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Abstract An analysis of total nuclear cross-sections of various nuclei is presented, which yields detailed knowledge on
the different physical processes such as potential/resonance scatter and nuclear reactions. The physical base for poten-
tial/resonance scatter and the threshold energy resulting from Coulomb repulsion of nuclei are collective/oscillator models.
The part pertaining to the nuclear reactions can only be determined by the microscopic theory (Schrédinger equation and
strong interactions). The physical impact is the fluence decrease of proton beams in different media, the stopping power of
secondary particles, and a ‘translation’ of the results of the microscopic theory to the collective model.
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1. Introduction

The accurate knowledge of the total nuclear cross-section
Q™ resulting from proton — nuclei interactions is a decisive
feature of proton-therapy planning, Monte-Carlo and tech-
nical applications. Nuclear cross-sections determine the
fluence decrease of primary protons, different ranges and
scatter angles of secondary particles (mainly protons and
neutrons), passage of protons through materials, and the
creation of heavy recoils, which usually undergo f+ decay
and emission of y quanta. Since water represents the usual
reference medium for the measurement/calculation of Bragg
curves, we consider, at first, the behaviour of Q"' for oxy-
gen, which is the most important case in proton radiother-
apy.

Figure 1 shows that, for protons, a threshold energy Er;, =
7 MeV exists to surmount the Coulomb repulsion of oxygen.
AtE =20.12 MeV, Q"' exhibits a resonance maximum and a
Gaussian shape in the environment. For E > 50 MeV, Q'
decreases exponentially; at E = 120 MeV, the asymptotic
behaviour is reached. The fluence decrease of primary pro-
tons ®p[1] can be evaluated by the knowledge of Q“(E)
according to Figure 1:
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Figure 1. Total nuclear cross-section Q™ of oxygen[1 - 5]

Formula (1) is based on a method given in[6], which has
the following shape:
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The fluence of secondary particles @y, cannot be deter-
mined in an easy manner and will be one essential aspect of
this communication. In equation (1) t refers to different
kinds of energy/range straggling expressed in terms of
Gaussian convolutions for primary/secondary protons. Fur-
ther parameters of equations (1 — 2) are: CSDA range of
protons Respa, density p of the medium, charge number Z of
a nucleus and Ay (mass number), initial proton energy E, at
material entrance, and Nayogaro Tefers to the Avogadro
number. Figure 2 clearly shows that the slope of the straight
lines depends on the difference Eq — Ety,, if Eg> Eqy,. If Eg <
Em, the expression (Ey — ETh)f becomes complex and we
have to impose the condition @, = 1. There have been many
attempts[7] to fit the fluence decrease of primary protons by
an approximated form, which solely depends on Rcgpa.
Apart from the fact that these fits are unnecessarily compli-
cated, they are rather inaccurate, since they do not involve
the threshold energy Er,, which decides, whether a nuclear
interaction is possible at all or not.

The goal of this communication is to determine some
features of the Q"' in terms of Z, Ay and the range of strong
interactions Rgyong (Rstrong = 1.2'10'13'AN1/ 3 cm) by the tool-
kits of the collective model and extended nuclear-shell the-
ory. In order to gain the necessary simplicity the latter
method is presented in following section.
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Figure 2. Decrease of proton fluence in water according to Figure 1

2. Theoretical calculation methods of
nuclear interactions

2.1. Monte-Carlo Calculations of Energy Transfer,
Fluctuations and Multiple Scatter

The Monte-Carlo code GEANT4 is described in detail in
the reference manual [8]. The calculation of the stopping
power is based on a numerical manipulation of the Bethe
equation with the Bloch corrections (BBE, [9 — 11]). The
cut-off amounts to 1 MeV. Since GEANT4 is an open system,
all correction terms according to the BBE in accordance with
[11] have been implemented. These corrections only imply
the removal of singularities, if the total integration procedure

is carried out analytically and not by numerical step-by-step
calculations of AE/Az; these calculations depend on the
actual velocity v and have to be performed for each term of
the BBE separately [1]. The scatter of protons is treated by
the Moliére multiple-scatter theory [12 — 15]. The code also
contains a hadronic generator for the simulation of nuclear
interaction processes. With respect to proton dose deposition,
the basic theory is BBE and a numerical fit of the Vavilov
distribution function, which takes account of the Landau tails.
In the limit case of fluctuations of small transfer energies
from protons to environmental electrons, a Vavilov distri-
bution function assumes a Gaussian shape. In GEANT4, it is
also possible to restrict these fluctuations to a Gaussian
shape. This fact is of interest with regard to the role of the
Landau tails in the initial plateau (entrance region) of Bragg
curves. An analysis of Gaussian convolution and its gener-
alizations in physics of protons is given in [5, 16].

The accurate knowledge of the total nuclear cross-section
Q“ resulting from proton — nuclei interactions is a decisive
feature of proton-therapy planning with advanced models
and Monte-Carlo calculations. Nuclear cross-sections de-
termine the fluence decrease of primary protons ®,, differ-
ent ranges and scatter angles of secondary particles (mainly
protons and neutrons), collimator scatter, and passage of
protons through bones, implants, materials of technical in-
terest, and the creation of heavy recoils, which usually un-
dergo B° decay and emission of y quanta. Since water
represents the usual reference medium for the measure-
ment/calculation of Bragg curves, we consider, at first, the
behaviour of Q*" for Oxygen.

2.2. Nuclear Interactions of Protons, Release of
Secondary Protons and Heavy Recoils

The most important aspect is the hadronic generator and
the energy transport of secondary (and higher-order) parti-
cles (protons, neutrons, deuterons, etc.[17 — 21]). However,
the default nuclear cross-section implemented in GEANT4 is
very poor. Instead of using the default routine, which is
based on data of [2], we have implemented the cross-section
data of O'® of [4]. Furthermore, we have calculated this
nuclear cross-section with the help of the extended nuclear
shell theory containing, apart from the strong interaction
spin-spin and spin-orbit couplings, the electrostatic interac-
tion and the exchange interactions between the nucleons due
to the Pauli principle. Thus, the wave-functions of ground
and excited states can be calculated by a perturbed SU;, see
[22 — 24]. The calculation of the cross-section due to energy
transfer by an external proton is based on well-elaborated
principles (determination of the transition probability and
density of states). At first, let us return to Figures 1 and 2.
The decrease of fluence of primary protons can also be cal-
culated from the results of this figure. Protons with energy
lower than the threshold energy Ep, cannot surmount the
potential wall of O'°. Figure 1, which presents the total nu-
clear cross-section, shows that there is a threshold energy Ery,
=7 MeV (more accurate: 6.997 MeV), which a proton should
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have to perform nuclear interactions with the O'®. For proton
energies lower than the resonance maximum at E,, = 20.12
MeV, the primary proton is preferably scattered by the nu-
cleus (the secondary proton is now identical to the deflected
primary one); the nucleus is excited, to undergo rota-
tions/oscillations and emission of X-rays of very low energy
(around 1 keV), leading to the release of Auger electrons. A
complete classification of the total nuclear cross-section of
the proton — nucleus (O) interaction for therapeutic protons is
given by the following two types:

1. Potential scatter of protons by the strong interaction
potential in the environment of the nucleus (note that Ryyong:
~ 1.2:Ax"® 110" cm determines a typical distance where the
strong-interaction and the Coulomb force ‘balance’ one
another; Ay = 16). For R > Ryyong, Only the Coulomb part is
present. Potential scatter accounts for most of the protons
undergoing a nuclear interaction. Resonance scattering of
the incident protons at the nucleus occurs by inducing tran-
sitions between different states of the nucleus (e.g., vibra-
tions leading to intermediate deformations, rotation bands,
excited states by changing the spin multiplicity).

2. Nuclear reactions, which produce heavy recoils (see
the listing 3 below). These protons are sometimes referred
to as reaction protons — or ‘secondary protons’[15 — 21].
For protons in the therapeutic energy domain, the amount of
reaction protons is about 1 % - 4.5 %.

Within the total nuclear cross-section, the case 1 above
plays the dominant role, if the residual proton energy E is
lower than 150 MeV. However, for E > 150 MeV case 2 is
dominant. In first order, case 1 is described by the
Breit-Wigner formula; for a detailed representation of this
formula, see[6]. The Breit-Wigner formula results from the
exact scatter theory and the restriction of the general
S-matrix to ‘S states’, i.e., to 1 = 0. This restriction is only
valid for light nuclei with rotational symmetry. If the num-
ber of neutrons is significantly different from the atomic
number Z, the related S-matrix has also to account for
‘higher states’, i.e., for 1 # 0. The total nuclear cross-section
obtained by the Breit-Wigner formula has an elastic and
inelastic part. The restrictions of the Breit-Wigner formula
are insufficient in our problem; an extension to more reso-
nances has been given in [25]. By taking account for the
above-mentioned collective vibrations (oscillations of the
nucleus by deformations and distortions) and rotations, we
have taken into account all these degrees of freedom.
Therefore, the total nuclear cross-section shows, around its
maximum at E,., a Gaussian behaviour for E > Ep;,, before
it exponentially decreases to reach the asymptotic behav-
iour.

It has to be added that, in all three cases, about 1 — 7
MeV of the proton energy (depending on the deflection
angle) is transferred to whole nucleus to satisfy the energy
and the momentum conservation in the center-of-mass sys-
tem. This implies that for a neutron release, the proton en-
ergy has to be 21 — 27 MeV and not simply 20 MeV. Due to
the potential barrier, the energy of the colliding proton has,

at least, to be 30 MeV in order to release a secondary proton.

These two processes have, however, an exception and may
also occur at very low energies via exchange of mesons due
to the Pauli principle, as pointed out in the discussion of
listing (3).

The reaction protons (which always result from an ine-
lastic process) are closely related to heavy recoil particles;
the most probable heavy recoil elements resulting from the
nuclear reactions of therapeutic protons are given by the
types (1 — 5); types (6 — 7) result from types (1 — 2).

All types of B'-decay emit one y quantum; its energy is
around 0.6 MeV — 1 MeV. The B'-decay of Fo'® has a
half-life of about 20 seconds, and y quanta are produced by
collisions of positrons with environmental electrons. Some
of the remaining heavy recoil fragments have half-times up
to ten minutes (N'°). Since Figure 1 refers to the total nuclear
cross-section in relation to the actual (residual) proton en-
ergy, we have to add some qualitative aspects to the five
different types with regard to the required proton energy: if E
<50 MeV, the type (1) is the most probable case with rapid
decreasing tendency between 50 MeV < E < 60 MeV, to
vanish for E > 60 MeV. Type (2) also pushes out a neutron,
but the incoming proton is not absorbed; the required energy
amounts, at least, to 50 MeV. Type (3) is similar, but requires,
at least, about 60 MeV, with probability increasing with the
energy.

l.p +Oé6 = n(neutron) + F916 (,b’+ - decay,Tl/2 =22 sec+y)
2.p +0é6 =p +n+0é5 (+f" —decay.T; 5 =124 sec+y)

3.p +0§6 :p+p+1v;5 (+p" ~decay, T; ,, =10min+ 7)

4.p +O§136

5.p +0§6 = d+0§5 (+8" —decay, T, 1, =124 sec+ 7)

:a+N;3 (+ﬂ+—decay, Tl/2=124 sec+ y) (3)

6

1 16 —
6.n +O8 =p+Ny +p —decay,Tl/2 =120 sec+y)

T.n +0é6 =p +n+N;5 (see case 3)

The release of a-particles, resulting from clusters in the
nucleus, requires an energy E ~100 MeV and the probability
is increasing up to E = 190 MeV; thereafter, it is decreasing
rapidly, since higher-energy protons destroy these clusters
by pushing out deuterons (type 5). Thus, case 5 is energeti-
cally possible for E > 60 MeV, but the significance is only
increasing for E > 200 MeV. It has to be pointed out that,
with regard to the nuclear reactions in listing (3), the ex-
change interactions between protons and neutrons, which
result from the Pauli principle (applied to spin and iso-spin),
play a dominant role. If the incident proton hits the nucleus,
it is also included in these exchange interactions. According
to the Pauli principle, a preferred interaction (resonance) of
this proton with an environmental neutron occurred by virtue
of the exchange of a n- meson (neutron n of the nucleus + p
(incident) — p + n (outgoing)); this implies that a neutron of
the nucleus converts to a proton and the incident proton
leaves the nucleus as a neutron (reaction type (1) of the
listing (3)). The inclusion of nuclear reaction processes to a
generalized Breit-Wigner formula according to[25] requires
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results of the extended nuclear shell theory. It is obvious that
secondary protons may again release tertiary protons by
additional inelastic scatter or by the types (6 — 7) of the
listing (3), where released neutrons are responsible for
resonance effects, e.g., type (6) represents the reversal
process of type (1). The incoming (secondary) neutron is
converted to a proton via m" exchange. The calculation pro-
cedure of the stopping power contribution of reaction pro-
tons S, is presented in the final section. A particular feature
of the nucleus is the lack of a central force, unlike the case of
atomic electrons. Each nuclear constituent (proton, neutron)
is therefore moving in the field of all remaining constituents
(self-consistent field). The average kinetic energy amounts
to 24 MeV. This fact implies that, due to the spatial charge
distribution of the nucleus, the potential barrier with the
threshold energy Ery, is not proportional to Z%; the exponent
has to be somewhat lower, i.e., Z * (k < 2). An analysis of
theoretical results and of the nuclear cross-section data of the
Los Alamos library resulted in the following connection
between Ep, and Z (valid for those nuclei, for which the
number of neutrons is approximately equal to that of pro-
tons):

K
ETh:CF-Z -F(Z,AN) @
xk=1.659 (Z£=6)
K 12
ETthF-Z -F(C6 )-(6—-2) (Z<6) )

x=1.659+0.341-(6—2)/5

The constant factor Cr amounts to Cp = 0.222265, and the
form-factor function F(Z, Ay) accounts for the total
mass/charge distribution of a nucleus, which is defined by:

F=(4,/27)-
(ay+a, | Ay +a, | A, +a, | A7 +a, | A,7)

The parameters of the form-factor function are given in
Table 1.

(6)

Table 1. Form-factor function F(Z, Ax).
A a 5] as a4
2.1726 -335.0440 479.5400 -194.9400 11.7125
pl p2 p3
0.76965 0.5575 0.3405

From relation (4 - 5), it follows that k converges to 2, if Z
— 1 (proton — proton repulsion); F(Ay = 12.01, Z = 6) =
1.328917. With regard to Ery,, Figure 3 shows an application
of the formulas (7 - 9). Referring to point 1 (potential scatter)
and point 2 (resonance scatter), we have evaluated the
Breit-Wigner formula for S and P states, and only the nuclear
reaction processes producing neutrons, secondary protons,
a-particles, deuterons, etc., have partially accounted for by
data of the Los Alamos library. An analysis of the presented
total nuclear cross-sections Q™' (and of some further cases)
available in the Los Alamos library suggests the following
adaptation model (E,: the characteristic energy of the
maximum value Q"' . of Q"”, Q®%: the asymptotic value of
Q" approximately equal to the geometric cross-section; Gy

the half-width of the resonance region; c,,: a characteristic
value used in the description before reaching the asymptotic
behaviour).

ATh = eXp( - (E Th _Ercs)2 /Grcsz)

Em = Eres - ETh (7)
Ores = \/; ) Em
tot tot 2 2
Q =Q max -[exp( - (B - Eres) /Gres )- ATh I
(1-Aqy, )_ (f Eqy <E o)
tot tot
=Q  pax xp(—E-E ) 20, ) (3
(if E s <E<E )
E. =E e +\/:02~1nTc)
Qtot _ Qto[C _ (thc _thas) . tanh[(E - EC)/Gas]
(if E>E,) Qtotc =1 - Qtotmax 9)
0, =0, (Q” = Q" Q" 1 -2 In(L,))

The parameters E,, thmaxa Ores, Le (e = thc/ thmax)a thasa
and o, are still not defined. A discussion on these parameters
(as well as an overview of some theoretical aspects of nu-
clear physics, e.g., of the nuclear shell theory and extensions
will be given in the later section). The parameters required in
equations (7 — 9), referring to Figure 3, are given in Table 2.
An inspection of Figure 3 and of equations (7 - 9) indicates
that two Gaussian distributions are needed between Er, <E <
E.s and E,; < E < E,, this being a result of the different
interaction mechanisms of the proton with the nuclei. The
parameter G, describes the asymptotic behaviour of Q"' for
E> E. and is determined by the condition that, at E = E,
equations (7 - 9) have to be compatible (that is, the functions
and their first derivatives must be equal). It is known from
nuclear (and even particle) physics that inelastic
cross-sections show an exponential decrease represented by
the sum of some exponential functions before reaching the
asymptotic region. We have verified that a single exponen-
tial function is not sufficient and that the hyperbolic-tangent
(tanh) function provided more accurate results.
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Figure 3. The total nuclear cross-section for C, O, Ca, Cu, and Zn (taken

from [5])

Based on the results of this section we are now able to
calculate the fluence of secondary protons, so far the origin
refers to non-reaction protons.
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Table 2. Numerical parameters for the evaluation of Figure 3 according to
equations (7- 9)

Nucleus | Emn/MeV | E/MeV | 6e/MeV | 0./MeV
C 5.7433 17.5033 21.1985 | 27.1703
O 6.9999 20.1202 23.2546 | 34.1357
Ca 7.7096 25.2128 35.6329 | 58.4172
Cu 8.2911 33.4733 47.6475 | 93.2700
Zn 8.3213 339144 | 48.6416 | 96.8560
Q“a/mb | Q”/mb | Q™./mb
C 447.86 426.91 247.64
O 541.06 517.31 299.79
Ca 984.86 954.82 552.56
Cu 1341.94 1308.07 752.03
Zn 1365.50 1332.31 766.35

2.3. Secondary Protons @,

In this section, we separate the whole number of secon-
dary protons by their origins, i.e., we differ between reaction
protons @, and non-reaction protons ®g,,. Due to the
complexity the contributions of reaction protons will be
determined in a later section.

Ey—E
0" "1h [ z
D =Dy [0 :
spn = P00 ) Regpg

] .

|
[T+ eftlRespyg === Zspip (Bo V) / osp )17 -

D’:D_z.cheavy ;v = 0958

It should be noted that o, is somewhat different from t of
equation (1). The argument of the error function in equation
(10) is slightly changed by the additional zg;s, which results
from an average energy loss of the secondary protons. The
uncertainty intervals in the value v-= 0.958 are + 0.40 % and
— 0.42 %. Thus, v-= 0.958 represents the value with the
lowest mean standard deviation. The essential formulas for
the determination of some parameters of equations (10) and
(15) are given by the following formulas (11 — 14), which are
also the result of calculations of the system ‘proton - nu-
cleon’.

0, f Ey<Ep,
Theary = 0.55411. Lo Em_ if B, <Ey<E, ((11)
res — L1
0.554111-0.000585437-(Ey—E,,, ), if E. <E,
0 lf EO < E}es)
— 4 2
Zshift = (Eo —E. ) (12)
nz,lan res 1_ exp[ 5.22-E'.e;2 (Zf EOZEI(.Y)
c - 0 if E,<E,) (13)
ey 0.00000042643926 - (E, Em) (if E,=2E,)
-z esda 14
Sheavy (27 EO) = q)(] Cheuvy e Fref 14 E}ff \/7 - ( )
heavy

2.4. Recoil Protons/Neutrons ®,,
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For the recoil factor 1, we use n = 0.042. The remaining
parameters are the same as in equations (10) and (15). The
fluence decrease of primary protons, resulting from Figure 4,
is analogous to that of water (Figure 3).
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A comparison of Figures 3 and 4 shows that the slope of
the fluence decrease is more bending in the latter case, in
particular for energies below 100 MeV. For copper, the
threshold energy Er, now amounts to 8.29 MeV and for
calcium 7.09 MeV. Thus, for proton energies below Ery, the
fluence remains constant. Due to the rather significant fluc-
tuations, we cannot verify the constancy of the fluence at the
end of the track. Formula (15) can be applied to Figure 4.
However, E,=8.29 MeV (Cu) and E, = 7.09 MeV (Ca) has
to be taken into account. The power f=1.032, which is valid
for water to compute the slope of the straight line in equa-
tions (10 — 15), has to be slightly modified (f= 0.755 for Cu
and f=0.86 for Ca), and the general formulas are given by:

1 2/3 113 172
f(ZAy)=a-Ay~ +b-Ay e Ay +d-Z-Ay (16)
1.032
(EO*ETh ) _ (EO*ETh ) S a7
M-(:2 M-C2

After these modifications, formulas (16— 17) can be ap-
plied. Formula (17) is closely related to the nuclear collective
model, where the parameters a, b, ¢ and d are interpreted in
terms of different contributions to the total cross section.
These parameters have been determined by this model: a =
-0.087660001, b=-6.379250217 , c = 5.401490050 and d = -
0.054279999. There are two applications, in which equations
(16 - 17) are relevant: 1. Passage of protons through colli-
mators. 2. Passage of protons through materials different
from water. In case 2, only a small path length has to be
corrected; however, Figure 4 shows that the fluence decrease
has also to be corrected to fulfil continuity at the boundaries.
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With regard to Figure 4 and to the qualitative listing (3) valid
for the proton - oxygen nucleus interaction, we should finally
point out that by a suitable modification a similar listing for
nuclear reactions will be obtained, if the oxygen nucleus is
replaced by another one such as calcium or copper. All
formulas necessary for the calculation of Q" are applicable,
as long as the rotational symmetry of the nuclei approxi-
mately holds.

2.5. Fitting Procedure for the Determination of E, and

Qtot

The calculation of the total nuclear cross section requires
some information acquired by fitting the Los-Alamos data,
results of extended nuclear shell theory, and empirical rules.
Let us at first consider equations (18 — 20) to compute Ery,
and k. We assume an iso-scalar nucleus, i.€., one in which the
numbers of protons and neutrons are equal (Ayx = 2:Z). This
assumption holds for almost all light nuclei. For nuclei with
spherical symmetry, the nuclear radius Rgyong 18 given by:

R, =1.2-10"0-3/4,  (in cm) s

Thus for r > Rstrong, the contribution of strong interaction
is negligible. The nuclear shell theory with oscillator poten-
tial gives for r = Ryyong:

1 2 2
(-Ug+7 - M-AN -0 'Rstrong ) Cp=

(19)

2 2
(Z-ey R +Z-@Z=1)-¢(" Ryrong VFAYN: Z)

strong

The first term on the right-hand side of this equation
represents the Coulomb repulsion of an incoming proton; the
second one is the mutual Coulomb repulsion of Z protons in
the nucleus. U, is the depth of the potential and is put equal
to AN-EB~RSm,ng2; Cr is a proportionality factor and Eg the
binding energy per nucleon. Eg is equal to 8 MeV, if Ay > 12,
smaller for Ay < 12. We are able to rescale o, (if Eg is con-
stant) in such a way that U, vanishes. Taking into consid-
eration that Ay = 2-Z and multiplying both sides with (2-Z)",
we finally can summarize the following results:

A least-squares fit of all available Los-Alamos data
yielded k = 1.659, instead of k = 1 + 2/3. This might result
from crude assumptions in the creation of our fitting model:
we have assumed Mpoton = Mpeuron and, furthermore, ne-
glected the spin-orbit coupling. The equation above may also
provide the means for the calculation of the rescaled w,. If
the number of neutrons is slightly different from Z (i.e., Ay =
2-Z + &y and gy << Z), then a correction term is required,
which is already taken into account in the form factor func-
tion F(Z, AyN) according to equation (6); the rotational
symmetry still has approximately to hold. With regard to the
determination of the total nuclear cross section Q*', we have
borrowed some elements from the collective model of nu-
clear interactions. First of all, we have to know Q™.x re-
quired for the calculation of other quantities. We start with
the following ‘Ansatz’, and thereafter we give some expla-
nations:

0, =a- A, +b-A +c -4, +d- 72" 4,

Q" in mb)

What is the physical interpretation? With the aid of for-
mula (20), we obtain the following properties:

Term a: Connection of Q™. to the complete volume of
the nucleus. It is important in the resonance domain; it in-
cludes resonance scatter via nuclear deformations (vibrations)
of the whole nucleus, resonance excitations by changing the
spin multiplicity (all effects are inelastic), and transforma-
tion of a nuclear neutron according the listing 3 (case 1,
inelastic).

Term b: Proportional to the area of the geometric cross
section. It contains potential scatter (major part, elastic),
rotations induced by Coulomb repulsion/strong-interaction
attraction (elastic and inelastic), and nuclear reactions by
changing the iso-spin multiplicity (inelastic).

Term c: Proportional to the nuclear radius Ryyong. Excita-
tions by spin-orbit coupling, when the whole nucleus
changes its angular momentum, inelastic resonance effect,
and elastic spin-spin scatter.

Term d: Proportional to Zk/Rstmng. Excitation of nuclear
vibrations by Coulomb repulsion (resonance effect, inelastic)
and elastic scatter.

It should be pointed out that formulas (19 — 22) stand in
close relationship to the early mass formula of Be-
the-Weizsacker. This formula is thoroughly discussed in [6,
22 - 24].

The asymptotic behaviour Q*,; of Q' is given by the re-
lation:

Q" = Coe AN (Cyq =85.203266 mb) (21
This connection mainly contains the term b above. We
have verified the validity of this property for nuclei up to Zn.
The order of magnitude of the term b is a clear indication that
elastic potential scatter of the nucleus via the strong interac-
tion is the main contribution of the total nuclear cross section.
However, equation (21) can also be used for the determina-
tion of Q. and Q*', and only the four coefficients are
different. Therefore we write equation (21) in a modified
form (the parameters are given in Table 4):
2/3

(20)

tot 1/3 K 1/3
0 l)/pe:a'AN+b'AN tedy T +d-Z0 Ay (22)

Table 4. Parameters a, b, ¢ and d for some different types of Q'

Q"o a b
Q"' max 2.61696075942438 81.2923967886543
Q" 2.61323819764975 76.4164500007471
% 0.26244059384442 46.6811789688200
[¢ d
Q"' max 2.94220517608668 - 1.95238820051575
Q" 2.40550058121611 -1.26209790271275
Q" 0.37714379933853 - 0.14166405273391
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E.s is given by E,, = E;, + Ey,. Results obtained by using
the extended nuclear theory and Los-Alamos data indicate
the following connection:

E,=11.94+0.29-(4, -12) (if 4, 212)
23
E,=[(A4,—1/117" -11.94 (if 4, <12) (&)

The parameter G, previously introduced, results from a
fitting procedure of calculated and measured data. I. is de-
fined by the continuity condition for the Gaussian and the
hyperbolic-tangent function. It is known that the nuclear
cross-section can be described by a series of exponential
functions, before the asymptotic behaviour is reached. We
have verified that the hyperbolic-tangent function, which can
be expanded in terms of exponential functions, provides
optimal results, and it easily accommodates the continuity
conditions at E = E, and Q"'; = Q*"..x’I.. The Gaussian be-
haviour in the resonance domain is due to the numerous
resonance excitations occurring at E = E, according the
generalized Breit-Wigner formula[25].

3. Results of the Generalized Nuclear
Shell Theory

3.1 Harmonic Oscillator Models

This section is appropriate only for interested readers. At
first, we consider the 3D harmonic oscillator, described by
the Hamiltonian Hy:

2

3 3
1 2 M 2
Hose =20 2 Pk +2°% 29k (4)

In this equation, iso-spin symmetry is assumed to hold, i.e.,
M, = Myeuron = M. There are three ways to obtain the general
solution of this equation, well-known from standard text-
books of quantum mechanics and nuclear physics; herein, we
only present the results. 1. Use of creation and annihilation
operators (algebraic method) based on the commutation
relation:

_h
Pr41=49 Pr=7 %%  ®

2. Replacement of py by -i-h-0/0q; in the Hamiltonian and
solving the resulting Schrodinger equation by a Gaussian
function multiplied with Hermite polynomials.

3. Solving the Schrédinger equation in terms of spherical
harmonics and Laguerre polynomials.

First method

We rewrite the Hamiltonian of the 3D oscillator as:

b =(M -, s am)!? g2 My h)-py
b+k:(M-a)O/2h)l/2-qk—(i/(2~M~a)0~h)~pk (26)
(k=1,...3)

These operators obey the commutation relations for bos-
ons:

+
by .,b ;1=5,,; (k,1=1,.3

+ +
[b k> b l]:[bk, bl]:O

With the help of these operators, the Hamiltonian assumes
the shape:

3
1 + +

The operator of the angular momentum J; is expressed in
terms of the above operators given by:

Skl =4k - P1 Pk 91
(29)
+ +
i-(bpb ;=bib )

The angular-momentum operator commutes with the
Hamiltonian and, therefore, it only connects degenerate
states of the Hamiltonian H, by transforming a quantum state
k to the state 1 and vice versa. The operator b'; (absorption
operator) and by (emission operator) modify (increase and
decrease, respectively) the energy h-m,. There are nine in-
dependent types of bilinear products b"b; (i.e., k=1, ..., 3
and 1= 1, ..., 3), which implies that they can be the generators
of SU; in the configuration space. This means that there is a
correspondence between SO; (rotational symmetry in the
configuration space) and SUj, in analogy to the one between
the group SO, (x/y — plane) and SU, for the two-dimensional
harmonic oscillator. In nuclear physics, the group SU, is
connected to the iso-spin, referring to both nucleons obeying
anti-commutation rules. Although bilinear products of Fer-
mion operators satisfy the above commutation rules, physi-
cal differences exist. Applied to a whole nucleus, the oscil-
lator model is rather a collective description of physical
properties as oscillations/vibrations via deformation or
creation of rotational bands (quanta of the angular momen-
tum of the whole nucleus) due to interactions with compa-
rably low-energy protons (e.g., see resonance scatter of Q"”,
in particular the first term of equation (32)). A further critical
aspect is that the oscillator potential has a minimum for E=0,
not for E << 0; bound states exist for arbitrarily high energies.
Nevertheless, with the help of some modifications this model
will become suitable for practical problems.

Second method

This method is the configuration-space representation of
the first method and implies the corresponding solution of
the Schrodinger equation in Cartesian coordinates:

2 M 2 2 2 2
~(h 12M) Ay t—o (g *q g ) v=E-y (30)
2 0 1 2 3

We make use of the substitutions

[ 2 2 2 2
Pr=Nog M /h-q, and p =p; +py +p3 (31)

The complete solution is then given by:
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V/j,k,l =N Hj(P])'Hk (Pz)'Hl(P3)‘eXp(—P2 /2)
(j, k,1=0,1,....., ) | (32)
Ej g =h-og-(G/2+j+k+l)

N is a normalization factor; Hj, Hy, and H, are Hermite
polynomials as already previously defined[5, 26]. The ad-
vantage of this representation is the possible connection to
other problems, involving Gaussian functions.

Third method

This method uses the framework of the H atom, i.e., the
separation of the wave-function y in a radial function and
spherical harmonics. The only difference is that the potential
Z-ey*/r is replaced by the oscillator potential; this implies that
the Laguerre polynomials have an argument different to that
of the H atom:

I+1/2 2 /

Y, l,m =Lnvi—1/2 (P ) Yy, (cos 9.4)

E, —(u+a) B

w1=0,1,2,....

l:/'l:ﬂ_z,/'l_“'a---
n=% (u—=I1+2)

(33)

The energy eigen-values are independent of the quantum
number m (m = -1, -1+1, ..., 0, 1-1, ). The correspondence
between Hermite polynomials and spherical harmonics may
be found in[26].

The concept of spin can be introduced to the 3D harmonic
oscillator by the commutation rule, see[27]:

h
c®p-q;—q; - 0® p=7 -0y (/=1,2,3) (34)

In this case, o represents the three Pauli spin matrices and
the unit matrix. The result is the Pauli equation of a 3D
harmonic oscillator. Similarly, we introduce the iso-spin t by
the substitution:

c=>0®7T (35)

Energy/MeV

——Potertial energy: ground state of
the oxygen nucleus

I
=2l

Distance in units of Ry,

Figure 5. Total (effective nuclear potential plus Coulomb repulsion) for O.

By that, we obtain the Pauli equation for a 3D oscillator

for a proton and neutron. In nuclear many-particle theory, the
Pauli principle is generalized, i.e., the total wave-function
has to be anti-symmetric with regard to spin and iso-spin.
The property g,/g, = -3/2 does not follow from the scope of
the present theory and further principles have to be intro-
duced[28], which we do not consider here. Even by extend-
ing equations (36) to a many-particle equation (including the
spin-orbit coupling) and to a Slater determinant (Har-
tree-Fock: ground state), the problem of nuclear reactions
due to the properties of the harmonic oscillator potential V.,
cannot be solved. The problem of simple oscillator models
can be verified in the following Figure 5, which shows the
effective nuclear potential energy for O.

The abscissa is expressed in units of r = 1.2:10"*-Ay'"* cm
(An = 16). This type of Pauli equation reads:

L (oo ,)° v B —_inl
WZ'((T -4 l//p+(0sc_'up' ) yp =-i a’p
Tih . 0
o MVt Vose = Hy B vy ==ih v, (36)
By =8y Hy S My =8y My S
B=Vx 4
We approximate the potential according to:
2 2
ry=Vo(d-r /o
P(r) =V, ( 0 ) 37)

oqg ~0.423901

By that, the complete potential function can be expressed
as a linear combination of two Gaussians:

2 2 2 2
o(r) = VO - exp(—r /0'0 )+V1 - exp(—r /0'1 )

o) =3.37402; V) = — 27.75925; 1] = 7.75935 (38)

A property of the Gaussian function is that its curvature
changes sign at r = r.. For a single Gaussian, as the first one
in equation (38), 1. is given by:

r.=oq / \/; =0.29974 (39

Only for r < r., is a harmonic-oscillator approach useful,
and the deviation to a Gaussian in this domain is small. This
is, however, not true for r > r.. In the case of the linear
combination of two Gaussians, r, is broader:

1
rcz%-ao-al-

2 2 4 4
'\/(‘01 To=o0 N-Ag)/(zoy Ty —og V-4s) (40)
7, ~04582; A, :exp[(0'12 —002 )/2- 0'12 )]

Figure 5 shows that, for r < 0.4982, strong interactions are
dominant (all other interactions are negligible). If 0.4682 <r
< 1, strong interactions are still present with decreasing
tendency, whereas Coulomb repulsion is increasing; finally,
for r = 1, strong interactions are negligible. We will come
back to these results in the next section.

3.2. Nonlinear/Nonlocal Schriodinger Equation,
Inharmonic Oscillators with Self-interaction and
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Hartree-fock Method (Inclusive Configuration
Interaction)

Let us first consider the usual Schrédinger equation for a
bound system:

2
h
E-y+ugr - Ay=¢(x,y,2) -y

#<0 (x,y,z € R3) A : 3D — Laplace operator

(41)

During the past decades, this type has been encountered in
many fields of physics, such as superconductivity, nuclear
and plasma physics, e.g. [29 — 31] and various other refer-
ences. A nonlinear Schrodinger equation is obtained by
introducing the potential @, proportional to the density of
solutions:

2
p=4-|yro]| =

2 (42)
= 2 18(x-x) Sy - y)- 8- x) Jwixty iz dvdyd
The coupling constant A is negative (in which case, the
solutions are bound states with E < 0); equation (42) can be
interpreted as a contact interaction. It is known from
many-particle problems (e.g., quantum electrodynamics,
Hartree/Hartree-Fock method, etc.), that the mutual interac-
tions between the particles in configuration space lead to
nonlinear equations in quantum mechanics. However, in
these cases, there are not at all contact interactions; the
nonlinear Schrodinger equation above is an idealistic case.
By taking € — 0, the Gaussian kernel is transformed into a &
kernel:

b=1-101l &) eep-G-50 e e @)

The nonlinear/nonlocal Schrédinger equation can be in-
terpreted as a self-interaction of a many-particle system with
internal structure, and it is possible to generalize this type by
incorporation of additional internal symmetries (e.g., the
introduction of the spin to obtain spin-orbit coupling, SU,,
SUs, and also discrete-point groups).

According to the principles developed in [5], we are able
to write equation (43) in the form of an operator equation
(the Gaussian kernel is Green’s function):

2
p=A - exp(- s> - A)- |l//(x,y,2)| (44)
4

Expanding this operator in terms of a Lie series and
keeping only the terms up to A, equation (44) becomes a
stationary Klein-Gordon equation, which describes the in-
teraction between the particles obeying the W-field:

2 2
e -A)=1 +% - & - A+0(higher order terms)

exp(%~
45
o, ) 45)
(1+Z'€ -A)~¢=/1-|1//|

By rescaling the Klein-Gordon equation, we obtain the
more familiar form: 1 +0.25 & A > k> + A; Green’s function
is of the form:

G(r,r")=N-exp(—k-|r—r"

(46)

1
g

By setting k — 0, the Poisson equation of electrostatics is
obtained, if \y/\z is interpreted as a charge density. The
Gaussian kernel K also represents the exchange of virtual
particles between the nucleons. In view of this fact, we point
out that we have incorporated a many-particle system from
the beginning. Which information now does this nonlin-
ear/nonlocal Schrédinger equation provide? In order to ob-
tain a connection of the combined equations (44 - 47) with
the oscillator model of nuclear shell theory, we analyse the
kernel K in detail. In the Feynman-propagator method [32 —
33] the expansion of K in terms of generating functions is an
important tool:

N: normalization factor

K(e,x'=x,y'-y,z'-2)=

3 0
Wz ) lzoexp(—x'z/gz)ﬂ ey @™ .-
nl=

nl

exp(y /60 Hyy (v )" 1 (6" n2)- (47)

0
>
n2=0
® 2, 2

Y exp(—z" /¢ )-Hn3(z'/a)»z”3/(g"3-n3!)
n3=0

Inserting this expression into the nonlinear/nonlocal
Schrodinger equation provides:

2
Ey+——~Apy=4(x,y,2)y=
2-M
3 0 o0 0
MNT )T T T o oy,
nl=0n2=0n3=0

11
nLn2,n3 11 21 3!

23

(48)

1 1 il r 2
ez
gnl+n2+n3

l2 l2 V2 2 . 1 . 1 . 1 3 '
exp(-(x" 4y +z" )/ e )Hnl(x/g)an(y/g)Hﬁ(z/e)dx

The equation above represents a highly anharmonic os-
cillator equation of a self-interacting field. Since the square
of the wave-function is always positive definite, all terms
with odd numbers of nl, n2, and n3 vanish due to the
anti-symmetric properties of those Hermite polynomials. For
I, < s/2 (domain with positive curvature), the whole
equation is reduced to a harmonic oscillator with
self-interaction; the higher-order terms are small perturba-
tions. We summarize the results and refer to previous pub-
lications[28 — 31]):

2
h
E-y+51-Av = ¢(x,y,2) - y=

3
3 2 2 2 (49)
:7»-(1/\/; g )'[(DO,O,2(X +y +z )+(DO,0,O]'W

The solutions of this equation are those of a 3D harmonic
oscillator; the classification of the states by SU; and all pre-
viously developed statements with regard to the angular
momentum are still valid. The only difference is that the
energy levels are not equidistant; this property can easily be
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verified in one dimension. The usual ground state energy
amounts to: 2wy /2. This energy level is lowered by the
term ~A -@g o o, depending on the ground-state wave-function.
The energy difference between the ground and the first ex-
cited state amounts to 7@ ; this is not true in the case above,
since the energy level of the excited states depends on the
corresponding eigen-functions (these are still the oscillator
eigen-functions!). Next, we will include the terms of the next
order, which are of the form ~ A(®g 2, P22, P202):

2 303
E.W+2’?—M-AW=¢(x,y,z).q/=/1~(1/«/; &)

2 2 2
[®0,0,0+®0,0,2(x +y +z )+T]-w (50)

2

2 2 2 2 2
T=<1)2’2)0-x -y +¢>270’2-x -z +CD0)2’2-)/ -1

The additional term T represents tensor forces. The whole
problem is still exact soluble. In further extensions of the
nonlinear/nonlocal Schrodinger equation, we are able to
account for spin, iso-spin, and spin-orbit coupling. The
spin-orbit coupling, as an effect of an internal field with
nonlocal self-interaction, is plausible, since the extended
nucleonic particle has internal structure; consequently, we
have to add H,, to the nonlinear term:

h-o

Hso'V/:gr'm'v¢'xP'W D

Y is now (at least) a Pauli spinor (i.e., a two-component
wave-function), and together with Hy, the SU; symmetry is
broken. We should like to point out that the operation V ¢
acts on the Gaussian kernel K:

V¢:—§~[H1«x—x'>/e>,H1((y—y')/e>,H1((z—z')/sw(52)

The expression in the bracket of the previous equation
represents a vector, and p (p — -i AV ) acts on the
wave-function. Since the neutron is not a charged particle,
the spin-orbit coupling of a neutron can only involve the
angular momentum of a proton. In nuclear physics, these
nonlinear fields are adequate for the analysis of clusters
(deuteron, He, etc.), and has been extended the theory to
describe nuclei with odd spin [31]. The complete
wave-function ¥, is now given by the product of a function
in configuration space ¥ multiplied with the total spin and
iso-spin functions.

We should like to add that an extended harmonic oscillator
model with tensor forces has been regarded in [22]. The
application of oscillator models in nuclear physics goes back
to [34]. In [32 — 33] it has been verified that the use of
Gaussians in the description of meson fields provides many
advantages compared to the Yukawa potential (Green’s
function according to equation (43)).

In a final step, we consider the generalized Hartree-Fock
method to solve the many-particle problem. In order to de-
rive all required formulas, it is convenient to use second
quantization. The method of second quantization is only
suitable to derive the calculation procedure: extension of the
Pauli principle to iso-spin besides spin, inclusion of
spin-orbit coupling, and exchange interactions. This is the
consequence of dealing with identical particles, in which

case every state can only occupy one quantum number. In
order to get numerical results (i.e., the minimum of the total
energy of an ensemble of nucleons, the extraction of the
excited states, the scatter amplitudes, etc.), we have to use
representations of the wave-function by at least one deter-
minant in the configuration space. In the ‘language’ of sec-
ond quantization of fermions, we would have to regard ex-
pressions like:

+ +
a -a +a -a =
ko, “lo\,t' " “l,o'\tr' k,o,T

5kl '500' ’ 52'1' "

=0

(54)
Y% .o,r  YUo'\ + 4G o' Cko,r
+ + + +

¢ fror 4ot lo? k,o-,r:()

Py

The operators of the form @, and a; (k being a set of
quantum numbers) are creation and destruction operators in
the state space. The nonlinear/nonlocal Schrodinger equation
with Gaussian kernel for the description of the strong inter-
action, including the spin-orbit coupling, can be written by
these operators, leading from an extended particle with in-
ternal structure to a many-particle theory. Before we start to
explain the calculations by including one or more configu-
rations, we recall that, according to Figure 5, we have an
increasing contribution of the Coulomb repulsion for r>r,
though in the domain r <r,, the contributions of the Coulomb
interactions are negligible. Since all basis elements of the
calculation procedures, i.e., the calculation of ei-
gen-functions in the configuration space, two-point kernels
of strong interactions between nucleons, and the spin-orbit
coupling can be expressed in terms of Gaussians and Her-
mite polynomials, we want to proceed in the same fashion
with regard to the Coulomb part. According to results of
elementary-particle models[28], the charge of the proton is
located in an extremely small sphere with radius r, = 10" cm,
not at one ‘point’. Therefore, we write the decrease of the
proton Coulomb potential by 1/(r+r,); for r = 0, we then
obtain 10" cm™, not infinite. In a sufficiently small distance
of r = 2410 cm, we can approximate the Coulomb po-
tential with high precision by:

1 2. 2
W:CO -exp(—r /VO ) +
(55)
22 2,2

+epexp(=r /) + ¢y exp(=r /1))

The mean standard deviation amounts to 107, if the pa-

rameters of formula (55) are chosen as:

14 14 14
c,=0.5146 -10 ; ¢, =0.3910-10 ;c, =0.0944 - 10
0 1 2
-13 -13 -13 (56)
7’0 =0.392 - 10 em; i =0.478 - 10 em; 1y =2.5901-10 cm

If necessary, it is possible to rescale 1y, 1, and r, by di-
viding by (An)". The contribution with ¢, incorporates a
long-range correction.

In the absence of an external electromagnetic field, the
Hamiltonian reads as:
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2
h
H:% _WAj tH g +H oy +Hstrong

2 2 2 2
Hep=eo - X ) ) ck~exp(—(rj—rl) /rk)

J,prot L, prot#j k=0 (57)

2 2
H =—g 2 X exp(=(r;-n) /o, )
strong s 1% jol s

Note that it is possible to distinguish between the proton
and the neutron masses by indexing M; the &, previously used
in equation (57), has been replaced by o,. The coupling
constant of g; is 1, if the Coulomb interaction is scaled to:

=1
o (58)

802 /(h-c)=1/137

Thus, in theoretical units with e0 = ¢ = h/2n = 1, the cou-
pling constant gs assumes 137. This relation can be best
seen in the Dirac equation containing a Coulomb repulsion
potential ~ €02 and a strong interaction term ~ -gs. The
aforementioned relation is obtained by dividing the ki-
netic-energy operator c-a-p — - cah-v and Bmc2 by
(c'h). In the calculations for deuteron, He3, and He, we
have assumed the range length os:

o.=0 =_h_ ~10_13 cm
s~ Ysp T mpc”
po e (59)
m, : mass of 7w — meson

p

This assumption turned out to be not sufficient; a re-
placement of o, was justified to distinguish between the
range length o, (m-mesons) and 6, (K-mesons):

2, 2
—gg exp(=(rj—n) o) =
2 2 2 2
~gg +legy - exp(-(rj =) 10, ") ey rexp(-(r =) T o))
i (60)
Csp =1 7(O_sk /asp) 3 Co :(o‘sk /Gsp)

13

~13 —
[ =1.02-10 cm; o g =0.29-10 cm

D
The range length oy is proportional to 1/my (my: mass of

the K-meson). The Hartree-Fock method provides the best

one-particle approximation of the closed-shell case.

YL I— B (V)

o % AN () I By (N)
N1

PNT() N By (V)

The one-particle functions @y(1), ..., @(N) contain all
variables (configuration space of position coordinates, spin,
and iso-spin). By using a complete system of trial functions,
e.g., a Gaussian multiplied with Hermite polynomials, the
Hartree-Fock limit is obtained. In view of our question to
calculate the S-matrix and the cross-section of the pro-
ton-nucleon interactions (elastic, inelastic, resonance scatter,
and nuclear reactions), this restriction is insufficient. In
particular, we have to add excited configurations and virtu-

(61)

ally-excited configurations. The role of excited states is clear.

As an example, we regard the O nucleus, where the total spin

is 0. If a proton or neutron of the highest-occupied shell is
excited, then the spin may change, and both, high-
est-occupied and lowest-unoccupied shell, are occupied by
one nucleon. The emitted nucleon may be regarded as a
‘hole’. This procedure can be repeated to higher-unoccupied
states and to linear combinations of configurations with
different nucleon numbers. A virtually-excited state is pro-
duced, if the configuration of the excited state only formally
exists for the calculation procedure, but cannot be reached
physically. An example of this case is already the deuteron
with iso-spin 0 and spin 1. An excited state with spin 1 or 0,
where proton and neutron occupy different energy levels
(shells), does not exist. In spite of this situation, the Har-
tree-Fock method does not provide the correct ground state,
and linear combinations of determinants with different spin
states (S =1, -1, 0) and ‘holes, i.e. virtual states’ have to be
included. These virtual states also enter the calculation of the
S-matrix and of the cross-section.

We have previously performed[5] Hartree-Fock - con-
figuration-interaction calculations (HF - CI) for the nuclei:
deuteron, He’, He, Be, C, Si, O, Al Cu, and Zn. The set of
basic functions comprises 2:(Ay + 13) functions with the
following properties:

N 1 2 2
¢(x):j§O[Aj~Hj(a1~x)-exp(—7-al xT)+

2 2
By H (e ) expl=gray” 3] 62)

$(x,y,2)=¢(x)- ¢(y) - §(2); N =4y +12

Both o;-functions and o,-functions are chosen such that
the number of functions is Ay + 13. The different range
parameters o, and a, are useful, since different ranges can be
accounted for. If a >> f3, the related wave-functions decrease
much more rapidly (central part of the nucleus), whereas the
B-contributions preferably describe the behaviour in the
domain r > r.. With the help of this set of trial functions
(Ritz’s variation principle), we obtain the best approximation
of the total energy E by E,,, and the nuclear shell energies
(for occupied and unoccupied shells). For bound states, E,,, >
E is always fulfilled. It should be noted that for computa-
tional reasons it is useful to replace the set of functions (63)
by the non-orthogonal set:

~onl n2 n3
¢nl,n2,n37x vz

, o (63)

)]

By forming arbitrary linear combinations depending on o,
and o, we obtain the same results as by the expansion (63).
The exploding coefficients of the Hermite polynomials are

an obstacle in numerical calculations and can be avoided
by the expansion (63). The minimal basis set for the calcu-
lation of deuteron would be one single trial function, i.c. a
Gaussian without further polynomials. This is, however, a
crude approximation and already far from the HF limit.
Using this simple approximation, we obtain the result that
the ground state E, depends solely on a;. The best approxi-
mation exceeds the HF limit by about 15 %. Various tasks,

1 2 2
Myt 2 n3(@) expl-gap 1)+ By o y3(@))-exp(-7



Journal of Nuclear and Particle Physics 2012, 2(3): 42-56 53

such as resonance scatter, nuclear reactions, and spin-orbit
coupling cannot be described; the cross section of the pure
potential scatter is also 12 % too low.

Using 13 + Ay a;-dependent and 13 + Ay o,-dependent
functions, we have obtained the HF limit and virtu-
ally-excited states (a bound excited state does not exist). The
HF wave-function had to be subjected to virtually-excited
configurations, i.e., all possible singlet and triplet states. This
calculation had to be completed by introducing a further
proton (interaction proton) and including all virtual con-
figurations (besides a configuration with three independent
nucleons, a configuration of a virtual He? state). Thus, for
low proton energies (slightly above Ery,), the He® formation
is possible. The exceeding energy can be transferred to the
total system and/or to rotations/vibrations of He®. In the same
fashion, we have to proceed to the calculations for other
nuclei: the configurations of all possible fragments have also
to be taken into account. (The cases, corresponding to the O
nucleus, are given in listing 3). In order to keep these con-
siderations short, we now only give a skeleton of the calcu-
lation procedures, which are necessary to evaluate the cross
sections. When — besides the ground state — all excited states
(including virtually-excited states and configurations of
fragments) are determined (wave-functions and related en-
ergy levels), then Green’s function is readily determined by
taking the sum over all states. This function contains all
coordinates in the configuration space (including the spin),
quantum numbers of oscillations, and rotational bands:

2-N %
Glyr'n) = Zov 7)) (65)

The S-matrix is given by:
_j * , , 33 3003
Sk =l k(') Glyar'y) yy ()d njd gy dor'yd oy (66)

The transition matrix Ty is defined by all transitions with k

+#1:

T, =S, 6
kl =Skl ~%ki 7

In order to determine the differential cross section, we
need the transition probability. For this purpose, we assume
that, before the interaction of the proton with the nucleus,
this nucleus is in the ground state. Thus, it might be possible
that a proton produces excited states of the nucleus by
resonance scatter (inelastic), and a second proton hits the
excited nucleus before the transition to the ground state (by
emission of a y-quant) has occurred. The second proton
would require a lower energy to release either a nucleon or to
induce a much higher excited state of the nucleus. However,
due to the nuclear cross-section, the probability for an ine-
lastic nuclear reaction is very small and would require a very
high proton density to yield a noteworthy effect. Therefore,
we have calculated the transition probability using the as-
sumption that the occupation probability of the ground state
Pyis 1, i.e., Po=1 and P, = 0 (k > 1). (This is very special
case of the Pauli master equation). The differential cross
section is obtained by the transition probability divided by

the incoming proton flux:
Transition probability

do/dQ= Incoming proton current

(68)

At lower energies, this flux could be calculated by the
current given by the Schrodinger equation. To be consistent,
we have always used the Dirac equation, since proton ener-
gies E > 200 MeV show a significant relativistic effect. With
regard to the incoming proton current, we have to point out
an important feature:

The Breit-Wigner formula only considers S states and the
incoming current is along the z direction. The generalization
of this formula[25] includes P states, but the incoming beam
is also restricted to the z direction.

Since for our purpose it is necessary to take account for the
x/y/z direction by ki, ky, k, in the Dirac equation, we have not
yet succeeded in obtaining a compact and simple analytical
form.

4. Applications to Reaction Protons of
the Inelastic Cross-section Sqp ,

We have already pointed out that the main purpose for
calculations with the extended nuclear shell theory incor-
porate nuclear reaction contributions of protons, neutrons
and further small nuclei to the total nuclear cross sections of
nuclei discussed in this presentation. We should also men-
tion that the default calculation procedure of nuclear reac-
tions in GEANT4 is an evaporation/cascade model, which
has been developed on the basis of statistical thermody-
namics.

Figures 2 - 4 do not yet provide final information about the
contributions S, , and Sg,,. The first case of non-reaction
protons has already been treated. According to Figure 6 the
contribution of reaction protons is particular important for E >
150 MeV with increasing energy. We now present the cal-
culation formulas for this case. Thus S, is proportional to
®(20-Cheavy and a function F,, depending on some further
parameters. It should be mentioned that the parameters of
equations (21 - 23) require modifications to be valid for
various types of nuclei. However, from Figure 5 the corre-
sponding parameters of some further nuclei can be verified,
e.g., B, Er, and some necessary information on the total
cross-section. We use the following definitions and abbre-
viations:

x =Respa ! 7

7,=0.55411; 7, =7, —0.000585437 - (E~E,,, )

z

argl=z/\7,> +7,> +(Regp, | 47) )

'arg2=(RCSDA —z—A2 'ﬂ-zshw)-

T2+ @/ TOTV + (Regps 13- 47 )
arg=(R g, —0.5- Zowip '\/;—Z) / (\/; . Zsh[ft)

Formulas (69 - 70) can only partially derived, and the
adaptation to computed data with the help of the extended
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nuclear-shell theory is also needed.

The transport of secondary reaction protons resulting from
the spectral distribution of these protons has to be taken into
account; and the spectral distributions rather obey a Landau
than a Gaussian distribution.

The result is the following connection:

Ssp,r :(EO/NabS)-d)o -[Z-U-Cheavy ‘K +G]-

1/3
oxygen )

‘thas (medium) - ANI/3 /(Qt()tas (oxygen) - A
Fo =014+, 0]
$=0.5- (1 +erf(arg)); ¢ = erf(argl); ¢, =erflarg2) 70)

o 6717exp(f(zsz)2/zR2)/(e71 -1) (ifz<zg)

1 (else)

_ 1 2, 2
G=(c1 " Zghify 'ﬁ/RCSDA)'exP(*(ﬁRCSDA*Z) lzg )

The tails at z > Rcgpa result froﬁ/; tertiary protons induced
by neutrons and the resonance interaction via meson ex-
change as pointed out in a previous section.

Some consequences of these contributions with regard to
build-up have been thoroughly discussed in[16], since the
role skew symmetric energy transfer (Landau distributions)
and energy transfer from reaction protons along the proton
track represents a principal question in understanding the
physical foundation of Bragg curves. In Figure 6 we present
the stopping power of the ‘reaction particles’ created by
Oxygen in water as a function of the initial energy E,. The
corresponding results with regard to some further nuclei of
interest can be verified in Figures 7 — 10.
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Figure 6. Stopping power of reaction protons (medium: water) in de-

pendence of the initial energy E,

With regard to other media equations (69 - 70) are still
applicable, if the parameters in equation (70) have been

determined. This can be verified successfully by Figures 7 —
9.
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Figure 7. Nuclear reaction part of the cross-sections of the nuclei C, O,
Ca, Cu and Zn
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of secondary/tertiary protons for the initial proton energies 100 MeV, 160
MeV, 200 MeV and 250 MeV

A final example with some technical importance is the
nuclear cross-section Q" of Cs"’ according to Figure 10,



Journal of Nuclear and Particle Physics 2012, 2(3): 42-56

which corresponds, in principle, to the previously shown
cases. Er, amounts to 8.42 MeV (Cs™%: 8.45 MeV).

All qualitative explanations of listing (3) can be trans-
ferred, inclusive the resonances obtained by nuclear interac-
tions without creating secondary particles (e.g. Breit-Wigner
formula). The principle difference to the previous cases like
Copper or Oxygen results from surmount of neutrons, since
in both cases of Figurel0 Z = 55 is valid. By that, the exci-
tation energy of a neutron of the highest occupied shell to the
continuum is reduced to 9.2 MeV. Therefore the nuclear
reaction ‘proton + Cs'*” — Ba'*’ + neutron’ is able to start at
a proton energy of about 10 MeV (please note that the proton
energy is partially transferred the deformations of the nu-
cleus with emission of y-rays). This type of nuclear reaction
corresponds to the case 1 of the listing 3, i.e. the incoming
proton is converted to an outgoing neutron due to the ex-
change of a m meson with the nucleus resulting from the
exchange interaction due to the Pauli principle. Because of

the general interest of this nuclear reaction we state some
analogous cases of the listing 3 (nuclear reactions, which
require a higher amount of energy such as the release of
clusters, are not presented here):
Cs""+p — n+ Ba"’ (stable) (71a)
Cs"7+p — p + n+ Cs" (half-time: ca. 20 d)  (71b)
Cs"¥7+ p — p + 2n+ Cs' (half-time: ca. 2:10°y) (71c)

Cs"7+ p — d + n+ Cs' (half-time: ca. 2:10°y)  (71d)
Cs"7+p — p + 3n+ Cs"* (half-time: ca. 2.6 y)  (71e)
Cs'**— B* Xe'** (stable) or + Ba'** (stable) (711)
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Figure 10. Nuclear cross-section of the both nuclei Cs"’ (dashes) and

Cs'* (dots)

Since the lifetime of Cs'’

amounts to ca. 30 years, and the

corresponding value of some isotopes with less neutrons is
comparably small (about 20 days), we are interested in the
nuclear reactions ‘proton + Cs"’ — Cs'*® + proton + neutron’
or ‘proton + Cs"*” — Cs'** + proton + two neutrons’. These
reactions are very probable at proton energies between 25
MeV and 50 MeV. Since Cs'* exhibits an extremely long
lifetime, only by further collisions with protons can lead to a
removal of this isotope. Thus we can conclude that the reac-
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tion types (71a) or (71b) are very desirable with regard to an
artificial change of the nuclide Cs'7, which appears in many
technical problems.

Thus it appears that the presented methods, which repre-
sent a synthesis between extended microscopic calculations
and collective model, can provide a significant tool in vari-

ous domains.

5. Conclusions

The presented results show that a suitable combination of
the collective model with extended nuclear shell theory can
be adequate to solve problems, which are rather outstanding
in many practical problems. Besides the radiotherapy with
protons it should be mentioned that the cross-sections of
those nuclei/isotopes are important to reduce the half-times
of the corresponding isotopes significantly. The storage of
long-existing isotopes should be avoided. However, a dis-
cussion of technical details of these processes goes beyond
the scope of this study.
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