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Abstract  The inverse Kinematics problem and obtaining its solution is one of the most important problems in robotics. It 

is quite complex, due to its non-linear formulations and having multiple solutions. It is not possible to formulate the solution 

of inverse kinematics problem in closed form, for all kind of robot configuration or for robots with high degrees of freedom. 

In the present work, an iterative technique to the IK problem solution of the serial manipulator is proposed. Iterative formulae 

for IK of 2-link and 3-link planar manipulators are presented. Joint variables for 2-link and 3-link manipulators are calculated 

using the present technique and compared with the exact one. The relative error is calculated for different iteration numbers. 

The results prove that the proposed algorithm is simple and efficient. The present technique can be applied to the serial 

manipulator with high degrees of freedom. 
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1. Introduction 

Kinematic problem solution is the first step for controlling 

the robot to carry out the desired task. Robotic manipulators 

are of many types; here only open chain serial manipulator is 

considered. Firstly, forward kinematics is evaluated, which 

can be easily analyzed using the Denavit-Hartenberg 

parameter. Next step is to evaluate inverse kinematics for 

obtaining joint variable for the defined pose of the robot. 

Closed form or analytical solution is the simplest one for 

inverse kinematics. But, it is not possible to obtain the 

analytical relation between joint variables and robot end 

effector position and orientation for all robot configurations, 

especially in case of high degrees of freedom manipulator 

due to its non-linear behavior. So, it is required to solve the 

inverse kinematics problem using another method. 

There are several techniques for solving IK problems. 

These include; cyclic coordinate descent methods [1], 

quasi-Newton and conjugate gradient methods [1,2,3], and 

neural net and artificial intelligence methods. Utilization of 

Neural network (NN) and Fuzzy logic to solve the inverse 

kinematics problems is much reported in [4-9]. Li-Xin Wei 

et al. [10] and Rasit Koker et al. [11] proposed neural 

network based inverse kinematics solution of a robotic 

manipulator. 

The cyclic coordinate descent method (CCD) is so popular 

because it is fast computationally, simple algorithmically, 
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and straight-forward technique for generating IK solutions 

that can run at interactive frame rates. 

S R Buss [12] presented various Jacobian based methods 

demonstrating Pseudoinverse method being computationally 

fast but quality of approximation is poor. Pseudoinverse 

method gives very great end effector velocity near the 

singularity and also when the target is out of work space.   

M. R. de Gier [13] used Jacobian Pseudoinverse method  

for controlling robot having 6 DOF for application of 3D 

printing. It is noticed that, complexity in getting closed  

form solution increase with increase in DOF. In Jacobian 

Pseudoinverse method, the position is obtained by 

integrating the velocity as a result there would be a small 

drift in the solution, which can be reduced by reducing step 

size. 

Jacobian transpose method is the simplest one because   

it utilizes Jacobian transpose instead of Jacobian inverse. 

This reduces the computation of matrix inversion. The main 

advantage of this method is faster convergence, minimum 

computation, and less complexity. The Jacobian inverse 

method requires large computation for matrix inversion but it 

has fast convergence property [13]. This method is not very 

popular due to limitation as stated before. It has another 

limitation during singularity, when Jacobian loss its full-rank 

and Jacobian inversion becomes impossible or gives large 

velocity near to singular configuration. Jacobian matrix is of 

size (6 x n), where n is the number of degree of freedom.   

So, when the degree of freedom is less than 6 the Jacobian 

matrix becomes rectangular or not of full rank. As a result, 

calculation of Jacobian inverse becomes impossible. So, 

Moore Penrose inversion is the best possible approximate 

solution also known as pseudo inversion.  
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The major common problem in the previous methods    

is a poor performance during singularity, which can be 

efficiently handled by Damped Least Square (DLS) method, 

by introducing a damping factor [14]. The damping    

factor damps the large velocity near singularity which makes 

the system robust against singularity. Also, the poor 

performance during singularity can be avoided by using a 

numerically stable technique for approximation.  

Ignacy Dule et al. [15], had made a comparative study for 

various Jacobian based methods i.e. Jacobian transpose, 

Jacobian pseudo-inverse, Damped least square method 

(DLS), Modified Damped least square method and 

approximation methods. The comparison is done on the basis 

of a number of elementary operations to compute iteration. It 

is shown that Pseudoinverse requires large operation 

followed by damped least square method and followed by 

Jacobian transpose method. This method is computationally 

cheapest and damped least square method is more better with 

bit more computational cost. Similarly, in comparison based 

on time consumed for computation, Pseudoinverse takes 

maximum computation time followed by DLS and Jacobian 

transpose method for movement of the end effector on a 

specific path.  

Dereli et al. [16] used two variants of particle swarm 

optimization (PSO) to calculate the inverse kinematics of a 

new 7-revolute jointed robot arm. The results obtained with 

Random Inertia Weight and Global Local Best Inertia 

Weight, are compared with the standard PSO. The PSO 

variables are much more effective than the standard PSO. 

Dereli et al. [17], proposed a quantum behaved particle 

swarm algorithm for inverse kinematic solution of a 

7-degree-of-freedom serial manipulator and the results have 

been compared with other swarm techniques such as firefly 

algorithm (FA), particle swarm optimization (PSO) and 

artificial bee colony (ABC). The Quantum behaved PSO  

has yielded results that are much more efficient than standard 

PSO, ABC and FA. The advantages of the improved 

algorithm are the short computation time, fewer iterations 

and the number of particles. 

In the present work, an algorithm to the IK problem 

solution of the serial manipulator is proposed. Iterative 

formulae for IK of 2-link and 3-link planar manipulators are 

presented. Joint variables for 2-link and 3-link manipulators 

are calculated using the present technique and compared 

with the exact one. The relative error is calculated for 

different iteration numbers. The results prove that the 

proposed algorithm is simple and efficient. The present 

technique can be applied to the serial manipulator with high 

degrees of freedom. 

2. Forward Kinematics (FK) 

2.1. FK of 2-link Planar Manipulator 

The forward kinematics of 2-link planar manipulator   

can be obtained directly from geometry Fig. 1. The position 

coordinates (x, y) of the end effector is given in equations (1) 

and (2). 

x = 𝑙1cos𝜃1 + 𝑙2cos(𝜃1 + 𝜃2)          (1) 

y = 𝑙1sin 𝜃1 + 𝑙2sin(𝜃1 + 𝜃2)          (2) 

 

Figure 1.  2-link planar manipulator 

 

Figure 2.  3-link planar manipulator 

2.2. FK of 3-link Planar Manipulator 

The forward kinematics of 3-link planar manipulator can 

be obtained directly from geometry Fig. 2. The position 

coordinates (x, y) of the end effector is given in equations (3) 

and (4). The orientation of the end effector is given by 

equation (5) 

x = 𝑙1𝑐𝑜𝑠(𝜃1) + 𝑙2cos(𝜃1 + 𝜃2) + 𝑙3cos(𝜃1 + 𝜃2 + 𝜃3)(3) 

y = 𝑙1𝑠𝑖𝑛(𝜃1) + 𝑙2sin(𝜃1 + 𝜃2) + 𝑙3sin(𝜃1 + 𝜃2 + 𝜃3) (4) 

∅ = 𝜃1 + 𝜃2 + 𝜃3                                (5) 

3. Inverse Kinematics 

3.1. IK of 2-link Planar Manipulator 

The iteration formula for joint variables of the 2-link 

planar manipulator can be written in terms of the position 

coordinates (x, y) of the end effector as: 

𝜃1
𝑘 = 𝑡𝑎𝑛−1 𝑦− 𝑙2𝑠𝑖𝑛 (𝜃1

𝑘+𝜃2
𝑘)

𝑥− 𝑙2𝑐𝑜𝑠 (𝜃1
𝑘+𝜃2

𝑘)
           (6) 

θ2
𝑘 = −θ1

𝑘 + tan−1 y− l1sin θ1
𝑘

x− l1cos θ1
𝑘          (7) 

3.2. IK of 3-link Planar Manipulator 

The iteration formula for joint variables of the 3-link 

planar manipulator can be written in terms of the position 
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coordinates (x, y) of the end effector as: 

θ1
𝑘 = tan−1 y− l2sin  θ1

𝑘−1+θ2
𝑘−1 − l3sin  θ1

𝑘−1+θ2
𝑘−1+θ3

𝑘−1 

x− l2cos (θ1
𝑘−1+θ2

𝑘−1)− l3cos (θ1
𝑘−1+θ2

𝑘−1+θ3
𝑘−1)

    (8) 

θ2
𝑘 = −θ1

𝑘−1 + tan−1 y− l1sin θ1
𝑘−1− l3sin  θ1

𝑘−1+θ2
𝑘−1+θ3

𝑘−1 

x− l1cos θ1
𝑘−1− l3cos  θ1

𝑘−1+θ2
𝑘−1+θ3

𝑘−1 
  (9) 

θ3
𝑘 = θ1

𝑘−1 − θ2
𝑘−1 + tan−1 y− l1sin θ1

𝑘−1− l2sin  θ1
𝑘−1+θ2

𝑘−1 

x− l1cos θ1
𝑘−1− l2cos (θ1

𝑘−1+θ2
𝑘−1)

 (10) 

If the orientation of the end effectors is specified, the 

iteration formula for joint variable θ3 is given by eq. (11). 

θ3
𝑘 = ∅ − θ1

𝑘 − θ2
𝑘               (11) 

4. Results and Discussion 

4.1. 2-link Planar Manipulator  

The iteration formulae for joint variables of 2-link planar 

manipulator given in equations (6) and (7) are applied to 

obtain the inverse kinematics of 2- link planar manipulator. 

Given an initial value to joint variable θ1, the joint variable θ2 

is calculated. Using the obtained θ2 to calculate θ1 and repeat 

until certain acceptable error. The configuration of 2-link 

planar manipulator with 𝑙1 = 5 and 𝑙2 = 3 are shown in 

Fig. 3. The coordinates are x = 6 and y = 4. The absolute 

error in x and y coordinates, is specified to be less than 10-3. 

The initial vlue of θ1 is zero. 

The absolute error in the x and y coordinates with the 

number of iterations is presented in Table 1. It is obvious 

from the results that the method is highly convergent. The 

error is exponentially decreasing as shown in Fig. 4. 

 

Figure 3.  Configurations of 2-link planar manipulator for different iterations 

 

Figure 4.  Variation of error in x and y coordinates with the number of iterations for 2-link planar manipulator 
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Table 1.  Error in the x and y coordinates with the number of iterations for 2-link manipulator 

No of iteration 6 9 11 13 15 18 

εx 9.4661e-04 4.4081e-05 5.7124e-06 7.4032e-07 9.5945e-08 4.4764e-09 

εy 0.0023 1.0580e-04 1.3710e-05 1.7768e-06 2.3027e-07 1.0743e-08 

Table 2.  Values of θ1 and θ2 with iteration number for 2-link manipulator 

Iter # 1 2 3 4 5 6 7 8 

θ1 0 11.6762 13.4431 13.9721 14.1515 14.2147 14.2374 14.2455 

% εr 100 18.06194 5.66267 1.95040 0.691456 0.247948 0.08865 0.031808 

θ 2 75.9638 58.0553 54.7215 53.6834 53.3269 53.2006 53.1555 53.1392 

% εr 42.97695 9.27007 2.99528 1.04140 3.70E-01 1.33E-01 4.78E-02 1.71E-02 

Table 2.  Values of θ1 and θ2 with iteration number for 2-link manipulator. Cont. 

Iter # 9 10 11 12 13 14 15 16 

θ1 14.2484 14.2494 14.2498 14.2500 14.2500 14.2500 14.2500 14.2500 

% εr 1.15E-02 4.44E-03 1.63E-03 2.29E-04 2.29E-04 2.29E-04 2.29E-04 2.29E-04 

θ 53.1334 53.1313 53.1305 53.1303 53.1302 53.1301 53.1301 53.1301 

% εr 6.21E-03 2.25E-03 7.48E-04 3.72E-04 1.84E-04 4.42E-06 4.42E-06 4.42E-06 

 

Figure 5.  Effect of initial value on the 2-link manipulator configuration 

The values of joint variables θ1 and θ2 with iteration 

number are presented in Table 2. The relative error (εr) for 

each iteration is presented. The exact values of θ1 and θ2 are 

θ1 = 14.2500327° and θ2 =53.13010235°. 

The initial value of θ1 is arbitrary, and the solution is 

highly convergent to the nearest configuration. The only 

exception is if the target position near the singular position 

and the initial value of θ1 equals tan-1(y/x). If the target 

position is (2, 2)T say, and the initial value of θ1 is 45° the 

robot can’t reach to the target position. Slight changes in the 

initial value of θ1 avoid this status. Fig. 5 shows the 

configurations of the manipulator if the initial value is     

44° and 46°. The manipulator goes to the elbow-down 

configuration for 44° initial value and goes to elbow-up 

configuration for 46° initial value. The error is 10-6. 

4.2. 3-link Planar Manipulator  

The iteration formulae for joint variables of 3-link planar 

manipulator given in equations (8), (9) and (10) are applied 

to obtain the inverse kinematics of 3- link planar manipulator. 

Given an initial value to joint variable θ1 and θ2, the joint 

variable θ3 is calculated. Using the obtained θ3 to calculate  

θ1 and θ2, then repeat until certain acceptable error. The 

configuration of 3-link planar manipulator with 𝑙1 = 5 , 

𝑙2 = 3 and 𝑙3 = 2 are shown in Fig. 6. The coordinates are 

x = 7, and y = 6. The absolute error in x and y coordinates, is 

specified to be less than 10-6. The initial vlue of θ1 is zero. 

The absolute error in the x and y coordinates with the 

number of iterations is presented in Table 3. It is obvious 

from the results that the method is highly convergent. The 

error is exponentially decreasing as shown in Fig. 7. 
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The values of joint variables θ1, θ2 and θ3 with iteration 

number are presented in Table 4. The absolute and relative 

errors are presented. 

 

Figure 6.  Configurations of 3-link planar manipulator for different iterations 

 

Figure 7.  Variation of error in x and y coordinates with the number of iterations for 3-link planar manipulator 

Table 3.  Error in the x and y coordinates with the number of iterations for 3-link manipulator 

No of iteration 6 8 11 13 15 18 

Error in x coord. εx 6.4655e-04 8.7826e-05 4.4175e-06 6.0212e-07 8.2074e-08 4.1304e-09 

Error in y coord. εy 0.3900e-03 5.3019e-04 2.6707e-05 3.6406e-06 4.9625e-07 2.4973e-08 

Table 4.  Values of θ1, θ2 and θ3 with iteration number for 3-link manipulator 

Iter # 1 2 3 4 5 6 7 8 

θ1 0.0000 42.9317 41.9348 41.4535 41.2587 41.1842 41.1556 41.1441 

% error εr N/A 100 2.3862 1.1530 0.47716 0.18425 6.9188E-2 2.570E-2 

θ2 0.0000 -27.3415 -27.1525 -27.0092 -26.9462 -26.9233 -26.9118 -26.9061 

% error εr N/A 100 0.7039 0.5173 0.2407 9.676E-2 3.686E-2 1.377E-2 

θ3 99.4597 60.2923 63.8791 65.4146 66.0162 66.2397 66.3256 66.3600 

% error εr N/A 64.9625 5.6161 2.3411 0.9116 0.34378 0.12795 4.738E-2 
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Table 4.  Values of θ1 and θ2 with iteration number for 3-link manipulator. Cont. 

Iter # 9 10 11 12 13 14 15 16 

θ1 41.1384 41.1384 41.1384 41.1384 41.1384 41.1384 41.1384 41.1384 

%error εr 9.513E-3 3.515E-3 1.298E-3 4.794E-4 1.770E-4 6.534E-5 2.413E-5 8.907E-6 

θ2 -26.9061 -26.9061 -26.9061 -26.9061 -26.9061 -26.9061 -26.9061 -26.9061 

% error εr 5.105E-3 1.887E-3 6.973E-4 2.575E-4 9.508E-5 3.510E-5 1.296E-5 4.785E-6 

θ3 66.3714 66.3772 66.3772 66.3772 66.3772 66.3772 66.3772 66.3772 

% error εr 1.751E-2 6.468E-3 2.388E-3 8.818E-4 3.256E-4 1.202E-4 4.438E-5 1.638E-5 

 

Figure 8.  Effect of initial values of θ1 and θ2 on the 3-link manipulator configurations 

Table 5.  Values of θ1, θ2 and θ3 of 3-link planar manipulator for exact and present solutions 

Joint Variables θ1 θ2 θ3 

Manipulator 

Configuration 

Elbow-up 

Present Technique 75.256399565186499 -72.110653339522145 26.854253774335646 

Excat Solution 75.2563995651971 -72.1106533395283 26.8542537743312 

Relative error εr 1.42191E-13 8.59226E-14 1.63783E-13 

Elbow-down 

Present Technique 23.776131258239133 72.110653339292313 -65.88678459753144 

Excat Solution 23.7761312580947 72.1106533395283 -65.886784597623 

Relative error εr 6.07332E-12 3.27274E-12 1.39031E-12 

 

Figure 9.  Effect of initial values of θ1 and θ2 on the 3-link manipulator configurations 

The initial value of θ1 and θ2 are arbitrary, and the solution 
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which is the green configuration. Elbow up-elbow down 

configuration corresponds to θ1 = 0° and θ2 = 0° which is the 

red configuration. The error in each case is less the 10-8. 

If the orientation of the end effector is specified, the 

inverse kinematics equations are (8), (9) and (11). The 

inverse kinematics results for 3-link planar manipulator, 

knowing the end-effector orientation is shown in Fig. 9. The 

values of θ1, θ2 and θ3 are presented in Table 5. The target 

position is (x, y) = (6, 6). The orientation angle ∅ is 30°. 

The joint variables θ1, θ2 and θ3 are obtained using the 

present technique with error adapted to be less than or equal 

10-12 and compared with the exact one. The number of 

required iterations is 18. It is clear that the present technique 

is highly convergent and power full tool to find the inverse 

kinematics parameters of 3-link planar manipulator. 

The initial value of θ1 is 90° and θ2 is 0° for elbow-down 

configuration. The initial value of θ1 is 0° and θ2 is 0° for 

elbow-up configuration as shown in Fig. 9. 

5. Conclusions 

The mapping from the Cartesian space to the joint space is 

done by the iteration technique. An iteration algorithm to the 

IK problem solution of the serial manipulator is proposed. 

The iteration formulae for the IK of 2-link and 3-link planar 

manipulator are presented. The benefit of this method is  

that it is very simple and it can be used with any other   

serial robotic arm. Joint variables for 2-link and 3-link 

manipulators are calculated using the present technique and 

compared with the exact one. The relative error is calculated 

for different iteration numbers. Results show that the method 

is highly convergent and stable. Its convergence rate is 

exponentially as shown in the figures. The advantage of the 

method is that it easily tractable close to the singular 

configurations of the manipulator. Results of the application 

of the method on 2-link and 3-link manipulators are shown 

and clearly show that the technique is simple and accurate. 
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