
Journal of Nuclear and Particle Physics 2012, 2(2): 1-5 
DOI: 10.5923/j.jnpp.20120202.01 

 

Plasma Equilibrium in Presence of the Poloidal Flow in 
Tokamaks 

Ahmad Salar Elahi*, Mahmood Ghoranneviss 

Plasma Physics Research Center, Science and Research Branch, Islamic Azad University, Tehran, Iran 

 

Abstract  Main purposes of this contribution are analysis of dynamic equilibrium properties of a large aspect ratio and 
low beta tokamaks, in particular deriving a modified relation for the Shafranov shift in the presence of poloidal flow, and 
demonstrate it experimentally. Poloidal flow can produce modifications in the equilibrium properties. By increasing Alfvenic 
Mach number from zero, flow produce outward force, and plasma shifted in outward direction. If the poloidal Alfvenic Mach 
number equal to one, singularity will observe in the solution of generalized Grad-Shafranov equation. Also inversion of 
Shafranov shift in the transition of flow speed between sub-Alfvenic to super-Alfvenic speeds can be observed due to inward 
force produced by flow. 

Keywords  Tokamak, Equilibrium, Poloidal Flow, Shafranov Shift 

1. Introduction 
There has been an increasing attractive in the investiga-

tions of the equilibrium properties of tokamak plasmas with 
poloidal and toroidal flow. A precision investigation of the 
magnetic equilibrium is essential to interpret information 
from most other diagnostics and for further investigations 
such as Magnetohydrodynamics equilibrium and stability 
analysis, plasma confinement and transport studies. Also 
determination of the plasma equilibrium position during 
confinement time is essential to transport it to the control 
system based on feedback. However, in solving of the equi-
librium problem, usually simplifying approximations have 
been used, e.g. axisymmetric in toroidal direction or as-
sumption of static plasma (zero toroidal or poloidal flow), 
but in some cases may be these approximations not correct 
perfectly, for example in cases of auxiliary heating e.g. 
neutron beam injection, error percent can be increased with 
neglecting the toroidal flow. But in tokamaks which have not 
auxiliary heating such as the IR-T1 tokamak (see Table 1), 
neglecting the toroidal flow is good approximation. Instead, 
we suppose that poloidal flow is present in our discussion. 
Although this problem already had discussed for high beta 
tokamaks in the few works, we modified it for low beta 
regimes in order to use in IR-T1[1-14]. In section 2 we will 
be showed analytically that in presence of poloidal flows for 
the large aspect ratio and low beta tokamaks, changes in 
equilibrium properties can be observed. In the section 3 we 
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will be derived the Shafranov shift by regarding of poloidal 
flow. We also will be presented experimentally in section 4, 
brief review for determination of the plasma position with 
and without regarding of the poloidal flow and also plasma 
rotation. Summary and conclusion are will be presented in 
section 5. 

2. Tokamak Plasma Equilibrium with 
Poloidal Flow 

An analytic model can be derived for flowing low beta 
plasmas, using an expansion in terms of inverse aspect ratio
ε . The plasma is described using the ideal isotropic mag-
netohydrodynamics model. The main concepts of this ex-
pansion used in here derived in[1], which will be modified to 
include the effect of poloidal flow in low beta tokamaks. The 
basic assumptions are large aspect ratio (   1ε 〈〈 ), low β  
( 2β ε≈ ), circular cross section, and Alfvenic poloidal flow 
with constant poloidal Alfvenic Mach number. For these 
assumptions, in addition to the usual assumption of axi-
symmetry we allow to write the Grad-Shafranov equation in 
the following generalized form[2]: 

( )2 2
A p 0

dP dFM 1  R F ,
d d

ψ µ
ψ ψ

∗− ∆ = +           (1) 

where A pM  is the poloidal Alfvenic Mach number which 
defined below. The set of reduced equations for ideal MHD 
equilibria in deriving Eq. (1), the plasma flow and ∆ ψ∗  
defined by: 
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Where we used the cylindrical coordinates ( )R ,  , Zϕ , 

and ( )ϕ ψ , ( )ψΩ  are two free functions of ψ  describing 
the parallel and toroidal components of the velocity respec-
tively. For simplicity assume that the calculation has been 
carried out in the toroidal coordinates ( r, , θ ϕ ), and we have: 

 

2

0

cos sin ,
R r rR

where
R R r cos  ,   Z r sin .

θ ψ θ ψψ ψ
θ

θ θ

∗ ∂ ∂
∆ = ∇ − +

∂ ∂

= + =

            (3) 

In the ohmically heated tokamaks (low beta regime) the 
assumptions in orderε  is given by:  
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We can solve the generalized Grad-Shafranov equation for 
ohmically heated tokamaks by expanding as follows: 
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2 0
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3B ( )2 p ( )
F ( ) R B [1 ],

BB
ϕ

ψ θ ψ ψ θ
ψ ψ

ψµ ψ
ψ

= + +

= +

= − +

          (5) 

where the subscripts 1, and 2 indicate the ordering in ε , 1ψ  
is the first order solution of the general GSE equation, 0R  is 
the major radius of the plasma, 0B const=  is the vacuum 
toroidal field at 0R R= , and 2B ( )ϕ ψ

 
is a new free function 

replacing F( )ψ . As shown in Eq. (5), the expressions for 
( )p ψ  and F( )ψ  are in order 2ε  (accurate for low beta re-

gime tokamaks), as: 
2 2 2

0 2 0 2 02 p / B  ,    B / B .ϕµ ε ε≈ ≈            (6) 
Substituting the Eq. (3) and Eq. (5) in the Eq. (1), we can 

write: 
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where prime denotes differentiation with respect to 1ψ .  
Since Eq. (7) is a nonlinear two-dimensional partial dif-

ferential equation, in approximation of radial pressure bal-
ance and toroidal force balance, for special choices of 

2 1B ( )ϕ ψ  and 2 1p ( )ψ , it can be solved analytically. A simple 
model is discussed below which first investigated in[3]. 

Consider the case where 2 1B ( )ϕ ψ  and 2 1p ( )ψ  are linear in 
1ψ  so that: 

2
0 0 2 1

3 R B B ( ) ,
2 ϕ ψ α′− =             (8) 

0 0 2 12 R p ( ) ,µ ψ γ′− =  

and assume the plasma surface is circular with radius a. The 
appropriate boundary condition is a constant value for 1ψ , 
which is convenient to set to zero (equal to zero pressure). 
The linear dependence of 2Bϕ  implies that the toroidal 
current density is nearly uniform. Therefore Eq. (7) reduces 
to: 
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The solution for 1(r, )ψ θ  are easily found: 
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A p1 M .µ = −  

We express the constants  ,  α γ  in terms of the physical 
parameters, q∗  and tβ , the results are: 
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Substituting these values in Eq. (10) leads to the following 
equilibrium solution of Eq. (9) for a plasma with poloidal 
flow, for the low beta tokamaks: 
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Where pI  is the plasma current, tβ  the toroidal Beta, 

q∗  represents an integrated safety factor, η  is basically 
measure the plasma Beta, µ  is measure the flow, and ρ  is 
implying a normalized minor radius. 

If there are external coils to produce vertical magnetic 
field, the boundary condition on the flux function is modified 
so that we have[1]:  

),,(),( 11 θψθψ aconstb v+=          (14) 
where 1 0( , )v vr R B  r  cosψ θ θ=  is the flux function due to 
external vertical field coils. 

Therefore the full correction to ),(1 θψ r  be: 
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where          
( ) ,1 0

0
1 dr

d
R
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ψ

θ =
                 (16) 

and vB  is the average vertical magnetic field over the vac-
uum chamber. It must be noted that the solution in equation 
(15) is valid for both 0  µ 〉 , and   0µ 〈 . The condition 

1A pM     ( 0),µ= =  represents however a singular point of Eq. 
(9), where Eq. (12) do not hold. The solution in Eq. (15), 
contain all the informations required to describe the equilib-
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rium, in particular the poloidal component of the magnetic 
field and the Shafranov shift. 

3. The Shafranov shift in Presence of the 
Poloidal Flow 

In this section we will present the analytical representation 
for the shift of the magnetic axis from the geometrical axis 
(the Shafranov shift). The Shafranov shift is determined by 
the position of the maximum of ψ , or in other words zero 
value for poloidal field inside the plasma. This can be found 
by solving the equation 0ψ∇ =



. The θ  derivative can 
only vanish on the midplane, and this leaves again a single 
equation for the radial component of the gradient, which is 
proportional to the poloidal component of the magnetic field. 
The Shafranov shift can therefore be determined by solving: 

0ˆ1
,,
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p Be
R
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The value of the Shafranov shift in present of the poloidal 
flow and external vertical field indicating with R∆ , and Eq. 
(17) can be solved to give:  
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Therefore for flow speed lower and upper than Alfvenic 
speed in absence of external vertical field there is inversion 
of Shafranov shift. 

4. Experimental Determination of the 
Plasma Rotation and Equilibrium 
Position  

IR-T1 is a low beta, large aspect ratio, and circular 
cross-section tokamak (see Table (1)), which has two 
stainless steel grounded fully poloidal limiters with radiuses 
of 12.5cm. The main diagnostics used in this work are a 
diamagnetic loop and a poloidally and toroidally oriented 
Mach probes. The experiments were performed in hydrogen. 
An average plasma density was in the range 0.7-1.5×1013 
cm 3− , the toroidal magnetic field induction TB 0.8 T≈ , the 

plasma current pI 25 30 kA= − . Measurements of the plasma 
parameters were performed using single Langmuir probe, 
diamagnetic loop and a poloidally and toroidally oriented 
Mach probes. Theoretical models have been derived to de-
scribe the Mach probes data in un-magnetized and magnet-
ized plasmas, using fluid, particle, and kinetic models (see 
the Figure (1)) [15-20]. Figure (2) shows the time depend-
ence of the ion saturation currents collected by the poloidal 
Mach probes, the ratio of upstream to downstream current, 
and the resulting Mach number. The Mach number and thus 
the poloidal plasma velocity are obtained using the model of 
Hutchinson.  

 
Figure 1.  Theoretical models which described the ratio of ion saturation 
current (R) dependence of the Mach number (M), (a) the Chung model, (b) 
Hutchinson model, (c) Hudis-Lidsky model, and (d) the Stangeby model. 

 
Figure 2.  (a) Down-stream ion saturation current, (b) Up-stream ion 
saturation current, (c) Ratio of ion saturation currents, and (d) Poloidal 
Mach number. 

For measurement of the plasma column displacement we 
need to obtain a toroidal beta, plasma current, vacuum tor-
oidal field, and, moreover a vertical field. Plasma current can 
be measured by a Rogowski coil, vacuum toroidal field can 
be measured by a diamagnetic loop, and also vertical field 
can be measured by a saddle coil or a magnetic probe. But for 
determination of the toroidal Beta, from approximation for 



4  A. Salar Elahi et al.:  Plasma Equilibrium in Presence of the Poloidal Flow in Tokamaks 
 

 

the ohmically heated tokamaks, we have: 
 2 2/ .t p qβ ε β ∗=               (22) 

There are two methods for determination of the poloidal 
Beta: diamagnetic loop method, and magnetic probe method. 
We used the first method. The diamagnetic loop consists of a 
simple loop that links the plasma column, ideally located in a 
poloidal direction in order to minimize detecting the poloidal 
field. In cases of the ohmically heated tokamaks (low beta) 
where the plasma energy density is small compared to the 
energy density of the magnetic field, the change in the total 
toroidal magnetic flux is small. Therefore a reference signal 
equal to the vacuum toroidal magnetic flux is usually sub-
tracted from it, giving a net toroidal flux equal to the dia-
magnetic flux D∆Φ  produced by the circular plasma. Rela-
tion between the diamagnetic flux and the poloidal beta 
derived from simplified equilibrium relation [4]: 

0
2 2
0

8  B
1p D

pI
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


                  (23) 

where ,vacuum T O V EΦ Φ Φ Φ Φ= + + +  

 
Figure 3.  Positions of the diamagnetic loop with its compensation coil on 
outer surface of the IR-T1 Tokamak Chamber 

and where 0Bϕ  is the toroidal magnetic field in the ab-
sence of the plasma which can be obtained by the magnetic 
probe, pI  is the plasma current which can be obtained by 
the rogowski coil, TΦ  is the toroidal flux because of tor-
oidal field coils, OΦ  and VΦ  are the passing flux through 
loop due to possible misalignment between ohmic field and 
vertical field and the diamagnetic loop and EΦ  is the tor-
oidal field due to eddy current on the vacuum chamber. 
These fluxes can be compensated either with compensation 
coil or fields discharge without plasma. It must be noted that 
compensating coil for diamagnetic loop is wrapped out of the 
plasma current, and only the toroidal flux (which is induced 
by the change of toroidal field coil current when plasma 
discharges) can be received (see Figure (3)). As shown in Eq. 
(23) the diamagnetic loop signal contains two parts, plasma 
diamagnetic flux and the vacuum toroidal flux. So the dia-
magnetic flux D∆Φ  caused by plasma current can be 
measured from the diamagnetic and compensating coil using 
subtraction.  

Table 1.  Main Parameters of the IR-T1 Tokamak 

Parameters Value 
Major Radius 45 cm 
Minor Radius 12.5 cm 
Toroidal Field 〈 1.0 T 
Plasma Current 〈 40 kA 
Discharge Time 〈 35 ms 
Electron Density 0.7-1.5× 10 13  cm 3−  

By substituting the toroidal beta obtained from diamag-
netic loop, plasma current measured using the Rogowski coil, 
vacuum toroidal field obtained from diamagnetic loop, the 
average vertical field obtained from Saddle coil, and dif-
ferent values of Alfvenic Mach number in Eqs. (15), (18), 
and (19), magnetic flux surfaces and displacement of plasma 
column center obtained as shown in Figures (4), (5), (6), and 
(7). 

 
Figure 4.  Magnetic Flux Surfaces for t=15ms in target shot in IR-T1 
tokamak, in case of Alfvenic Mach number ( APM ) equal to zero.  

 
Figure 5.  (a) Plasma Current, (b) Toroidal Magnetic Field, (c) Toroidal 
Beta, and (d) Horizontal Displacement (H.D.) in case of that Poloidal 
Alfvenic Mach number ( APM ) equal to zero in IR-T1 tokamak 
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Figure 6.  Effects of Alfvenic Mach number ( APM ) on Horizontal Dis-
placement (H.D) in IR-T1 Tokamak, (a) Plasma Current, (b) H.D in case of 
that APM =0.5 (c) H.D in case of APM =0.8, and (d) H.D in case of APM  
=0.99. Increasing the values of the APM , flow produce outward force 
(plasma column displacement is increased in outward direction) 

 
Figure 7.  Effects of Alfvenic Mach Number (AMn) on Horizontal Dis-
placement (H.D) in IR-T1 Tokamak, (a) Plasma Current, (b) H.D in case of 
that APM  =1.1 (c) H.D in case of APM  =1.5, and (d) H.D in case of 

APM  =1.8. Increasing the values of APM  from 1, flow produce inward 
force (plasma column displacement is inverted). 

5. Summary and Conclusions 
In this paper we presented analysis of dynamic equilib-

rium properties of tokamaks, in particular deriving a modi-

fied relation for the Shafranov shift in the presence of 
Alfvenic poloidal flow and external vertical field, for large 
aspect ratio and low beta tokamaks. Results demonstrated 
experimentally on the IR-T1, which is the large aspect ratio 
and ohmically heated tokamak. In the presence of Alfvenic 
poloidal flows, singularity in equilibrium observed. By in-
creasing the value of Alfvenic Mach number from zero, flow 
produces outward force. In the transition of flow speed be-
tween lower to upper than the Alfven speed, the Shafranov 
shift can be inverted due to inward force produced by flow. 
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