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Series Solution of the 1 + 2 Continuous Toda Chain
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Abstract The 1+2 dimensional continuous Toda chain presents a formidable challenge to the construction of solutions.
Two variable reductions of the equation are known, but up till now nothing more is known. In this paper a way to solve the
equation is presented, and some solutions are explicitly constructed. The method depends upon connecting series solutions of
the symmetry equation of the Toda chain with the Toda solutions, as is guaranteed by general theory. Such solutions of the
symmetry equation are obtainable a series method. An explicit solution is constructed by this method, and a general proce-
dure is given to realize further solutions, which, however are given only in implicit form.

Keywords Toda chain, Integrable systems and Non-Linear Differential Equations

1. Introduction

The usual form of the equation under consideration is the
following one;

Pyz = (:ep)z,z: l:hlu)y.:c = Uz U= ¢ (1)

Here p(x, y, z) is an unknown function of three inde-
pendent variables. This equation arises as a reduction of the
Plebansky equation[1] describing self-dual four dimen-
sional (0 + 4); (2 + 2) gravity. In this connection it was
considered in[2] and in literature is known as the
Boyer-Finley equation.

Equation (1) can also be obtained as a limit of the discrete
Toda chain

Py = €ntt —2eP + Pt

under appropriate rescaling (n— z). The series solutions of
the symmetry equation for the Toda chain was found in[3].
Also, a solution of the two dimensional reduction of (1)
(p = (z, y + x) was found in implicit form in[4]. Infinite
series solutions of the symmetry equation corresponding to
(1) were found in[5]. But the connection between series
solutions of the symmetry equation with the solution of the
initial system (1) has not been discovered. However general
theory gives a guarantee that each solution of symmetry
equation is connected with an analytical solution of the
initial system in explicit or implicit form. The goal of the
present paper is to fill this gap and demonstrate a way how
an analytical solution of (1) is connected with the solution
constructed in[3] of the symmetry equation. In[5], the
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Plebansky equation was represented in the form of two
equations of the first order for two unknown functions, one
of which satisfies the Plebansky equation by itself, the
second one satisfies the corresponding symmetry equation.
It is possible to find in an independent way the solution of
symmetry equation in recurrence form. As was remarked
the above equation under consideration in the present paper
is a reduction of the Plebansky equation and so it is possible
to try to solve it by the same methods[6].

2. Preliminary Manipulations. Short
Excursion into[3]

Let us rewrite (1) in the form of a system of two equa-
tions of the first degree.
T.

(lnu}y:Tz: u, =T, " )y:Tz;_,_)

(hlu)x.y = Uy, |

or as the initial equation is symmetrical with respect to
exchange of the variables X, y, the following is also a pos-
sible form;

(Inu)y =w,, u, = Wy (hlu):c.y = Uzz, {ﬂ)x = w;,3)
u

The symmetry equation arises from the initial one after
differentiation by an arbitrary parameter and considering
this derivative as a new unknown function. In the case
under consideration this equation is

_— y v Ty w
u =5, (_)z.y =822 S= Tm(wy)a ( )y =T, ( y).z = Wz
u u u

It is necessary to understand the last manipulation in such
way, that if we represent the solution of the symmetry
equation in the form S = T, or S = w, then the last equa-
tions in (2), (3) are exactly the symmetry equation by it-
self. Finally a linear system of equations of first order for
the function u function is

(Inu), =T, u, =T, (Inu); =w,, u, = wy4)
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In[3] we have obtained series solutions of the symmetry
equation in integro-differential terms of the function u.
Thus it is possible use these expressions in the system T, u
and obtain two self consistent equation in-stead of only one
equation for the function u. It is obvious that in this way we
will not be able to obtain a general solution for the equation
for u but only its partial soliton like series solutions. Solving
the second equation of (2), u = 0x, T =0 , we rewrite (1) in
the form

Qy,x — exgz._z: Wy x — WyWy »

In[3] it was shown that the solution of the symmetry
equation T, may be obtained in terms of ay, functions which
satisfy the following recurrence relations

anil N dy (u.nJr'lran)Z, (unf‘l an)x
(n+ Dun u™ 1
Eliminating o™ from both equations we arrive at the equa-

tion for the functions o" in the form

(u'rH»lan)‘ (unJr'lan)
- = S| = ) (un+2(¥?)z = ('“'nJr]Q;)x
z y

= (n+1)a?!

un

The left and right equations are the same. From these
e)rclpressions it follows that there exists an obvious solution
o = 1 which leads to a finite solution for T. The solution for

T becomes
2

2 1 2 1
o (v?al), B & _ wla
T = ua fu‘[dyi‘)u . 8y 5 = o ®)]
The second equality is obtained from the first one after
the substitution

T=0,, u= 04 and differentiation of the subsequent ex-

&

. 0 . .
pression = with respect to the argument y and integra-
€T

tion once over z

6, ‘
B, (ﬁ) = (02aY)., O,,— 0.0..=(02a").
I y

The last equality is a series of additional conditions on
the 6y, = 6 0, for the function 0.

3. Generalization of R. Ward's Solution

This section explains why the analytic solutions of Ward
exist at all. The simplest solution of the symmetry equation
is a linear combination of derivatives of the functions u S =
Wy = uz = aux + buy + cuy, The solution of Richard Ward
corresponds to choosing ¢ = 1, a =- b. In the case ¢ is not
equal to zero we have uz = Aux + Buy and the second
system under this additional condition becomes

Uy =uly, U=y, Uy =u(Aw,+Buwy), Auy+ Bu, =w,
Let us seek a solution of this system in the form
r=0(u,w), y = o(u,w)

The system of equations defining derivatives of (u, w)

with respect to space coordinates (X, y) is the following one;
1=0,u, +0,w,, 0=ag,u, +o,uw,

0 = Oyuy + Opwy, 1= o1y + oyiy.

After solving the last system,

Do =2, uy= o Wy = O
DT D D YD
and substitution into the previous one we arrive at a linear
system of equations for 0 (u, w) and o(u, w).
oy = u(—Ac, + B#,). Ao, —DBl,=1,

The last system after eliminating (for instance) the func-
tion o leads to an equation of the second order with sepa-
rable variables

Uy =

1 B
Huu *ku *wa =0
ubly, +A ; +A ;

The case considered by Ward corresponds to the limiting
A

case A—w, B—ow, B

4. The Zero Order Term of Series
Solution to the Symmetry Equation

In the case o’ = 1 from the general formula it follows that
T =u or w=u and from the corresponding formulas of the
previous section we obtain ux = uz or uy = uz. These are
particular cases of the generalized Ward construction of the
previous section. The first equations in this case lead uy =
uug. This is the well known Monge equation (the equation
of Hamilton-Jacobi for free motion in one dimension) with
general solutionz+y+ux=F (u)orz+x+uy=F (u). Itis
not difficult to connect these solutions with the generalized
Ward solution of the previous section.

5. The First Term of the Symmetry
Equation Series Solution

In this case o' = 1. It is possible represent the solution of
the symmetry equation in different variables and in con-
nection of this it will possible to obtain two different solu-
tions (at least known to us) of the continuous Toda chain.

5.1. The first possibility

In connection with the recurrence procedure we obtain
oo=/ dyu, and the solution for T takes the form

T = u (/d-y-uz)

or after passing to the function 0, u=0,, T= 0,, (obeying the
equation 0, ,= 0,0,,) it appears as

In the transformation from the left to the right hand sides
we have used the equation for 0 and the once integrated
result on z. From the second form of the equation above it
follows that 0 is a solution of the Monge-Ampere equation
of the third order and it is possible to use its known general
solution. We will go by more direct way (which is obvi-
ously equivalent to the previous one). Now let us introduce
the notations
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A =0y N=0, I=0,

After differentiation on the right hand equation by x and z
respectively and taking into account the above definition of
A we arrive at the system of equations

M)y =AMz + Xa(Aa)s (Aa)y = Ai(M): + Aa(A2):

The last system is well known and its general solution in

implicit form is the following:[7]

z4+ My =F' AL N), 24 Xy = F2 (AL M)
where F 1, F* are arbitrary functions of their two arguments.
But in our case we have additional condlitionﬁ ADz=M)x
and this fact will limit the functions F , F . After differ-
entiation of the two equations by x, z, y respectively and
solving a linear system of algebraic equations we obtain all
derivatives of the functions (A1, A2) with respect to these
three arguments. The result is the following:

2 —y F

, 12
M= 220 ()= =22 (), = -2,

By
D D D ©

D

(/\\Q)z =

where

D = (Fy, —u)(F3, —v) — F3,FX,  (7)
is the determinant of linear system under consideration.
From the additional condition above and calculated values
of corresponding derivatives of 1the functiorbl we obtained
in the last equation we have F =Gy, ; F = G,. In the
same way we obtain for derivatives of the functions with

respect the argument y
Oy =1 a0y By ) B G
The last calculations show that the implicitly defined
functions from the equations above satisfy the necessary
system of equations and allow us to obtain a further con-
straint on the function G which arises from the fact that the
equation for the function 6 must be satisfied.. Namely
ﬁy..r = HIHZ,Z'- ()\l)y = A](AQ)Z
After substitution in the last equation of all expressions
obtained above we pass to

/\1(6'/\2‘,\2 - G/\l,/\l) - )\QG»\L/\E

. . . A2
After the introduction of new variables s=\; A,, tzﬁ the

1 ]
G G —Y

last equations lead to a two dimensional equation with
separable variables. Indeed

Lo 1, o0 9. 0 .0
GM = E‘SGS - fGt) Ghv)\l = S

—(—(s— —t—) + (s— — t—))C
g ) T U5 a)
b

“0s

1,0 0. 0 0, . 1 , 0
?%(—(SEHEJH,,@@HW@ 7, o ) *(z‘a

Substituting these expressions into equation for G we
seek its solution in the form G = [ dks"t*g(t,k) and pass to

g + 2k — D)tgy = (2k — 1)2kg

Thus for the function G we obtain finally

G = [ ks 1 (K)gr + ealk) )
where c1, cp are arbitrary functions of argument k and g,
g are two fundamental solutions of the linear equation of
second order above. Thus for the solution of the Toda chain
u =0x =A| we obtain an implicit solution for it
:I’+)\1'y :GAl()\l-)\Q)- :—l—)\gy :G)\E(A].'AQJ
where G is the general solution of the linear equation above

Grn, = Gran = ({ )G

Series Solution of the 1 + 2 Continuous Toda Chain

containing two arbitrary functions.

5.1.1. An example
By direct calculations it is not difficult to check that G
—%xf%xz A% is a partial solution of equation of the sub-
section above. Thus in connection of the main result
T4 My =AM, 24 day = M+ %)\f
and A1 = u is a solution of the continuous Toda chain.
Eliminating A» from the equations above we obtain for u

1,
22+ ury — zu® + 5114 =0
Calculation of necessary derivatives
21 +uy (1) T
Uy=-———— (NU)y=—————, u,=
T ay = ur 4+ Yoay=duz 4wl

u?

) ay — 2uz + 2u
and finally after straightforward calculations we check that

(Inw)zy = sz

5.2. The second possibility

In the case a; =1 in connection with the recurrence pro-
cedure we obtain oy= f dyu, and the solution for T takes the
form

T =ul / dyu,), U= [ff_f,r{h u=U,, T=UU,
and the equations which are necessary to solve are the
following;

Uy = (00, (), = (O0)., (), =T

The first and the last equations above lead to a relation
between the derivatives (after integration once with respect

to the argument z) in the form any :lUZ2+UX U :e%U%WX .
2 > Yy

As in the previous subsection it means that U is a solution of
the Monge-Ampere equation of the third order. It is possible
to substitute its general solution into the last equation and
find some restrictions to determine the arbitrary functions in
the solution. We will go more directly.

Let us seek a solution of these equations using the fol-
lowing parameterization

r=X(U,U,y), z=2U,U,y), 6=U, =0,

from which expressions for second order derivatives follow

immediately;
2 X

B

X5
D Vme="p="p Y==p

X=WgB, v, y); Z=W, (@, v, y) and the equation
transform to a linear equation of second order with separa-
ble variables

AW d Woy =W, W= / Ak G k), —AhGy + Gy = KU

It is possible determine the dependence of the function W
upon its argument after solution of two equations which
arise after differentiation of the previous equations by the
argument y

l'".r..t =

XglUpy + XU, + X, =0, ZgU,,+ZU,, +72,=0
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1
Remembering that Uy:e?’ZJrB after trivial manipulations
we rewrite the last equations in a form
L2g oo
DL, =0, eI, =0
we obtain for W and exphclt expressions for x,z

W= g™ O, =Wy = —yes 0l =W, = et A4
L

where W is solution of the linear equation obtained above,

which do not depend on argument y. The solution of the

Toda chain of the beginning of this paper is given by con-

nection u = Uy eZyZJrB and dependence B, y functions on

independent arguments X, z, y is defined in explicit form by
formulas above.

5.3 Second example

This example may help the reader to understand the dif-
ficulties in trying to obtain solutions in explicit form. It is

L
easy to check that W =y e® is an explicit solution of the

Ly2 T
linear equation and thus W :-yeZUZ +Ux +ye®. The implicit
form of the solution is given by

2 _ ; L2y r T
r=W;= tﬂ g =W = et e U=, 0, =
From these expressions the equation

[22+2l Izw:fl.rI:O

follows immediately. It is equivalent to our linear system
above. With the help of this equation it is not difficult to
check that

T =U,U, = 230340 1], = e3U240s
satisfy the equations
Uy.=1, (InUy), =1,

and thus u=Uj is a solution of the equation of title of this
paper.
We rewrite equations which define an implicit solution in
aformu=
2 1
U _yé,’ZU 7 +Ux = 5Y2+B

e in equivalent form

1.2 11
r=-yu—y—e2l, z=—yyu + el”
u
After eliminating terms without y on the rlght hand side
we arrive at a quadratic equation to determinate the variable
Y
9 2 T
Y+—7+—+1=0
yu' o yu
Substituting the solution of this equation into the first or
second equations we reach an equation determining in
implicit form the function u. It is obvious that to obtain this
equation is not a very simple problem.

6. Second Step

In the case where ap = 1 in connection with the recur-
rence procedure we obtain

. ) S N Puv
= /‘rﬂfju,_=l-_. = /v/luu_)”] = /‘m”v.\‘{'i__)(ii{' :.:)=_)ll;‘!+l.z)
d X 2u J ; Z 2 "

and the solution for T takes the form

T = 7(“ LJUZ+U,), U= /(]yu. u=U,, Uyj.=U,U,,

®)
The equations which are necessary to solve are the fol-
lowing;
1 ;
l"ry.z = (T)l‘ = ;[lryz(lrzz + lrz) + l';y(Ql'"rzl'"rz,z + lrzt)]
Let us introduce the definitions

(Inl,), = (1),

1
U,=b «a= 5(1)2 +a)

Equations above together with the notation introduced
lead to the following system of equations

a 0 1 0 a a a a
bl =10 0 1 bl =L|b] , b| =¢L|b
c). % b « <), ), c/y c

Jy=¢° U;=a,

As in the cases above we will seek solution of these
equation by implicit substitution
x=X(a,bc), z=Z(a,bc), y=Y(ab,c)
After differentiation of these equalities with respect to
the independent arguments of the problem and introduction

of the matrix
X, X, X.
V=\|Z, Zy Z.
Y, Y, Y,
we have

a 1 a 0 a 0
b| =vtlo]. b| =v7t{1]. bl =vtlo
c), 0 c/, 0 c/y 1

Substituting these expressions in linear system equations
of the first order we obtain

0 1 0 0
L|=vLV'|o]|., |0]|=eVLV |1
0 0 L 0

The last equati(_)ns allow us to reconstruct the explicit
form matrix V LV

0 0 e Lo o 100
VIVi=|1 0 bec|=[0 1 0 |L"[0 1 0
0 e ¢ « 0 0 e 0 0 e

The first two columns are a direct consequence of the
equations aboye. The last column arises from the fact
Trace(V LV') =Trace L .

Now we arrive at a linear system of equations for de-
termining the functions X, Z, Y.

10 0 10 0
01 of|vL=L"[{0 1 0|V
00 ¢ 00 ¢

1 0 0 X Ay Xe
01 0||V= Za 2 Ze
0 0 e (eY )y (Y )y (eY), —eY
€“Y we will denote by Y. A system of 9 equations follows;
11,-X,) 1% - X, - X, Y- Y) - X, - X,
\,,—M,,——Z, Xy +0Y, = 7, = bZ, Xo4+b(Y,=Y)=Z—al, 0
Zy+¢ }",)‘} -Y) Zy+aly-Y, b)) Z.-Y

Elements M, ; and Mj ; lead to a parametrization X = R,,
Y =R, Z=R, + f(a,b). Elements M, ; and M , both lead to
equation (R, + bR,),
conclude that the function f depends only from one argu-

ment b. Elements M31 and M, 5 are the sane and lead to
equation (R, + R,), = 2 R... And finally elements M;, and

= %_Rb,c. Element_M,, allows us to
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M, 5 pass to a third equation in the form (R, + f(b) + R.), =
(R, + bR,).. Thus we have three equations which it is nec-
essary solve

(Ru+ DRe)a = 3 Roc.

(Ro+Ro)o= Ree. (Rt Ry = (RatbRo)c

2
For further calculations the variables b, a. = % (a+b),c
will be more suitable. In these variables the system equa-
tions above appears as

1
Ra,a = QRb,c- (Rb + bHa + QRE)OL = Rc.c- (Rb + bRa +QRC)b = SRQ,C

These equations can be interpreted as the vanishing of the
curl of some vector which means that vector by itself is
gradient of some scalar function, or and that the same
system of equations of the second order above can be re-
written as the system of equation of the first order for two
unknown functions R, Q

Rc = Qa- Ra = QQb Rb + bRa + QRC = Qc

Eliminating Q we come back to equations for R. Elimi-
nating R, we pass to a system of equations for Q in the form

(QC_Q)[ = ({2b+z’(2a_000\,'a- ‘:Qﬁ'@)& = ?(QbH}QaMQc)b- Qa,a = ?Qb.C(g)

The last is the usual Laplace equation in three dimensions,
which is invariant with respect to transformations of the
five dimensional rotation group. One is operators of which
is exactly D:% +b % + a:—c. The last equation is a con-
sequence of the two first ones. From them it follows

that (DQ)« = 2(DQ)p,c and operator D commutes
with the Laplace operator. Thus the last equation
above is consequence of two first ones. Let us seek a
solution the last system of equations in the form of
Laplace-Fourier transform.

(2=:/dhdkgﬂﬁﬁmf”h+mﬁﬂhrkbkg

After substituting this into the system of equations above
under the sign of integral we obtain two equations
1
Q (] 2 (] T
Shalket1) =Ky = =hi{Foge, +hegs, 1 10)
&

‘ )q m]w% ACHC )

Eliminating terms with derivatives we arrive at a condi-
tion of self consistency
(ke + 1) (kg — 2hphe) = 0
The first possibility k¢ +1 = 0 we call the degenerate
solution the second one non degenerate one.

6.1. Degenerate case

Let us seek solution Q of Laplace equation under addi-
tional condition DQ = 0. In this case simultaneously Q¢ + Q
= f(b) or Q = f(b) + e“@(b,0). Now

DQ=f,+e*( (Z)b+b® OL(D ) =0. The solution of the last

(—3—+ba) F (

equation is @=e b + «) and ﬁnally the degener-

ate solution of the problem is Q=¢*e ( +ba)F( + a).

But in this case the third equation is no more a consequence
of two first ones and it must be satisfied independently. We
have

Series Solution of the 1 + 2 Continuous Toda Chain

o
Foo+ BE,+ PF=-)(-1 ta)f -0k, F,=-hF 1= o +a

4

This ordinary differential equation may be solved in
terms of Bessel functions. Coming back to the function R
we obtain

—R=e" +MMW)+M

By direct calculations it is simple to check that all equa-
tions for R above are satisfied. A solution of the continuous
Toda chainu=-e inimplicit form is determined from the
equations

3 ) bQi N b, .

- QW(+H I:ﬂw%%walwguwm
B Brab a1 _a B4a.
a P o) I /b W
z=Ry=ue ( 1 F(2]+2F(2)+ 1 F)

6.2. Non degenerate case

2
In this case k2=2kpk or kCIZkT"‘. The first equation of (10)
b

is rewritten in the form
L? + A‘c - ]“bl“a = 71“6(211‘5(111{1)](35 + ’Zfoc(hl (l')k&)

The solution the last equation of the first order is

(ka)?
4= (A‘Q)R‘CHE’ B F(k.)

where F is a scalar function of its argument. Finally we
obtain
3 3
(2hy)2
ko o (2k wl 7%
Q= [ty [ dh 21k F (" ik +¢ % Fifk)
A1)
The first equation gives R = Q,, W = Q. Substituting
into both other equations we pass to a system of two equa-
tions

Qa,a = 2Qb.c- Qa b + 7@&& + QQ& c Qcc

Let us seek a solution of this linear system above by a
Laplace-Fourier trans-form

Q:/M@Wwﬂ%ﬂpm

The first equation is satisfied automatically. The second
one leads to a differential equation of the first order in
partial derivatives for the determination of the function f(k,

3
p) under the integral sign, which for the function F=k fis

5 OF A'()F— 27 k?
25y dp + ok

ko 2p
with the obvious solution
2 2 .2
F =P = (‘ﬁJr%lnk%o (l‘) (12)
P

. . . k2.
where @ is an arbitrary function of the argument o

7. Conclusions
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We have presented a new idea, unknown up to now to
the best of our knowledge in the theory of integrable sys-
tems connected with the symmetry equation of the initial
system. We have also presented some non-trivial solutions
of the 2 + 1 continuous Toda chain. These solutions are
often only given in implicit form. An explicit solution is
however obtained as a specific example. It may be that this
is the best that can be hoped for, i.e. that in the general case
the solution is only obtainable in implicit form. This is the
case for many non-linear systems, including that of the
simple non-linear wave (Monge) equation. The method of
solution presented here is far from obvious or straightfor-
ward. We hope that a more direct method of finding a
solution can be found; now we know that a solution is
possible
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