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Abstract  In earlier works, we discussed the Inverse Problem for Binomial Semivalues, with coalitional rationality, and 
the use of Flow Games in the Gas Routing Problem. In the present paper, we apply the techniques shown in connection with 
the first problems, to the second class of practical problems of cooperation in the gas routing activity. 
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1. Introduction 

In a cooperative transferable utilities game ( , ),N v  
where the finite set N  is the set of players, and 

: ( ) ,v P N R→  with ( ) 0,v ∅ =  is the characteristic 
function, defined on ( )P N , the Power Set of ,N  we have 
a classical problem: assuming that the grand coalition has 
been formed, how do we allocate to the individual players 
the win ( )v N  of the grand coalition? Usually, the 
allocation is done by means of one of the values, the 
Egalitarian Value, the Shapley Value, the Normalized 
Banzhaf Value, the Normalized Semivalues, etc. All these 
values have nice properties, in some cases used as a group of 
axioms defining uniquely the value. There are two main 
cases: efficient values and non efficient values, that should 
be normalized in order to get an allocation. However, recall 
that for each coalition ,S  a non-empty subset of ,N  the 
worth ( )v S  is the total win that the members of S  can 
share, whatever action take the other players not in .S  
Assuming that an allocation nL R∈  of ( )v N  has been 
decided, it is natural that for all coalitions , ,S N S⊆ ≠ ∅  
the total win of members of S  should be at least equal to 

( ).v S  Hence, we should have 

( ), , ( ),i i
i S i N

L v S S N L v N
∈ ∈

≥ ∀ ⊆  =∑ ∑      (1) 
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that is the allocation belongs to the Core of the game, i.e. it is 
Coalitional Rational. However, it is well known that even the 
Shapley Value of a game does not belong always to the Core 
of the game. In this way, occurs the problem: for a given 
vector ,L  find out some games for which we have 

( , ) .SH N v L=  The set of all games solutions of this 
problem, introduced and determined in [1], was called the 
Inverse Set, relative to the Shapley Value. Of course, a 
second connected problem occurs: for a given vector ,L  
find out some games in the Inverse Set, with the Shapley 
Value in the Core. How do you solve this problem, for the 
case of the Shapley Value and the Banzhaf Value is 
discussed in [2] and [3], and for the Semivalues in [4]. The 
two cases, efficient and non efficient Semivalues are 
presented, by introducing also the concept of coalitional 
rationality in the last case. Now, an interesting new value has 
been introduced by A.Puente in [5], called the Binomial 
Semivalue, and we discussed in [6] the two problems above, 
relative to this value. In an earlier work, [7], we were 
modeling the gas routing problem as a game theoretic 
problem, by using the ideas introduced by Kalai/Zemel in [8], 
and we discussed the Inverse Problem, relative to Binomial 
Semivalues. In the present paper, the Inverse Problem 
relative to these values, with Coalitional Rationality, is 
discussed as follows. In the second section, the model of Gas 
Routing is presented, by taking a numerical example, where 
the numbers are taken arbitrarily by the author. The results of 
the earlier work connected to the Inverse Problem with 
Coalitional Rationality, relative to the Shapley Value, were 
applied to the Flow Game in the third section. The results on 
the Inverse Problem with Coalitional Rationality, relative to 
the Semivalues, are applied in the fourth section to the 
Binomial Semivalues of the Game obtained earlier in the Gas 
Routing, and a solution for the two problems is given in this 
case. Discussions about some special situations that may 
occur in connection to the Gas Routing model are carried in 
the last section. 
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2. The Flow Games and the Gas Routing 
In some area it has been discovered a source of natural gas; 

several companies rushed to build drilling facilities, in order 
to take this fantastic opportunity for profits. Suppose that 
there were three competitors, who succeeded to lease 
mineral rights and got the drilling started at points A, B, and 
C, respectively. The gas should be routed to a central depot, 
where another company will buy it and start the deliveries to 
consumers. The companies were supposed to have ducts 
from the points of drilling to the depot, but they were not 
allowed to build parallel ducts on the city streets. In this way, 
by using their connections, they built a network, that may be 
represented by a graph with capacities, described by the 
matrix called the adjacency matrix. The set of vertices of the 
graph is { , , , , , , , , },V S A B C D E F G T=  where S  is a 
unique source, T  is a unique sink, then , ,A B C  are the 
drilling vertices, and the three companies denoted by 

1 2 3, ,K K K  own the sets of ducts 

1

2

3

{[ , ],[ , ],[ , ]},
{[ , ].[ , ],[ , }},
{[ , ],[ , ],[ . ]}.

D B F C E E G
D A E C F F G
D A D B D D G

=
=
=

 

The capacities of the ducts are given by the matrix 
A    B   C   D   E    F    G 

S    11   13   9    ------------------- 
A    --------------   9   13  ----------- 
B    ---------------  9 --------- 11  ----- 
C    ----------------------  11   13  ----- 
D    ------------------------------------ 9 
E    ------------------------------------ 11 
F    ------------------------------------ 13 

in which the rows for G and T, as well as the columns for S 
and T, were omitted being almost empty, except [ , ]G T  a 
public duct with capacity 25, used for entering the depot. Of 
course, in general there may be several public ducts. The 
capacities of the auxiliary ducts [ , ],[ , ],[ , ],S A S B S C  are 
derived from the number of units of gas obtained per time 
unit by drilling, while the companies are choosing the overall 
routing by cooperation. The data were arbitrarily taken by 
the author. The Flow Game associated to various groups of 
cooperating players, following the Kalai/Zemel paper [8], 
who introduced the concept, is the cooperative TU game 

(1) (2) (3) 0, (1,2) 22,
(1,3) (2,3) 18, (1,2,3) 25.

v v v v
v v v

= = = =
= = =

      (2) 

Now, the individual allocation of production for the 
companies will be given by an efficient value, or by the 
normalization of a non efficient value. In two earlier papers 
(Dragan, [2], [3]), the allocations were given by the two most 
famous Semivalues: the Shapley Value and the Banzhaf 
Value. We got 

( , ) (9,9,7),SH N v =  
47 47 39( , ) ( , , ).
4 4 4

B N v =   (3) 

As it is easy to see, both values do not belong to the Core 
of the game. The first is efficient, as the sum of allocations 
makes 25, but for any coalition of size 2, the Core condition 
does not hold. The second is not even efficient and if we 
compute the additive normalization we get 

'( , ) ( , )B N v SH N v=  efficient, that is not in the Core. 
Then, we used the Inverse Problem for Semivalues, the 
problem we introduced and solved earlier (Dragan, [4]). In 
the efficient case, we stated the problem as follows: given 
the vector ,L  find out the set of all games with the same 
set ,N  of players for which we have ( , ) .SH N v L=  
This set was called the Inverse Set, relative to the Shapley 
Value, and it was given by 

{ } { }
: 2

( ) .S S N N N i i N i
S S n i N i N

v c W c W W LW− −
≤ − ∈ ∈

= + + −∑ ∑ ∑
(4) 

Here we have a basis of the vector space of all games with 
the set of players ,N  denoted by 

{ : , },n
SW W R S N S= ∈ ⊆ ≠ ∅  where for all coalitions 

, , ,S S N S⊆ ≠ ∅  we have 

( ) ,SW S S=  ( ) 1, { }, ,SW T T S i i N S= − ∀ = ∪ ∈ −  

( ) 0,SW T =  otw.,            (5) 

with the arbitrary constants , 2,Sc S n≤ −  and .Nc  Now, 
we want to get a Semivalue which is a Coalitional rational 
value. In the Inverse Set, we considered the family of games 
called the almost null family, obtained for all 0,Sc =  

while we kept only the unique parameter .Nc  Then, we 
imposed the condition that the games belong to the Core, 
from which we got the inequality 

(*)    
{ }

1 { ( 1) },
1N j i

j N i
c Min L n L

n −∈
≤ + −

− ∑  

Now, if we take the last parameter to satisfy the inequality 
and write component wise the almost null family, we get a 
game with the previously given Shapley Value, that has the 
value in the Core. For example, in our flow game, associated 
with the gas routing problem, the inequality (*) is  

1 2 3

1 2 3 1 2 3

1 (2 ,
2

2 , 2 ) 16,

Nc Min L L L

L L L L L L

≤ + +

+ + + + =
      (6) 

So that, by using the formulas derived from the games in 
the Inverse Set, when we take 16,Nc =  we obtain the 
game solution 

(1) (2) (3) 0, (1,2) 14,
(1,3) (2,3) 17, (1,2,3) 25.

w w w w
w w w

= = = =
= = =

    (7) 

In the non efficient case, the two problems are more 
difficult, because the solution is not even an allocation. For 
the Inverse Set, relative to a Binomial Semivalue, we have a 
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very similar expansion, but with a more general potential 
basis (see [8]), as it will be seen below. Then, we shall 
introduce an allocation, by working on the Power Game in 
the Inverse Set, where the coalitional rationality is defined by 
means of the Power Core, the Core of the Power Game. 

3. Binomial Semivalues and the Inverse 
Problem 

The Semivalues, axiomatically introduced by Dubey, 
Neyman and Weber in [9], in the TU case may be defined by 
means of the formula 

:
( , ) [ ( ) ( { })]. ,n

i s
S i S

BSE N v p v S v S i i N
∈

= − − ∀ ∈∑  (8) 

where the weight vector satisfies the normalization condition 

1

1
1,

1

s n
n
s

s

n
p

s

=

=

− 
= − 

∑            (9) 

and the weight vectors for the subgames are obtained for all 
t n≤  from the recursive formula 

1
1, 1, 2,..., 1.t t t

s s sp p p s t−
+= + = −      (9)’ 

These were called the Inverse Pascal triangle conditions. 
The Binomial Semivalues were introduced by A.Puente in 
[5]. These are the values that have weight vectors satisfying 
beside (9) the new conditions: 

32

1 2 1

... , [0,1],
n nn

n
n n n

n

p pp r r
p p p −

= = = =     ∈   (10) 

or, by combining (8) and (9):  
1

1 , 1, 2,..., .
(1 )

s
n
s n

rp s n
r

−

−= =
+

      (11) 

If we replace (11) in the definition of the Binomial 
Semivalue, (8), then a computational formula is obtained: 

(**) 
1

1
:

1( , ) [ ( ) ( { })],
(1 )

.

s
i n

S ii S
BSE N v r v S v S i

r
i N

−
−

∈
= − −

+
∀ ∈

∑  

For the Flow Game, shown in the previous section, if we 
use 3p  derived from (11), this formula (**) and the 
characteristic function (2), we get the Binomial Semivalue of 
this game:

 
2( , ) (40 7 ,40 7 ,36 3 ).

(1 )
rBSE N v r r r
r

= + + +
+

  (12) 

The sum of the components makes 

2
(116 17 )( , ) ,

(1 )i
i N

r rBSE N v
r∈

+
=

+
∑        (13) 

hence, in general, the value is not efficient. We proceed like 

above, starting with the Inverse Problem, relative to the 
Semivalue (see [6]), that is we use another, more general, 
basis  

{ : , ),n
SW W R S N S= ∈ ⊆ ≠ ∅     (14) 

defined by 

1( ) ,T t
t

W T
p

=
 0

( 1)
( ) , ,

l
l s t

T t l
l t l

s t
l

W S S T
p

−

+
+

=

=

− 
−  

 = ∀ ⊃∑
 

( ) 0, .TW S otw=               (15) 

The expansion for the Inverse Set with the new basis looks 
like (4) above, where now this new basis is used and the 
Binomial Semivalue is replacing the Shapley Value. Further, 
we derive the family of almost null games in the Inverse Set, 
by taking the constants equal to zero, except the potential of 
the game, .Nc  Further, it occurs the fact that, in general, for 

any value of the parameter ,Nc  in terms of r, the games 

( , )N w  in this family have the Binomial Semivalue the 
same as the previous one, but this is not efficient, in general; 
hence, it does not belong to the Core. Therefore, as shown in 
[6], we shall consider the so called Power Game ( , )SBEN π  
for the games in the almost null family denoted with 
( , ),N w  by using for all subgames ( , ),T w the definition 

( ) ( , ), .BSE i
i T

T BSE T w T Nπ
∈

= ∀ ⊆∑    (16) 

Note that it is easier to use in the computation of the Power 
Game, a formula proved in [10], because for the moment, we 
should compute only the worth of the characteristic function 
for the coalitions of size 1.n −  The games in the almost 
null family are offered by the expansion 

{ } { }( ) ( , ),N N N i N i i
i N i N

w c W W W BSE N v− −
∈ ∈

= + −∑ ∑  (17) 

with the new basis. If we write it in scalar form, we get the 
formulas for the family of games in the almost null family: 

1
1

1( { }) ( ), ,N in
n

w N i c L i N
p −

−

− = − ∀ ∈       (18) 

1 1
1 1

1 1 1( ) ( ) ( ) ,N in n n n
i Nn n n n

n nw N c L
p p p p− −

− − ∈

−
= − − − ∑  (19) 

where we notice that these games will depend also on the 
weights of the Binomial Semivalue. In particular, the 
efficiency is in general missing. The omitted worth of the 
characteristic function are zero.  

Replacing in (18) and (19) the weights offered by (11), we 
get the family 

2

2

(1 )( { }) ( ( , )),

,

n

N in

rw N i c BES N v
r

i N

−

−

+
− = −

∀ ∈

  (20) 
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2

1

2

1

(1 ) (1 )( )

(1 ) ( , ).

n

Nn

n

in
i N

r r nw N c
r

r BSE N v
r

−

−

−

−
∈

+ + −
=

+
+ ∑

            (21) 

Here the other worth of the characteristic function are zero. 
It is only a simple computation to prove that this game has 
the same Binomial Semivalue as the given one, for any value 
of r. For our Flow Game with 3,n =  we obtain the family 
of games 

1( { }) ( ( , )), ,N i
rw N i c BSE N v i N

r
+

− = − ∀ ∈   (22) 

2 2
(1 )( 2) 1( ) ( , ).N i

i N

r r rw N c BSE N v
r r ∈

+ − +
= + ∑   (23) 

Of course, we can replace here the values shown in (12). 
However, it remains undetermined the value of the 
parameter Nc , which will be a function of r, selected such 
that the Binomial Semivalue is coalitional rational, and this 
will be done in the next section. 

4. Power Game and Coalitional 
Rationality 

Recall from [6], that by definition a Semivalue is 
coalitional rational, if it will belong to the Core of the Power 
Game. If the Semivalue is already efficient, it remains to 
impose only the conditions on the worth of characteristic 
function for coalitions of size 1,n −  for the games in the 
Inverse Set. Otherwise, first we should compute the games in 
the Inverse Set, then ( , ),SBEN π  the Power Game of the 

games from the almost null family ( , )N w  shown in the 
previous section. We use the definition (16), in which the 
coalitions T have the size 1.n −  The worth of coalitions of 
size 1,n −  in the Power Game, derived from (16), based 
upon (22) are 

( { }) ( 1)( ( , )), .BSE N iN i n c BSE N v i Nπ − = − − ∀ ∈  (24) 

The coalitional rationality conditions are 

{ }
( , ) ( { })

( 1)( ( , )), .

j BSE
j N i

N i

BSE N v N i

n c BSE N v i N

π
∈ −

≥ −

= − − ∀ ∈

∑
     (25) 

Together, these conditions may be written as 

{ }

1 [ ( , ) ( 1) ( , )],
1 jN i

j N i
c Min BSE N v n BSE N v

n −∈
≤ + −

− ∑ (26) 

where the minimum is taken over i. Notice that this looks 
exactly like (*), which is the formula for the efficient values. 

For our example, with 3,n =  we get:  

{ }

1 [ ( , ) 2 ( , )].
2N j i

j N i
c Min BSE N v BSE N v

−∈
≤ +∑  (27) 

Now we may compute the right hand side in (27), to get 
the coalitional rationality condition for our Flow Game. A 
simple computation, by using (12) in (27), would give 

2

(76 10 ) .
(1 )N

r rc
r

+
≤

+
              (28) 

Note that there is an infinite set of games with the same 
Binomial Semivalue like the given Flow Game, and for 
which this is coalitional rational. There is also an infinite set 
of games with this Binomial Semivalue but for which this is 
not coalitional rational.  

To get one of the solution games, taking into account  
that Nc  is the potential of the game, let us choose for the 
parameter, the highest value satisfying (28). A simple 
computation gives many solutions for our problem, in the 
Inverse Set, in fact the family of almost null games. We 
obtain the games: 

2

40 7(1, 2) ,
1

36 3(1,3) (2,3) ,
1

10 73 36(1, 2,3) ,
(1 )

rw
r

rw w
r

r rw
r r

+
=

+
+

= =
+

+ −
=

+

            (29) 

The Power Games of the games (29), computed by using 
the definition (16), will be: 

2

2

2 (40 7 )(1,2) ,
(1 )

2 (36 3 )(1,3) (2,3) ,
(1 )

SBE

SBE SBE

r r
r

r r
r

π

π π

+
=

+
+

= =
+

 

2

(116 17 )(1,2,3) .
(1 )SBE

r r
r

π +
=

+
          (30) 

It is a simple exercise to check that the Binomial 
Semivalues of the games (29) equal the Binomial Semivalue 
of the Flow Game, and this value belongs to the Core of the 
games (30), hence it is a solution of our problem, for any 
value of the parameter r. 

We may still make a new application: take the parameter 
equal to 1, that is consider the Banzhaf Value, and get all 
results obtained earlier in [3]. We note that in our present 
paper, we have the formulas (29), valid for the Semivalues 
corresponding to all the values of the parameter r. Note that 
the solution (29) gives more than one game, so that we have 
some freedom to select any flow game obtained for any value 
of the parameter. 

5. Conclusions 
In the present paper, we have shown the model of a Flow 

Game for the Gas Routing Problem discussed in the second 
section, and we obtained the cooperative transferable utilities 
game: 
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(1) (2) (3) 0, (1,2) 22,
(1,3) (2,3) 18, (1,2,3) 25.

v v v v
v v v

= = = =
= = =

     (31) 

We computed the Binomial Semivalue of this game and 
we obtained the value shown in the third section: 

2( , ) (40 7 ,40 7 ,36 3 ).
(1 )

rBSE N v r r r
r

= + + +
+

 (32) 

We notice that this value is non efficient, in general, so 
that we have first to compute the family of almost null games 
in the Inverse Set, relative to the Binomial Semivalue, shown 
in the fourth section. Then, to compute the Power Game and 
derive the condition of coalitional rationality, which was also 
done in the same section. Further, we selected a value for 

,Nc  the parameter of the games in the almost null family, 
namely the highest value possible, and we computed the 
solution game for the given Flow Game associated to the gas 
routing problem: 

2

40 7(1,2) ,
1

36 3(1,3) (2,3) ,
1

10 73 36(1,2,3) ,
(1 )

rw
r

rw w
r

r rw
r r

+
=

+
+

= =
+

+ −
=

+

        (33) 

where we have null worth for the singletons. It is easy to 
compute the Binomial Semivalue for the games (33), to show 
that this is (32), and this belongs to the Power Core. The 
normalization of the games (33) is a solution for our practical 
problem. Notice that in the case of these values, we obtain an 
entire family of solutions, a fact useful in practical matters. 
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