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Abstract Bellows expansion joints are widely used in the piping system to take care of any expansion and contraction that
the pipe undergoes due to variations in temperature and pressure. It is often observed that piping systems in industrial plants
are often subjected to deformation caused by thermal expansion, vibrations from rotating machinery and improper location of
pipe supports. It is a practice to install Polytetrafluoroethylene (PTFE) expansion bellows in all such applications, as they
have the ability to absorb expansion and shocks. The influence of pressure and end conditions of metallic bellows has been
dealt by researchers in the past. However, very scanty information is available and is propriety, on vibrations of PTFE
bellows. The influence of pressure and temperature on vibrations of PTFE bellows expansion joint, forms the basis of the
present study. A mathematical model is developed for PTFE bellows expansion joint installed in a pipeline carrying fluid by
considering the end conditions as fixed. The bellows are treated both as a Timoshenko beam model. Analytical results are
obtained for combined effect of pressure and temperature on the frequency and were found to be significant. The
transcendental equation for estimation of transverse vibrations of bellows is derived using the Hamilton’s Variation Principle
and energy expressions. It is observed that as the fluid pressure and temperature increases, the transverse vibrations of PTFE
bellow decrease. The frequencies for four modes of vibration were validated by conducting experiments on a PTFE bellow
installed in the pipeline and fluid conveying (water) at different pressures and temperatures. The results are found to be in
good agreement.
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bellows expansion joints for stress-strain relationship,
buckling, and wave characteristics. Several researchers have
employed the continuum-based theories to study the

1. Introduction

In recent times, non-metallic bellows expansion joint has
been found to be more compatible with many potential
industrial applications, particularly in piping systems for
fluid conveying. This is because of its good mechanical,
chemical and thermal properties at par with any metallic
expansion joint. Several types of continuum-based elasticity
theories were modeled as an elastic corrugated cylindrical
tube representing a bellows expansion joint, and the
mechanics and dynamic response of bellows expansion joint
were studied.

The Euler-Bernoulli and the Timoshenko beam theory
have been employed to investigate structural properties of
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vibration behavior of metallic bellows expansion joins filled
with fluid. Anderson [1, 2] used the asymptotic solution
given by Clark [7], to develop solutions for deflection
stresses in U-shaped bellows. He also introduced corrections
to compensate for the approximations suggested by Clark [7].
Gerlach, C. R [9] studied the influence of internal moving
fluid as flow induced vibrations of metal bellows based on a
continuum elastic model. In 1972, Bass and Holster [6]
extended the work of Gerlach to study the vortex excitation
of metallic bellows with internal cryogenic flows. It was
found that internal cavitation or boiling due to heat transfer
in the formation of frost or condensation on outside of
bellows convolutions had the effect of damping the
vibrations. Azar.R.C, Chadrashekar.S, and Szaban.P [3]
developed a computer program in determining the axial
vibrations of metallic bellows to improve the performance of
bellows by altering the spread of its natural frequencies
thereby avoiding resonance. They argued that the earlier
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techniques for determining the bellows stiffness use either
the beam theory or the theory of plates and shells. The first
approach, according to them was over simplification while
the second method derives equations that are difficult to use.
Hence, they derived equations based on the Curved Beam
Theory. The computer program developed by them uses the
Holtzer method in determining the natural frequencies and
mode shapes for the axial vibration. In 1986, The EJMA [4]
also provided a simplified method for calculating the natural
frequencies of bellows. The approach followed by EJMA is
on the assumption that bellows can be considered as a
continuous elastic rod. Becht [5] has brought out an excellent
survey of the developments of numerical and theoretical
methods for predicting the response of bellows. The
state-of-the—art was assessed to cover the earlier work of
1940 and that the directions requiring further development
were discussed. Rockwell and Naudascher [8] in their
review work suggested that the actual excitation mechanism
in the bellows is probably the free shear layer instability over
the periodic cavities created by the bellows convolutions. Li
et al. [10] developed equations that are used to calculate the
axial and lateral natural frequencies of a single bellow with
three types of end connections. Jakubauskas et al. [11-13]
examined the axisymmetric axial vibrations and in-fluid,
natural frequencies by considering the effect of added mass
for Metallic bellows expansion joint (MBEJ) bellows mode.
Added mass influence was studied at the transverse rigid
body motion and distortion of the convolution bending, and
developed an analytical expression in the form of Rayleigh
quotient, suitable for determination of transverse natural
frequencies. Broman et al. [14] examined and developed a

Deformed beam

Original beam

procedure determining the dynamic characteristics of
bellows by using certain parameters of the beam using
I-DEAS. Radhakrishna M et al. [15, 16] studied the
transverse vibrations of bellows with elastically restrained
end conditions.

The present paper applies the Timoshenko beam theory, to
study the influence of pressure and temperature on the
fundamental frequency of fluid conveying PTFE bellows
expansion joint with fixed boundary conditions.

2. Mathematical Model and Analysis

A schematic diagram of a PTFE bellows expansion joint
embedded in elastic medium with the two ends fixed for
conveying fluid, is considered as a hollow corrugated tube as
shown in Fig. 1. The transverse displacement ‘w’ of the
PTFE bellows expansion joint is dependent on time- ‘t’ and
the spatial coordinate-‘s’.
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Figure 2. Bending of the beam element
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Figure 3. Beam elements with (a) shear, (b) bending and (c) total deformation
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Here Bi =

Fig. (3)(a). The fibers are located in an element at a distance
as a ‘z from the centerline. The shear deformation has
no effect to cause any axial displacement. Hence, the
components of displacement can be expressed as

u=-z (Z—V:—Bi) = —z¢(x,t),v=0and w = w(x,t) (1)

ows
. is shear deformation or shear angle in

The PTFE bellows expansion joint has an equivalent
bending rigidity EI and length L with the crown and root
radii of R; and R, and a thickness, t [3-5]. The governing
equation of motion for free vibration of the fluid-conveying
pipe is derived by applying the Timoshenko elastic theory.

The components of stress and strain are represented using
the displacements as given in equation (1).

a9 a9
Oxx = _EZE y Exx = _Za (2)
a [é]
zx=KG(%_®);sz= o+_W 3)
Eyz = Exy = Eyy = £z = Oyy = Oz = Ogy = Oyy = 0
4)

The strain energy of the system is expressed as
1
T = Efffy( Oxx€xx T Oyy Eyy T 07 €1, 0xyExy
+0y,€y; + 0zx€5x)dV
1l
m = EIO ffA(O-xxgxx + Ozx€sx)dA. dx (5)
On the substitution of equations 2, 3 and 4
1l a9\? aw 2
o=, [Ez2 (Z) + k6 (2 -0) ]dA. dx
_ 1l 2 (29’ w _ )
Ly, [EAZ (Z)" + ka6 (%~ o) ] dA.dx (6)

Equation (6) is written as AZ?= I, where I is the moment
of inertia of the bellow

1l a0\? 2 2
=1 [EI (%) + k4G (52— o) ] dx 7
Strain energy due to Pressure,
_ 1.l 2 (0w 2
2 [Pan (5) ] dx (8)
The Stain energy due to temperature
1l w2
Ty =1 [E.aC.AT (5) ]dx 9)
In adding of equations 6, 7, 8 and 9 the total strain energy
equation

mT=m,+m,+ 7r3
n=1] [EI (%) +KAG(——(Z) ]dx
+2 [\[PnRy? + E.a..AT] (g) dx (10)

Kinetic energy is

! w2 )
T = %fo [(mp +my) (a—?) — 2mgUsinf a_‘/:] dx

£l l(@)z
+-2 N —) dx

+%fol [(mp +my) (Z—‘:)Z + 2m;Ucos6 %] dx

2
my ool Pl (62@)

+—, Uldx += [ (55;) dx (11)

Now eliminating non-linear terms and sinf = z—:}

=Ll [Femu 2 ax + 22 (2 ax

+1; [(mp +my) (22) ] dx + 2L ! (ax:t)z dx (12)

Applying the virtual work principle, we have

VW = f fw dx— | meZ( )cos@dx

-/ mez( )Slanx (13)

And elimination of non-linear terms and cosf and sinf
VW = — [ m,U? (‘;—“:)2 dx (14)

Substituting in Hamilton Principle gives
Sfttlz[n—T—VW]dt =0 (15)
ft’f [67 — 6T — S(VW)]dt = 0 (16)

Consider
[Zomar = [ [, [E1(3) 6 ()] dx e
+ 02 [ kAG (5 0) 5 (55— 0) dx dt
+ 2 f[PrR? + E. . AT] (55) 8 ("—W) dt

[Zomar = [7|{E1(5) 6 } - [ E15S 5(z)dx] dt

+J,7|{reac (2 - o) 5@}

+J2 [, kAG (22— 0) s0dx dt

- [ kAG (" v ]dt

J2H{ PR + E.a.. AT]( )6w}

- f [PR,? + E. . AT] ~ Swdx]dt (17)

The Kinetic Energy term is

fff(sTdt = —J2[fy 2muSE 552 x| dt

+ppl J, [ol%‘ga@d ]

+my 4 my) 17 (0505 ] ae

+psl f [f (axat) (Bxat) ]dt

J;2 6T dt =

- {meUE;—‘;V(gW}l - me%é‘wdx] dt
+o,1 [2[{250). ~ 122 60dx | e

+my +my) [ |22 o), - 2 bwa] a
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+ppl J [{(@) @} - aizgtéfbdx] dt (18

Consider the virtual work

12 s@wyde = — [ f[mu (35) 6 (55) dx] ae
:_ fttlz {
On substitution of 17, 18, and 19 in 16 gives
12 1{E (%) 5@} ~ [ E122 50dx ] dt

+ 5,7 |frac (2 - o) 5@}

—5w} fme2—6wdx]dt (19)

- [1ka6 (2 - 2) ow ax] ae
+J,2 fy kAG (2 - 0) 60dx dt

+ [ [{[PnRy? + E.c.aT] (2 )5w}

— [;[PnRy? + E..AT] —“2” 8wdx]dt

+2 [femevSeow) - fam S
+pol I} [{ }
+(mp+mf)ft2[ & }
+op1 2] {(Gm) 2 Q’}

+ft2 {mez—(Sw} fmez—éwdx]dt—O

6de] dt
- ;52 60dx| dt

f”’—ws dx] dt

-2 6(Z)dx] dt

ox
(20)
Now considering terms dwdxdt
?*w 92
kAG (55— 22) = [PrRy? + E. . AT] S5
92w %w 20%w
—me@ — (mtot)ﬁ + me m =0
22w
-(kAG + PrR,,* + E.a. AT + m;U?) —
0%w 92w
+kAG——2mfa P ( wt)mz 0
_ 2 22w
kAG = ( kAG + PrRy,” + E. o0 AT + mU?) =
+2mf o ot (mtot) 6t2 (21)
Divide with KAG
9 _ 14 Pan2+E.a.AT+me2)aZ_W 2myp 92w | mepr 92w
ox kAG ox2 KAG 0x0t | KAG 0tZ
(22)
Now consider term §@dxdt
EI1Z2 — kA6 2 + kAGD + p,1 22 =0 (23
oaxz _+ +ppl otz Pp 26t (23)

The equation (23), on differentiation with respect to dx

EI—Z(—) kAG 2% + kaG (2)

9x2 \ox

+nl 52 (30) = ool e (5) = 9

o ap . .
On substitution of £ in equation (24), we get

EIl <+

—kAG

Mtot 64W
kAG 9x29t2

PR +E.aAT+msU?\ 9*w
kAG ox*

+kAG—

2
+(P7rR +E. o AT + meZ) o

_+2mea o= ~ 4 (mp + mf) 512
g0t Mo dtw
Pul axzorz Prlag aer 0 25)

Eliminating non-linear terms

a* 0
EIS— — (ppl + EI-% ty TV (my +my) 2

kAG”’ dx Zatz ot?

2 2w
+(PRy? + E. 0. AT + myU?) 2 s

Mteot a4W

_+2me P" kaG ot

oot =0 (26)

Now, boundary conditions with respect to dw

KAG (22— 9) — [PrR,? + E. .. AT]| 2

a
+2mU=" =0 27)
ow 2 ow
kAG (5) — kAGD — [PTR,? + E. .. AT] 2=
+2m U2 =0 (28)

In equation (26) the rotary inertia and shear is calculated
as 5.2508e-11 and 0.7615e-3 respectively. As the shear
component is very negligible, it has been neglected.
Similarly, the effect of fluid velocity up to 10 m/sec [3] for a
short beam has also been neglected.

The equation (26) can be rewritten as-

o*w 2 22w o*w
ElS 5+ (PnR +E. 0 AT +) o — [ 5

+(mb + mf) FYS) =0

29)
Where EL P, T, E, J, w, X, m,, m; are bending stiffness,
pressure, temperature, modulus of elasticity, total mass
moment of inertia per unit length, deflection, axial
coordinate, the mass of bellow and the mass of the fluid.
According to Y. Yan et al. [17] the dimensionless
parameters are defined as follows. The magnitude of the
dimensionless numbers indicates the relative effect of
pressure and temperature on the system
PAL?

'y mtot_mb Tmen=—]-

)

EaCATL w?L? Meorw?

¢= ¢_ El and A = El

Accordlng to Jakubauskas et al. [12] divide the Equation.
(29) with EI and substitute equation (30), the governing
differential equation of motion can be reduced to the
following the dimensionless form

*w %w %w
T+ DS +éd— - €2y

Using the technique of separation of variables, the lateral
deflection of the bellows axis ‘w’ can be expressed as

(30)

fw=0
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w(x, t) = X(x).T(t) and T(t) = A et (32)

Differentiating the above equation (30) and substituting
into the differential equation (31) we get,

2*x %X 2Mrot g _
ax4+(n +{+¢) X oz @ X=0 (33
Ife=J/(n+{+9), (34)
Then equation (33) can be written as
el 2c a2 A*X=0 (35)

Assuming a general solution of the equation (35) is given
by
X(x) =A sinh (ax) + B cosh (0x) + C sin(x) + D cos(px)
(36)
Where A, B, C, D are arbitrary constants respectively. The
first two derivatives of the equation (36) are as follows

LB-A 0 cosh (ax) + B. sinh (ax)

+ C.B cos (Bx) + D. B sin (Bx) (37)

Let the roots of the equation (37) be a & B
a=+v—c?2++Vct+ 14 (38)
B=+vcZ+ct+ 24 (39)
And A= *|Teece (40)

El
The fixed-fixed boundary conditions are

w(0,t) = w(l, t) = 208 - LY _ (41)

ox ox
The boundary conditions given by the Equation. (41)
corresponding to conditions of zero displacement and zero
slope at x = 0 and x = L respectively.
The solution of the differential equation (35) can be
expressed as
W(X) = Cewt (42)

Where w is circular frequency and C is arbitrary constant.
On substitution of Equation. (41) in Equation. (37) the
following equation is obtained

A=0 (43)

aB+pBD =0 (44)

A cosh (al)+Bsinh (al)+Ccos (S1)+Dsin (1) =0 (45)
A asinh (al)+Bacosh (al)- C Bsin(Bl)+ DBcos(Bl) =0

(46)
Determinate for the above four equations 43, 44, 45 and 46
1 0 1 0
0 a 0 B B
cosh (al)  sinh (al) cos (BI) sin (B) | 0
asinh (al) acosh (al) —pBsin (fl) Pcos (BI)
(47)

2aB[1 — cosh(al) cos(B1)]
+[(a? — B?)] sinh(al) sin(Bl) = 0 (48)

Equation (48) is closed form the transcendental equation
for finding the natural frequencies of transverse vibration of
single bellow expansion joint. Using the Muller’s bisection
method the characteristic equation (48) is solved for four
modes of vibration.

3. Results and Discussion

In this paper, the free vibration equation of the fluid
conveying PTFE bellows expansion joint is derived by using
Timoshenko elastic theory. The results are obtained by
analyzing the effect of pressure and combined effect of
pressure and temperature of the fluid (water) on the
frequencies at different modes.

3.1. Frequency with Change of Inlet Pressure

Table 1 presents the influence of pressure variation on the
four modes of vibration. The frequencies are obtained in
non-dimensional form. Table 1 and Figure 4 represent the
change of frequency with respect to inlet pressure. Bellows
become wunstable at critical pressure when the
non-dimensional frequency becomes zero. It is found that the
critical pressure of bellows approaches 13 for first mode, 26
for second mode, 49 for third mode and 73 for fourth
respectively. It is found that the bellows are instable.

Table 2 and Figure 5 present the fundamental mode
frequency of the PTFE bellow at different pressures. It is
seen that as the temperature increases for a particular value
of pressure, the frequency decreases. At a pressure of 1 unit
and non-dimensional temperature term parameter { = 18,
the fundamental mode frequency is 1.789; whereas, at a
pressure of 10 units and { =2, the frequency is 7, which
amounts to a decrease of around 74%. It can be inferred that
with a change in temperature, there is every likelihood of
occurrence of failure of the bellow, for a rise in pressure.
This also concludes that the bellow can prematurely fail,
even before attaining the required design temperature.
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Figure 4. Frequency for fur modes by varying of inlet pressure
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Table 1. Fundamental natural frequencies for varying inlet pressure

Influence of Pressure and Thermal Loadings on Transverse

Non dimensional Non dimensional frequency
SNe Pressure (1) Mode-1 Mode-2 Mode-3 Mode-4
1 0 3.06E+01 8.45E+01 1.66E+02 2.74E+02
2 5 2.34E+01 7.54E+01 1.56E+02 2.64E+02
3 10 1.21E+01 6.50E+01 1.46E+02 2.53E+02
4 13 0.00E+00 5.77E+01 1.39E+02 2. 47E+02
5 14 5.51E+01 1.37E+02 2.45E+02
6 15 5.24E+01 1.35E+02 2.42E+02
7 20 3.53E+01 1.22E+02 2.31E+02
8 25 5.90E+00 1.09E+02 2.19E+02
9 26 0.00E+00 1.06E+02 2.17E+02
10 30 9.40E+01 2.06E+02
11 35 7.66E+01 1.93E+02
12 40 5.57E+01 1.79E+02
13 45 2.80E+01 1.63E+02
14 49 0.00E+00 1.50E+02
15 73 0.00E+00
Table 2. Fundamental Mode Frequency at different temperatures and pressures
Non dimensional Mode 1: Non-dimensional pressure units 10,7,5,3,1
temperatures ({) 10 7 5 3 1
Ambeint temperature 12.12166 19.72957 23.41743 2.66E+01 29.3558
1 9.90476 18.47651 22.38401 2.57E+01 28.55417
2 7.00423 17.12692 21.29688 2.47E+01 27.72715
3 0 15.65564 20.14718 2.38E+01 26.87233
4 14.02415 18.92338 2.28E+01 25.98688
5 12.16787 17.60984 2.17E+01 25.06746
6 9.9615 16.18451 2.06E+01 24.11008
7 7.08461 14.61449 1.94E+01 23.10992
8 0.96328 12.84653 1.81E+01 22.06105
9 0 10.78334 1.67E+01 20.95603
10 8.20465 1.52E+01 19.78528
11 425814 1.35E+01 18.53621
12 0 1.15E+01 17.19155
13 9.19E+00 15.72658
14 5.94E+00 14.10362
15 0.00E+00 12.25975
16 10.07401
17 7.24264
18 1.78963
19 0
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Figure 5. Frequency of mode 1 for variation in temperature and different
pressures

3.2. Frequencies for Combined Effect of Pressure and
Temperature for other Modes

Figure 6 presents the frequency for Mode 2 vibration of
the PTFE bellow at different inlet pressures. It is observed
that as the temperature increases for a particular value of
pressure, the frequency decreases. At a pressure of 1 unit and
non-dimensional temperature term parameter { = 38, the
frequency obtained is 11.33; at a pressure of 10 units and
¢=23, the frequency is 10.768, which amounts to a decrease
of around 4%. It is also found that with an increase of
pressure term, 1 = 1 to n =3 the temperature term
decreases, from { =39 atn =l and { =36 at n = 3, which
is a reduction of 7% in change of frequency.

This implies that there is a possibility of failure of the
bellow with respect to change in temperature. This is
applicable to other modes of vibration 3 and 4, as shown in
figures 7 & 8 respectively.

0 2 4 6 8 10
90 T T g T T T T T T 10
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70
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Non-dimensional temperature

Figure 6. Frequency for mode 2 of vibration variation in temperature and
different pressures
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Figure 7. Frequency for mode 3 of vibration variation in temperature and
different pressures
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Figure 8. Frequency for mode 4 of vibration variation in temperature and
different pressures

3.3. Comparison of Theoretical and Experimental
Results

The experimental setup consists of 80mm outer diameter
PTFE bellow which is fixed at both ends and connected
with pipes for fluid flow. A globe valve is used to regulate
inlet pressure and pressure gauges and thermocouples are
mounted to measure the inlet and outlet pressures and
temperatures. A Piezoelectric transducer (Accelerometer) is
installed on the bellow at different positions to obtain
frequencies in terms of velocity and displacement. The
Vibration analyzer, signal records the waveform. Properties
of PTFE bellow for comparing theoretical results are given
below:

Density of PTFE bellows expansion joint is 2300 kg/m?;
bending rigidity 4.4692 NM; the mass of the fluid in the
bellow per unit length is 2.859 kg and the mass per unit
length is 3.7718 kg. Geometric and material parameters:
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diameter of bellow, D, = 80.0mm; thickness of bellow,
t, = 2mm; Pitch of bellow, q = Smm; length of bellow, L =
32.1mm; convolution height of bellow, h = 5.71 mm;
Young’s modulus of the bellows, Eprpg = 1.5x10° N/m?;
Root and crown radius R; = R, = 12.5mm; Coefficient of
thermal expansion o, r, = 12x1075 / deg. C.

Table 3, figures 9 and 10 represent a comparison and
validation of results found by theory and experiments. It is
observed that at 7 1.0 and ¢ =0 (which is room

temperature considered as 30 deg. C) the frequency at Mode
1 is obtained as 29.36 by exact solution and 31.23 from
experiment, which is amounting to a percentage of error of
7%. At n = 1.0 and {=10 (change in temperature of 30 deg.
C), the frequencies obtained for Mode 1 is 19.79 and 21.62
respectively. The experiments were conducted for pressure
of up to 3.0 only, due to the discharge pressure limitation of
the pump.

Table 3. Comparison of theoretical and experimental results

. . . . Non- dimensional Frequency at different modes
Non-dimensional Non-dimensional
Pressure (17) Temperature () Modes Theoretical Experimental Percentage of
error (%)
1 29.36 31.235 7
2 82.75 87.532 5
Room Temperature
3 163.73 174.541 6
4 271.79 288.125 5
1.0
1 19.79 21.625 8
2 71.47 76.956 7
10
3 151.96 163.532 7
4 259.67 265.532 2
1 26.57 28.512 6
2 79.16 83.658 5
Room Temperature
3 159.88 162.542 1
4 267.79 273.023 2
3.0
1 15.18 16.396 7
2 67.825 71.562 5
10
3 147.80 151.563 2
4 255.48 262.156 2
R 300 -
300 4 —— Theoretical Theoretical
- - - - Experimental ------ Experimental
250
250
T 200 27
g g
‘; 150 g 1504
] g
£ 1004 E 100
50 50
0 T T T T T T T T 0 T T T T T T T T
0 1 2 3 4 0 1 2 3 4

Modes

Modes

Figure 9. Comparison of theoretical and experimental frequency at non-dimensional pressure 1.0 unit and room temperature and non-dimensional

temperature 10 units
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4. Conclusions

Vibration analysis of a fluid conveying PTFE bellows
expansion joint under combined effect of pressure and
temperature with fixed ends was studied. Based on the
analysis it was observed that the influence of combined
effect of pressure and temperature on the fundamental
frequency of the fixed PTFE bellows is significant. Results
show that the pressure effect on the frequency becomes
significant with increase in pressure parameter thereon leads
to a decrease in the frequency. The experimental results have
confirmed that the transcendental frequency equation
derived is exact, within the engineering accuracy of less than
10%.

It was studied that any change in temperature for a given
pressure rise, will significantly affect the performance of the
bellow, and might lead to a failure even before the design
conditions are attained.
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