equations, referred to as LET, is pre-
sented in Figure 4. The figure shows that, within the
framework of CSDA, the LET of protons is rather small,
except at the distal end of the proton track.

A change fromthe interacting reference medium water to
any other medium can be carried out by the calculation of
Recspa, Where the substitutions have to be performed:

Rcspa(medium )=Rcgpa (water) }
22
- (Z-p/AN)water - (AN/Z - P)medium @

ix (i BV cmp
.

E i o ndl o0E o
=

om

Figure 4. E(z) and dE(z)/dz as a function of z (LET based on CSDA);
energy straggling and electron capture are omitted

It is also possible to apply formula (22) in a stepwise
manner (e.g., voxels of CT). This procedure will not be
discussed here, since it requires a correspondence between
(Z-p/ AN)Mmedium @nd information provided by CT. The appli-
cation of BBE is a more difficult task with regard to het-
erogeneous media based only on CT data.

2.3. Qualitative Properties of the Electron Transfer
Described by BBE and Electron Capture

According to BBE the energy spectrum produced by
carbon ions should be the same as that produced by protons,
and the only difference between protons and carbon ions
should be the intensity of the released collision electrons, i.e.
the amplification factor should be 36 for carbon ions. It is
well-known that this property is not valid for the following
reasons: The average ionization energy for carbon ions
turned out to be E, = 80 eV instead of E, = 75 eV for
protons[4, 29]. Paper[29] is based on investigations of some
other authors[10, 19, 30, 31]. The second reason is the
electron capture of the carbon ion. Thus a carbon ion can
capture a free electron, which has been excited immediately
before. Figure 5 shows this effect. However, only electrons
with a slow relative velocity to the carbon ion can account
for this process (Vreraive = 0). Since the transition time of the
capture electron to a lower atomic state of the carbon ion is
less than 10™° sec with a simu Itaneous emission of light (UV

or visible), it is possible that the captured electrons goes lost
again, and only a stripping effect occurs for a short time. If
the C®" ions has been finally transferred to a stable C** ion,
the identical process can be repeated until at the end track a
neutral carbon atom is obtained having only a thermal energy.
In the environment of the Bragg peak the effective charge of
the carbon ion is about the same that of a proton, namely +eq.
Since the electron capture can only occur for electrons of
which the relative velocity is slow, the upper energy limit of
the energy exchange Egy is the Fermi edge Eg, which is for an
electron gas not higher than the thermal energy kgT. If the
charge of carbon ion amounts to +6 ey and, at least, > +ey, the
environmental atomic electrons suffer lowering ofthe energy
levels due to the Coulomb interaction, which leads to an
increase of E;. Therefore the stated value of E, = 80 eV
represents an average value produced the fast carbon ion
starting with +6 e and ending with an uncharged, neutral
carbon atom.
Qualibative figur e of projeciile fnteraction o a chacged partide
BEE:
AR
& _— .;""j

Charped paorticl (carm) elatven
Reutwevdodly habwem ¢ abon and dectoon v = 0 (iransion time < 10" se) :
Elearon caphure by cach on i

[ et o S m— -Q.s
Cavdon i elecven [l

Figure 5. Excitation of an atomic electron by the collision interaction of a
fagt carbon ion with an atomic electron and the reversal process of the
electron capture

2.4. Application Fermi-Dirac Statistics to Electron
Capture

In the following it is the task to obtain a quantum statis-
tical description of electron capture and stripping of elec-
trons, i.e. those electrons which reduce the effective charge
of the carbon ion for a short time and go lost before a tran-
sition to a stable atomic state of carbon can occur. For this
purpose, we consider the quantum statistical energy ex
change E, between projectile particle such as proton, He ion
or carbon ion. The related mathematical procedure can be
used to describe processes like energy straggling, lateral
scatter and energy/charge exchange between projectile ion
and released electrons below the Fermi edge Er. However,
before we can account for the latter problem we have to
consider the related mathematical tools.

In general, if H represents the Hamiltonian (either
non-relativistic or relativistic) and f(H) an operator functions,
then for continuous operators H the connection holds:

H-WY=E-Y¥
f(H)-‘P:f(E)H’}

At first we apply this relation in the non-relativistic case to
derive the Gaussian convolution for the description of energy
straggling. If the stopping power S(z) = dE(z)/dz of protons
is calculated by BBE or by phenomenological equations (13,
22) based on classical energy dissipation, then the energy
fluctuations are usually accounted for by:

(23)
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S(2) = [ Sesaa (U) K(o,u —2)du (24)

This kernel may either be established by non-relativistic
transport theory (Boltzmann equation) or, as we prefer here,
by a quantum statistical derivation. Let ¢ be a distribution
function and ® a source function, mutually connected by the
operator Fy (operator notation of a canonical ensemble):

¢=exp(-H/E,)® =F, ®
F, =exp(-H/E,,) }

An exchange Hamiltonian H couples the source field @
(proton fluence) with an environmental field ¢ by Fy, due to
the interaction with electrons:

H=—2-d?/dz?
exp(0.256° d* / dz*)Dd=F,® =¢
c® = 2hn* I mE,,

It must be noted that the operator equation (26) was for-
mally introduced[32] to obtain a Gaussian convolution as
Green’s function and to derive the inverse convolution. Fy
may formally be expanded in the same fashion as the usual
exponential function exp(§); & may either be a real or com-
plexnumber. This expansion is referred to as Lie series of an
operator function. Only in the thermal limit (equilibrium),
can we write Eqx = kgT, where kg is the Boltzmann constant
and T is the temperature. This equation can be solved by the
spectral theorem provided by the discipline ‘functional
analysis’”.

(25)

(26)

R, D =yD

@, =exp(—ikz) / /27

Fa®@, =v(k)exp(ikz) //27 =
exp(—c?k?/4) - -exp(ikz) / /2w
K(c, u—2) :jcpk*(z)cpk (Wy(k)dk

= 2 [exp(—o?Kk? / 4) exp(ik (u — z))dk

K(oc, U_Z)IG}/E

It is a noteworthy result[25] that a quantum stochastic
partition function leads to a Gaussian kernel as a Green’s
function, which results from a Boltzmann distribution func-
tion and a non-relativistic exchange Hamiltonian H. An
operator formulation of a canonical ensemble is obtained by
the following way : let ¢ be a distribution (or output/image)
function and @ a source function, which are mutually con-
nected by the operator. In a 3D version, linear combinations
of K(o, u — X) and the inverse kernel K™ are also used in
scatter problems of photons[32]. As an examp le, we consider
the Schr&dinger equation of a free electron transferring en-
ergy from the projectile to the environment and obeying a
Boltzmann distribution function f(H) = exp(-H/Ee):

@7)

exp(—(u —z)?/ c?)

H=-J5A (29)
The above relation provides:
exp(-H/E,)-exp(-ik-%)/ (\2m)* =
exp(-A°K | (2mE ) exp(-i (K-90)/ (20 o

K* =k +k,” +k;

In the case of thermal equilibrium, we can replace the
exchange energy Ee by KgT.

With regard to our task the Dirac equation to describe the
particle motion is an adequate starting-point:

Hp=cap +pmc’

a=(z¢) B=( 1)

2
H, =c’p* +m°c*

o Q¥

(30)

Please note that in the notation of equation (30) & refers
to the Pauli spin matrices (this should not be confused with
the rms-value o of a Gaussian distribution function). In po-
sition representation we obtain:

(BMC®+2-6-V)y =Eq -y (31)
According to[28] we can write:
E, =tmc*/1+2-E,,, / mc’ (32)

Epaui is the related energy value resulting from the Pauli
equation.

From the view-point of the many-particle-problem
Fermi-Dirac statistics is adequate mean by the notation of
operator functions:

fF('q)ziTm[(H[i—EFﬁEm' ds(Hp) (33)

Er represents the energy of the Fermi edge (usually some
eV) and d; the density of states of the Hamiltonian Hp. The
iterated operator function reads:

- n 1 n
M =l pErEn %Mo (34)

By that, the above expression assumes the shape:
~on 1 exp[-(Hp-Ep)/2Eex] n

fe (M) =0z cosnr(Fp ~Ep)72Eext 9 (D!

= [3exp[-(H p- Ep) / 2Egy -

sech[~(H p— Ep) / 2E gy 1-dg (Hp)1 " (35)

In order to obtain a convolution kernel of a generalized

Gaussian type by multiplication with Hermite polynomials,
we make use of the following expansion[26]:

sech(s) = exp<_g2).§a2| g2 (36)
Gy =y [ @)Y () oy o /11 @7)

E(1=0,1,2,...,) refer to Euler numbers[27].
The spectral theorem of functional analysis provides:

Tl(k)=[mcz 1+ K% -k? I m*c? _EF]/EeX

Y(T](k)) =[%(‘1'Eex+Ep)/mC2]n : (38)
-exp(-nn/2)-sech(n/2)"
By performing all integrations we obtain:
S =N, -exp(—(E, (k)—EAverwe'n)2 /26, (n)?)-
S 2 |
20y (. me)- (B, () 2E) (39)

In the position space equation (39) assumes the shape:
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Ko =N, S H(U=2Zgiq (1) / 5,) B, (0, mc?) -

exp(—(U—z-24, ()*/ 25,%) (39a)
According to Bohr’s formalis m[1] the formula for energy
straggling (or fluctuation) Sg is given by:

SF =‘/—+EXP[—(E - EAverage)2 log?]

TOE (40)

The fluctuation parameter g can be best determined using

the method in[1]. Furthermore we can verify the connection

between Eaverge in the theory of Bohr and the Fermi edge

energy Er, since Eayerage results fromthe repeated iteration of
Er (for finite intervals of Az):

Acg’=Az-3-(ZIA,)-p-f -2 (1B /2)
f=0.1535 MeVcm? / g
dog’/dz =3-(ZIA)-p-F-22(1-B* [ 2)

(42)

Acg? contains as a factor the important magnitude E
that is, the maximum energy transfer from the proton to an
environmental electron; it is given by Eqm = 2mv?/(1-2). In
a non-relativistic approach, we get Enpx = 2mv2. Epex Can be
represented in terms of the energy E, and, for the integrations
to be performed, we recall the relation E = E(z) according to
formula (40); the comparison to ICRU49 data is presented in
Figure 6:

4
E omax C(in keV )=2 sp - E &
k=1
(F in MV ) (42)
i 1 —__CaAaialondm = OOekET "
o - KCRLE
— AUzl cSolam B
= =
=
Ea:u
rain]
e
P ——
15 -'H_'_,,.
n = m = W = wm ns an 2=
TH b g

Figure 6. Calculation of Em accordingto equation (42). The straight line
below refersto the non-relativistic limit

Table 5. The parameters s forthe calculation of Ema (formula (42))

S1 S2
2.176519870758 0.001175000049

S3 Sy
-0.000000045000 0.0000000000348

However, we should like to point out that according to the
preceding section this determination is only valid for protons
and cannot be applied to heavy ions without a change of the
parameters. As in the previous section, we use the definition
of S(z) according to BBE. S(2) is proportional to g2

[fe (F)1" S(2)=( expl~(H p—E)/2E, I
sech[—(H 5—ER)/2E, 1d. (Hp)] Ns(z2)
The application of equations (35 - 39) and the transition to
the continuum provides (up to 2nd order):
a*(E)=q,’[erf(E/sg)~A-(1-E/E,)-
- (E/E,) -exp(-E? /s.%)]
se? =0, -m-m’c*(@1+1/M3c*)
A=q,*-n*-mc®/ Mc®
The Rcspa formula (equation (16)) now becomes:
Resda=o(Eq-N/0gg?) +B(Eg-N/ggs 2 )% +
7(Eg-N/0egr*)3+3(Eq N/ e ?)*
Eq:initial energy/pernucleon; N:nucleon number

The parameters have slightly to be modified:
0=0.00694650.0008132157, y = - 0.00000121069, & =
0.000000001051.

(44)

(44a)

(45)

3. Results

In the following we present results of calculations for
protons, He ions and carbon ions; the initial energy amounts
to 400 MeV/nucleon. This appears to be a reasonable re-
striction with regard to therapeutic conditions. Thus Figure 7
shows that at the end of the projectile track all charged ions
nearly behave in the same manner.

6

5

3 ..' protos

— — alpha-particle (energy/ nucleon)

------- Carbon (energy/nucleon)

Effective charge

0 50 100 150 200 250 300 350 400

Energy/MeV

Figure 7. Effective charge of protons, He- and C-ionsas a function ofthe
initial energy Ep (for protons, we have to assume Qe = 0.995)
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Figure 8. Section of the above Figure 7 for E<10 MeV

Figure 8 provides a more detailed behaviour in the low
energy domain. The residual energy per nucleon amounts to
10 MeVorsmaller.
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Figure 9 presents for three cases the decrease of the actual
charge of carbon ions in dependence of the initial energy
Eo/nucleon. Thus we can conclude that for residual energies
E <50 MeV/nucleon the behaviour of the carbon ions does
not depend on the initial energy Eg.

200 MeV
300 MeV

- = 400 MeV

Effective charge

0 100 200 300 400
Energy/MeV and nucleon

Figure 9. Effective charge q(E) of carbon ions in dependence ofthe initial
energy Eo forthe cases E; =200, 300 and 400 MeV/nucleon
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Figure 10. Comparison between proton range calculated by Formula (16)
and range of the carbon ion determined by Formula (45)
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Figure 11. Stopping power of protons in dependence of the energy strag-
gling (mono-energetic and polychromatic protons without taking account of
electron capture)

Since Figure 10 is restricted to the energy per mass unit, it
is apparent that an enormous amount of energy is required to
accelerate carbon ions to therapeutic ranges. This is certainly
one obstacle for the radiotherapy with carbon ions.

With regard to the therapeutic efficacy the behaviour of
the LET in the environment of the Bragg peak is very sig-
nificant. For a comparison, we first regard a previous re-
sult[26, 33] referring to the LET of protons. According to
Figure 11 the stopping power of protons at the end track
depends significantly on the initial energy E; and on the
beam-line (energy spectrum at the impinging plane). The
electron capture of the proton at the end track is ignored.

However, the previous Figure 8 clearly shows that for pro-
tons the electron capture only becomes more significant, if
the actual proton energy satisfies E < 2 MeV. The electron
capture of protons at the end track would make the LET of
protons zero independent of the initial energy.
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------- Heliumion

Carbonion

1 o ———————————

Average charge

0 40 80 120 160 200 240 280 320 360 400

Initial energy (MeV/nucleon)

Figure 12. Average charge of protons, He and C ions as a function ofthe
initial energy Eo (for protons, we have to assume Qs = 0.995)
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Figure 13. LET for mono-energetic protons (dots) and overall sopping
power S(z) of carbon ions 400 MeV/nucleon
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Figure 14. LET of carbon ions (400 MeV/nucleon)

Figure 12 is important with regard to Monte Carlo appli-
cations, since it determines the actual value of geto be used
in dependence of Ey. The succeeding Figure 13 presents E(2)
and S(z) = dE(z)/dz of protons and S(z) of carbon ions by
taking account for electron capture. The initial proton energy
amounts to 270 MeV, whereas the initial carbon ion energy
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is 400 MeV/nucleon. Most significant is the height of the
Bragg peak, which is resulting fromthe electron capture only
a factor 1.7 higher than that of protons. In both cases the csda
approach is assumed. Since protons are much more influ-
enced by energy straggling and scatter, their peak height are
reduced again, whereas for carbon ions scatter and energy
straggling do not play a very significant role due to the mass
factor 12.
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Figure 15. Measurement (HIMAC) and theoretical calculation of the Bragg
curve of carbon ions (290 MeV/nucleon)

A rigorous consideration of the LET of carbon ions is
given the following Figure 14. It makes only sense to con-
siderthe totalenergy of 4800 MeV of the carbon ions. Due to
this order of magnitude E(z) of the carbon ion has not been
presented in Figure 13. Energy straggling and scatter have
been ignored in Figure 14, which is justified for heavy car-
bons. On the other side, this figure makes also apparent the
well-known disadvantage of carbon ions, namely the enor-
mous amount of energy of carbon ions in order to reach an
acceptable dose distribution in the domain of the target,
where a SOBP is required. W ith the help of GEANT4 a real
depth dose curve (HIMAC, 290 MeV/nucleon[14-15]) has
been determined. The role of GEANT4 was only to account
for the nuclear reactions, which are based in this
Monte-Carlo code on an evaporation model. The electronic
stopping power S(z) has been determined by the tools
worked out in this communication, the electron capture ef-
fect has been accounted for. Further parameters for a calcu-
lation of S(z) have been used based on the proton calculation
model[26, 33] by appropriate modifications. The Gaussian
convolution kernels for energy straggling and lateral scatter
have been rescaled according to the corresponding mass
properties.

With regard to the decrease of fluence of primary carbon
ions we have derived some modifications of the corre-
sponding decrease curves for protons. However, it appears
not to be appropriate to go into further details. A further
aspect is the use of the code GEANT4. Since this Monte-
Carlo code represents an open programming package,
some suitable additional reaction channels have been intro-
duced with reference to nuclear reaction detected by HI-
MAC:

4. Conclusions

The main purpose of this communication was the deriva-
tion of a systematic theory of electron capture of charged
particles and the role for the LET. The role of the LET of
light ions with regard to the biological effectiveness has
recently been studied[34]. There are purely empirical trials
to include charge capture in Monte-Carlo codes[10 — 13, 35—
36]. However, it appears that a profound basis for the cal-
culation of *(E), E(2), S(2) and Resaa(Eo) depending besides
the initial energy Ep also on the nuclear mass number N is
required to account for further influences of Bragg curves
such as the density of the medium and its nuclear
mass/charge Ay and Z. The unmodified use of BBE leads to
wrong results and the Barkas correction, which does not
affect the factor > of BBE, only works for protons or anti-
protons, whereas for projectile particles like He or carbon
ions this correction cannot be considered as small. The pre-
sented theory includes the Barkas effect without any correc-
tion model. In view of the enormous effort with reference to
the acceleration of C® ions, the application of this therapy
modality should be critically reviewed.
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