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Abstract We have shown in [1] that the geometric object for the geometrical and quantization foundation of the Oyibo
grand unified theorem (GUT) is the torus. This torus is generic meaning that its nature depends on the periodic boundary
conditions of the system and other physical constraint conditions. By observing that the Bloch’s theorem also has this torus as
its generic geometric object, we show that there is correspondence between the Bloch’s theorem and the Oyibo GUT. The
implication of this correspondence in using the Oyibo GUT to study strongly correlated systems in condensed mater physics

is then discussed.
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1. Introduction

The foundation of our highly simplified correlated
variation approach (HSCVA) for investigating few body
correlated systems has been based on the geometrical nature
of the lattice structures of such systems [2-5]. In the
pioneering paper, Chen and Mei (1989) developed the
correlated variational method to study the standard Hubbard
model only in 1D and 2D systems with singlet states [2]. To
prevent boundary effects, their CVA was applied to finite
ID lattices sites arranged in ID ring and 2D planar lattices
arranged in a torus in 2D. In advancing the work, we have
simplified the approach by first formulating the statistical

equivalent of the Hubbard model in all three dimensions [4].

The remarkable correspondence between our statistical
formulation and the Hubbard model makes it easy to
modify the latter for systems having triplet states so that our
HSCVA is applicable to the Hubbard model and its various
extended versions in all three dimensions [3]. Like the CVA
of Chen and Mei [2], the arrangement of the lattice sites in
ID is in a ring form and those in 2D and 3D systems are
toroidal to avoid the edge effects on some sites. These
arrangements is consistent with  related works of arranging
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lattices in tori so as to obtain lattices with appropriate
periodic boundaries [6, 7].

It was therefore quite reassuring to have recently
observed and shown that the generic geometric object
needed for the geometrical and quantization foundation of
the Oyibo grand unified theorem (GUT) formulated as the
mathematical basis for the unified force field theory as
envisaged by Oyibo [8-9] also known as the theory of
everything (TOE) is the torus [1]. In that work, one of us
has shown that a torus ring can be constructed from the
Pythagoras triangle which is an invariant geometric object
in nature. Then using projective geometry, he was able to
construct from this Pythagoras triangle the torus invariant
within the Lorentz transformation. He then observed that
this invariance of the toroidal geometry of the Oyibo GUT
and the invariance of the Einstein’s principle of relativity
within the purview of Lorentz transformation, is responsible
for the remarkable correspondence of the Oyibo GUT with
the Einstein’s unified field equation for conformal invariant
field theories. Following that line of thinking, it is
postulated here that since the Block theorem from which
the original Hubbard model was formulated [10-13] has
been observed to have a toroidal lattice foundation for
appropriate periodic boundaries, then it should have a
conrespondence with the Oyibo GUT. This is the
motivation for this paper because the demonstration of such
correspondence implies that the Hubbard model and its
extended versions can also be formulated from the Oyibo
GUT. The following plan will be used for this study. As a
first step, it will be necessary to first re-visit the formation
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of the Hubbard model and its extended versions from the
Bloch’s theorem in Section 2. The demonstration of the
correspondence of the Bloch’s theorem and the Oyibo GUT
will be done in Section 3. Thereafter, we will discuss the
implication of this correspondence and conclude.

2. Revisiting the Formation of the
Hubbard Model and Its Extended
Versions

The Bloch theorem plays a central role in conduction
electron dynamics as it specifies the form of the wave
functions that characterize electron energy levels in a
periodic crystal [13]. It was therefore useful in the formation
of the tight-binding (TB) model which is an approach to the
calculation of the electronic band structure of a lattice that
relies on the fact that electrons are tightly bound (localized)
to the atoms. The kinetic energy is included by allowing
electrons to hop from one site to another. These features
make the model to be lattice dependent. In its simplest form,
the Hubbard model is an extension of the tight-binding
model, wherein electrons can hop between lattice sites while
the Coulomb interaction provides their localization tendency
[14]. This formation makes the Hubbard model and all its
extended versions to be lattice structure dependent and
therefore emanate from the Block’s theorem. For as it is well
known, the general lattice Hamiltonian model within the
occupation number formalism for electrons with spin ©

interacting via a spin-dependent interaction V(¥ —7")

in the presence of an ionic lattice potential " (7) has the
form [10,12]

H=H,+H,, @.1)

where

2

] 3 (5 h ion (= ~ —
H,=Y[d FWJ(V)[_EA"‘V (r)}//a(r)(z.Z)

A, =%Zj'd3fj-d3;7’Vee(F—a

Fn, (Mn, (7)) (2.3)

In the above equation, the y_(¥),y . (¥) are the usual

field operators and n_(¥) =y (F)y_(¥) is the local
density. It has been observed [12] that the interaction term is
diagonal in the space variables 7,7’ [i.e. it depends only on

the (operator-valued) densities of electrons at site 7,7’

which interact via V' (F —7")
entering the non-interacting part (Eq.2.2) leads to the
splitting of the parabolic dispersion into infinitely many
bands which are enumerated by the index o. The
non-interacting problem is then characterized by the Block

]. The lattice potential

wave functions ¢, (#) and the band energies €, . The

Wannier functions y(7) localized at site R; are often
introduced:

- 1 _ikR -
Xai(F) =TZe Bt (F) (2.4)
N %
where N is the number of lattice sites. Thus one can construct

creation and annihilation operators by the method of second
+
aic

quantization [13], c_,_ andc ,, respectively, for electrons

with spin o in the band o at site R; as

Coro = [d°F 1 (F)W 2 (F) (2.52)

where

v, () :ZZ;"(F)C;“ . (2.5b)

Consequently, the Hamiltonian may be written in the
lattice representation as

H= Ztmj Coic aja

aijo

DD

aﬂ75 ijmn oo’

(2.6)
a,Byé' +
l]mn Coic ﬁ/o- céno- Cymo'

where the matrix elements are given by

2
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a,B;/5

ymn
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X X (F) 2 (F)

(2.8)

The Hamiltonian given by Eq.(2.6) is too general to be
tractable in dimensions d > 1. Therefore, it has to be
simplified using physically motivated truncations such as:

i. That the Fermi surface (FS) lies within a single
conduction band that is well separated from other
bands so that the inter band interaction is weak hence
we will restrict our study to a single band (=B =7 =
6 = 1) which is the aforementioned TB band. Thus Eq.
(2.6) reduces to

Hl band ~ Zty Cic 10'+ ZZ ViimnCio€ jo' €51 Cma (2.9)

ijc zjmn oo’

ii. The above single band Hamiltonian is obviously still
too complicated for most purposes because of the
complex interaction part, and therefore needs to be
simplified further. Taking into account the weak
overlap between neighbouring orbitals in a TB
description, one expects that the overlap between
nearest neighbours (NN) is important hence only NN
hopping and interactions are allowed. So the site
indices are restricted to only NN positions i and j
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leaving us with only NN hopping, a purely local
contribution and four NN contributions. NN hopping

between sites i and j are controlled by the ¢ ¢

ioc~ jo

which are the creation (annihilation) operators at site

i(j) having spin 6(c) while the hopping term is defined

as t; = t for NN hopping <ij> (i.e. i #j) and t; = 0
otherwise.

The purely local contribution is the on-site Coulombic

interaction term defined as

Viiij = U (2.10)
while the four NN contributions are:

Vijij =V (2.11)
which is the NN Coulombic interaction term,

Viijj = At (2.12)
which gives rise to an occupation dependent hopping rate,

Vijji =7 (2.13)
which is the NN Heisenberg exchange term and

Viijj =1’ (2.14)

which describes the exchange hopping processes.

This truncated form of the single band Hubbard model in
Eq. (2.9) with only the Coulombic interaction (Eq. 2.10) is
the famous Hubbard model given by [10-14]

Hy=-1| Y CiC,, +HC.

ic™~ jo
<i,j>,0

+UY nan,  (2.15)

It is pertinent to point out that apart from the four NN
contributions (Egs. 2.11 — 2.14) which can be added to
Eq.(2.15), there have been modifications of the Hubbard so
that today it has numerous extensions and relatives [14-18]
which have diverse application in condensed matter physics.
Suffice to re-emphasize here, however, all these models
depend on the lattice structure. For it is a common
knowledge that lattice structure without periodic boundaries
often leads to edge effect making some lattice sites not to be
on equal footing with the others. As stated above, one way to
resolve this limitation is to investigate the Hubbard lattice
structure as torus in all three dimensions [2,4]. Here a torus is
simply a lattice geometry with periodic boundary conditions
[6] and is generic meaning that its nature depends on these
boundary conditions of the system and other physical
constraint conditions owing to the generic nature of the
Oyibo GUT [1]. In this form of torus, the lattices are scale
symmetric which means the lattices do not change their
shapes when they are expanded into large lattices to study
large densities or contracted into small lattices for few
particles systems.

Now in geometrical terms, quantization is achieved by
applying the so-called Born-Von Karman cyclic boundary
conditions [18-19], which is tantamount to turning the cubic
crystal into a torus as sketched in Fig. 1. The proposal in [20]

that the process of implementing cyclic boundary conditions
would require going from the usual 3D to 5D background
because the latter has in addition local degrees of freedom
which become vital in introducing quantum effects, was used
to show in [1] that the parametric equations of quantization
of the torus into 5-dimensional background lattice is:

(ct)> +(al)’ —x*—y* -z = 2(ct)(aT)sin @
_ [£2(ct)(aT),if 6 =(n+ D)z,
N 0, if0=nr

(2.15)

where n=1,2,3,4,5 by limiting 6 =27z/n, needed for
only rotations compatibles with translational symmetry of a
crystal lattice in 3D space such that 2 cos & —1=integer .

o
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Figure 1. Ilustrative sketch of the projection of (a) a linear lattice sites into
a 1D ring (b) cubic lattice sites into curve torus

3. Correspondence of Bloch’s Theorem
and Oyibo GUT

For ease in drawing an analogy between Bloch’s theorem
and Oyibo GUT, which will enable us to establish their
correspondence, a summary is provided in Table 1, adopting
Oyibo’s notations, as far as necessary, in order to facilitate
identification of corresponding transformations and
functions. Familiarity with both the Bloch’s theorem [19, 21]
and the Oyibo GUT (see [22] for pedagogical review) will be
assumed.

According to Oyibo [8-9, 22], a function,
G=G(Y,,Y,,...Y,) is said to be conformal invariant under a

given group transformation
Tk : Yl = f;(ylﬂyZ’-"ﬂypak)

if T, is the group of the transformation and

3.1)

G(YI’YZ""BYP) :E(y],y27~--,yp’k) * G(yl:yzs""yp)(3.2)

where F;(yy, ;5.5 ,,k) is a function of y; and & the

single group parameter.
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From Table 1, we see that the group of translations in a
crystal lattice and the Bloch (electron wave) function, more
specifically lattice waves, have analogous properties as
Eqgs.(3.1) and (3.2). As a result, one needs only to show here
that in quantized space-time geometry with given (Planck
length) lattice spacing, the definition of conformal
invariance in Egs.(3.1) and (3.2) follows, as in Bloch’s
theorem, from translational periodicity of any function of
position in the lattice.

On the basis of the definition in Egs.(3.1) and (3.2), Oyibo
states that there exists a set of conservation equations

(GOn)t + (Gln)x + (GZH)y + (G3n )z = 07 (I’l = 0’15273’4) (33)

which may be rewritten in the Einstein-like form G; ; =0
where the function defined mathematically by
Gow =G (X, v,2,0t,%,9,2,%, ¥, 2, p, 1, T, P,...) 1is a set
of “generic” quantities which are arbitrary functions of space
and time coordinates (x,),zct), velocities ( Xx,7,z ),

accelerations (X, y,Z ), density (p ), fluid or gas viscosity
(1), temperature (7), pressure (P), etc.

Now by applying the conformal transformation defined by
Eq.(3.1) to a system of partial differential equations of n™
order given by

anyl anyq
T@xh" T (@x?)"

one derives “solutions” of Eq.(3.2) in terms of the absolute

q

Gj(xl...xp,.yl...y )=0, (3.4

invariants 77, of the subgroup of transformations for the
independent coordinate variables in the form:

n+l

77}1 :gl’lo (Ct) +g”1xn+1 + gn2yn+1 +gn3zn+1 (35)

where n = 0, 1, 2, 3, 4 are the five degrees of freedom of
Oyibo GUT as in the Block’s theorem shown in Table 1.
Observe that we have indicated in Table 1 how the restriction
to the five values of n in Eq.(3.3) are analogous to the
constraints in Bloch’s theorem, on translational invariance of
the Hamiltonian operator, by rotational symmetry of a
crystal lattice in 3-dimensional space represented by angles,
0 =2x/n, where n =1,2,3.4 or 6, corresponding to n-fold
rotation axis of symmetry [1].

Finally, analogy between Bloch’s theorem and Oyibo
GUT leads to identification of 7, with the wave number

associated with the primitive translation vectors of the
reciprocal lattice of a 3D crystal

mb, nyb, nyb
11+22+33

, 3.6
N, N, Ny G0

ﬁ =

(ny,n,,ny ) being integers and (Z;I , l;z ,1;3) the primitive
translation vectors of the reciprocal lattice space and
N; = NN, N, the number of primitive cells in the crystal.

For a cubic lattice in 7 -space, ‘bi‘ =2r/a,, where a is

the lattice constant, which we shall take (in Oyibo GUT
representation of general theory of relativity) to be the
Planck length.

However, the n™ order partial differential equations (3.4)
are not quite analogous to the non-relativistic Schrodinger
equation of Bloch’s theorem in Table 1 except insofar as the
system of partial differential in Eqs.(3.4) may be rewritten, in
the first order, as follows

u
G| xu. g0 Yo
oxV

3.7)

in terms of the variables (x*,J*)=(x"..x?,y'.p%)
where
Mo T — % * hs
Jr=(p, )=y *y,¥ (—ZZV)V/ (3.8)
is the probability current density 4-vector conserved by
Schrodinger’s equation. It can easily be shown that if we

introduce the differential operator 0, = 8/ ox* =(0/otV)

into Eq.(3.8), it becomes the current conservation law [15]

0,J=0 3.9
so that in a very subtle way we have obtained the Noether
theorem. This is an important result as it re-enact the
expectation of Oyibo when he pointed out in p285 of [8] that,
“This new methodology is not totally new in the sense that
the conservation equations are field equations...(see Eq.(3.3)
here) could be condensed to tensor components similar to the
world tensor components in the general theory of relativity
of various versions of the many proposed Unified Force
Field theories by previous investigators including Einstein
himself. Perhaps one of the most significant part of the
relationship to the previous formulations and results is the
evolution of a characteristic sub-group variable (see Eq.(3.5)
here) which seems to be a generalization of a good number of
similar variables in the previous formulations.”
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Table 1. Analogy between Bloch’s Theorem and Oyibo GUT

Bloch’s Theorem

(Lattice translational invariance)

Oyibo GUT
(Conformal Transformation)

Define lattice translation group of
transformation
T, :R=F+k =7 +ka, + kydp + ksdiy <> Y,
(ky,k,,ky) being integers; (a;,d,,ds)
primitive lattice translation vectors,
& awave function = 1//(13) « GY);
or, for interatomic potential energy
function, ®(R? + 1, RS +1i,,...) <> G(Y)
and deformations, u; (= dx;) of alattice
from equiibrium positions, R? = k,a;, the force

force constants (9°® / Ou;0u ;), must satisfy
Z ,(62CI)/61_1[617]A) = 0,= all force constant
J 0

must depend only on the relative positions

(ﬁi - Ej) of the lattice sites .

Define conformal transformation
Ty 2 Y, = fi(V1,32,3.k) <> R, = x;, + kd@,
and G = G(Y},Y,,Y3) < w (R) (for electron
wave); or in terms of the potential energy,
®R? + 1, RS +1,,..)
for deformation of pointsin a "Planck"
lattice from equilibrium:

o’

G(1,Y,,13) <> ———
1,15, Y3) 2,01,

Then Bloch's Theorem (for electron wave)
states that there exists a wave vector (77)

such that T,y (7) = w(R) = eXp(ikA.ﬁ)l//(;’:)

is a solution of Schrodinger's equation for i :

2
H ) () = (— v V(f)Jw(f) - Ey (),

where, T, H(r)= H(F + l;) is also invariant
under rotation through &, provided that
(1-2cos#) =integer, m say, giving
m=0,+1,23i.e., 8 =2x/n,with
n=1,2,3,40r6.

Then Oyibo GUT states that there exists

a function F; <> exp(i77.[(R — ﬁ?) such

that

1, G315 Y255 p) = G, 1,000 Y )) =

Fi(31, Y2500 5, k) @ G115 V25000V )s

<> there exists a dynamical matrix D,,,(77.)
=exp(i7j.[(R] — R)) (0> D/ d1i;0ii ;)

where D, is equivalent to the "generic"

function G, = Gnm(F,?,?,ct,p,T,...)

obeying the Einstein - like conservation

equation Gy ; =

(GOn)t + (Gln )x + (G2n )y + (G3n)zﬂ =0.
Note the restriction on n to five

values,n = 0,1,2,3,4.asin Bloch's theorem.

Eigenfunctions are y/(7,77) where

_ mb,  mb, mb
n =A+#+ﬁ,where(nl,n2,n3)
Nl NZ N3

are integers, and (bl s bl s bl ) primitive translation vectors of a

reciprocal lattice containing N = N{ N, N3 primitive cells.

“Solutions” in terms of the absolute invariants 7], of the subgroup of

transformations for the independent coordinate variables in the form

n+l n+l n+l n+l
My = &no(c)" " +gux" " + gy +gunZ

s |31|"+1,Where (n=0,1,23,4) .
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4. Summary and Conclusions

The Oyibo GUT was formulated from the Navier-Stokes
equations which have classical origin and this raised doubt
for its applicability to quantum systems. We have shown in a
previous study that the Navier-Stokes equation has periodic
solutions and then use it to formulate an O(4,2)xSU(3)xU(1)
gauge theory of quantum gravity [23] and in a more recent
study one of us has shown that the geometric object for its
geometrical and quantization foundation is the generic torus
which has also been used in the literature as the geometric
object of the Hubbard model formulated on the basis of the
Bloch’s theorem. It turns out that there is a remarkable
correspondence between Bloch’s theorem and the Oyibo
GUT. This has open the possibility that the Oyibo GUT can
in principle be used to formulate strongly correlated models
which emanates from the Bloch’s theorem. In particular, we
have reviewed the formation of the Hubbard model and its
extended versions from the Bloch’s theorem. The
implication is that the Hubbard model and its extended
versions can in principle also be formulated from the Oyibo
GUT. Thereafter, since the Hubbard model and its extended
versions have very important applications in condensed
matter physics, we claim that such applications have been
brought under the purview of the Oyibo GUT and therefore
constitute this related area in the Oyibo grand unified theory.
Thus we have demonstrated an important conjecture of
Oyibo in p303 of [8] that, “The generic formulation of the
grand unified theorem is in good part based on synthesizing,
interpreting and realizing that generic, universal
conservation equations should in light of the general and
global outlook, be expected to be the source from which the
unified force field can be derived [8].”
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