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Spin Two-Body Problem of Classical Electrodynamics
with Radiation Terms (11) — Existence of Solution of
the Spin Equations

Vasil G. Angelov

Department of Mathematics, Faculty of Mining Electro-mechanics, University of Mining and Geology “St. I. Rilski”, Sofia, Bulgaria

Abstract The primary purpose of the present paper is to continue our studies from previous papers where the spin
equations were derived. Here we prove an existence of a periodic solution of the spin equations system using fixed point
method. As a consequence, we obtain that the general two-body problem of classical electrodynamics with radiation terms
and spin is already solved.
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1. Introduction

The present paper is an immediate consequence of [1]. In [1] we have derived a general system of equations of motion
describing two-body problem with radiation terms and spin. The results obtained rely on the previous papers [2] - [19]. We
note another approach based on Wheeler-Feynman ideas and realized by D.-A. Deckert group (cf. [20] - [23]).

The general system describing motion of two mass charged particles with radiation terms and spin in the frame of classical
electrodynamics derived in [1] is:

d7 1 ds, =e (FO A0 + FO™A0 ) 1 (m;¢?)
do® /ds, =, [( RO+ RO o) - o (RO + FPO™ )} I (m,c?)

@)
42/ ds,=e; (R 22+ FO™A2)  (m,c?)
o) 1ds,=e; (R + O™ ) ~of? (R + FP™) |1 (m, )

where Einstein summation convention is valid. This system is overdetermined. In other words, the number of equations is
more than the number of unknown functions. In [6] and [1] we have proved that if the system

di® /ds,=(Q, /Cz)[ﬁ(pq) (<g<pq),;(p)>_czqu /Ap)—(<i(p),ﬁ(pq>>+c2Mpq /Ap)g(pq)}+
+(Qp /2C2)|:§p,ret(<§(P)ret’Z(P)>_C22_pret /Ap)_ (<i(p)1ﬁp'r6t>+C2Mp,ret /Ap)é}’(p)ret:|_ @

_(Qp /ZCZ)[ISp,adv (<§(p)adv’/{(p)>_czz_padv /Ap)_(</{(p), |5p,adv>+C2M S /Ap)f(p)adq

* Corresponding author:

angelov@mgu.bg (Vasil G. Angelov)

Published online at http://journal.sapub.org/ijtmp

Copyright © 2018 Scientific & Academic Publishing. All Rights Reserved



International Journal of Theoretical and Mathematical Physics 2018, 8(1): 12-27 13

— 2 — — = — — e
d&®/ds, =(Q, /¢ )|:p(PQ) ><(U(p) X(S(pm)ﬂpqp(pq) ><(G(p) ><,ﬂp))_
) ><(&(P) % ﬁ(pq))_(ip‘qu) /C)g(pq) ><(&(P) X/{(p))} n
+(Qp /202)[§(p)ret ><(5(9) Xg(p)ret)_,_rgetﬁ(p)ret ><(5.(13) ></{(p))_
_Epyret ><(5(|0) % ﬁ(p)ret)_(ip4(p)ret /C)g(p)ret ><(5.(13) x 1 (P) )}_
_(Qp /ZCZ)[ﬁ(p)adv ><(5.(0) Xg(p)adV)JrT;dvﬁ(p)adv ><(5.(|o) X/‘{(p))_
_E(p)adv x(&(p) % ﬁ(p)adV) (,p(p)adv /C)ez(p)adv ( x/”t(p)ﬂ
(containing 12 equations for 12 unknown functions) has a solution then the rest ones from (1) possess a solution too
(pa) =(12),(21).
In [7] we have proved an existence-uniqueness of a periodic solution of equations of motion for two-body problem with
corrected radiation terms, namely system (2). It remains to prove an existence of periodic solution of (3). On the right side of

the equation (3) are the speeds and trajectories of the moving particles. Their existence is proven in [7]. We will consider
them as known functions in (3).

©)

The main goal of the present paper is to prove an existence of periodic spin functions Ga(p) (p=12, =12,3)
satisfying (3). To do this we transform (3) using the known relations from vector calculus and obtain:

p(pa) 5 ( (P) ¢ £ pq)) <p(pq 6c|fm|)> <p(pq) > >62(pq)_é?(pq)x(a.(p)xﬁ(pq))
:_<Sz(pq>, 5(pq)>5(p> +<g(pq>,5(p>>§(pq)[quF*,(pq) ~(ip{ /C)g(pq)}(gp) <)
=<qu|3(pq) _(ip4(PCI) /C)g(pq),j(p)>5(p) _<qu§(pq) _(ip4(pq) /c)f(p‘*),&(p)>2(p)
:<qu§(pq),/{(p>>5<p) _(ip4(pq) /C)<§<pq>,;(p>>5(p) _qu<|3(pq)'5(p)>;(p) +(ip4(DQ) /C)<g(pq),5(p>>;(p>.
Therefore
B (547 Xg(pq))_g(pq) x(67) ,3(pq))+(T P — (ipP /C)g(pm)x(&(p) <)

<p(pq) é(pq)> <|5(pq),5.(p)>é?(pq) <§(pq) p(pq)> 5(P) 4 <é‘:‘(pq),&(p)>|3(pq)+
+<qu|3(pq),/{(p)>6(p)_(ip4(pq),C)<g(pq),;(p)>&(p) 7, <p(pq (P)>Z(p)+(ip4(PQ)/C)<5(PQ)16L(P)>Z(9)
:<é?(pq),5.(p)>|3(pq)_<|3(pq)’5.(p)>é?(pq)+(qu<|3(pq)’/1(p)>_(ip4(pq)/C)<é‘:’(pq),j’(p)>)5.(p)+

(( ip(P0) /C)<§ pa) <p>>_qu<§(pq)’5<p)>)/{<p).

Then the system (3) becomes
d&“’)/dsp =(Q, /CZ)[<g(pq),5.(p)> p(pa) _<|3(pq),5(p)>62(pq) n

+(qu <|3(pQ),/_q:(P)>_(iP4(p(1) /C)<g(pq),;(p)>)5(p) +((ip4(p(1) /C)<g(pq),5(p)>_qu <|3(pq),6—_(p)>)1(p):|+

+(Q, /202)[@(””*",5(")} p Pt —<ﬁpvfet,5<p>>g<p>ret +(T;et <|5’3’ret,,_{(P)>_(ip4Pvfet ,C)<g<p>ret,;<p>>)5<p> N
(1) 7% ) e 9, 01 7], 126 (£, 50) (5, 50z
+(ea (PP P )~ (iR 1 c)(EP1, ZP))50)((iRP 1) (EP, 67) i (PP 5P )) 1) |

In coordinate form (3) is (o = 1,2,3):
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do, (p)/dsp =(@Q, /CZ)[<SZ(pq),5.(p)>pa(pq) _<§(pq)’5.(p)>§a(pq) n
+(qu<|3(pq)’/{(p)>_(ip4(pq) /C)<62(pq)1/{(p)>)aa(p) "

+((ip4(pq) /C)<g(pq)15(p)>_rpq<5<pq),&<p)>) zg(p)}f

+Q, /2C2)[<§*(p)ret’5.(p)> pporet _<§*(p)adv’5(p)> pPpadv _

_<|3p,ret’5(p)>§§p)ret +<|Sp,adv’5(p)>é:£p)adv n @)

+(r[,et <ﬁpr9t,Z(P)>_(ip4nyet /C)<gz(p>ret';{(p)>) o'~
_(T:dv<|5p,adv’/{(p)>_(ip4p,adv /C)<§(p)adv,/{(p)>) o 4
+((ip4p,ret /C)<62(p)ret’5(p)>_z.;et <|Sp,ret,5(p)>)ﬂ§p) _
((ip4p,adv /C)<62(p)adv,5.(p)>_rgdv<|5p,adv,5(p)>)ﬂ:p)} _

Remark. It is easy to verify that if (o,”,0,™,0,™) is a solution of the system (4) then

(-0, (P 1—0> (P) y—O3 (p)) is a solution too.

2. Formulation of the Periodic Problem for Spin Equations System

Recall denotations for quantities relating to the particles.
The space-time coordinates of the moving particles are

(x{m (), x$P (), x{P (1), x§P = ict) E(X(p),ict),(p =1,2);

c is the speed of the light; L, (p =1,2)— world lines; m, (p =1,2) - proper masses; €, (p=1,2) - charges;

Q,= e; I'm,(p=12).We have |e1| = |e2|. But the in- teresting case is €€, <0. ThenQ,=- eer Im, <0
(p=12);

g(PQ) _ (E(DQ) ' é:éPQ)) _ (XI(P) (t) - X1(Q) (t _qu)’ Xép) (t) - X£Q) (t- qu)’ Xép) (t) - XéQ) (t- qu)’ iCqu )

(pq) = (12),(21) are components of the null vector lying on the light cone; (ul(p) (), us” (t),ul” (t)) =P (1),
(p=1,2) are velocities of the moving particles;
3
(TP, 0 1)) = > uP )ul )
y=1
Ay =02 = (@@, 0P W) (1P, 2P, 20,2 )=(APicr A, )= (TP /4 ic/A,)
are components of the unit tangent vectors to world lines;

() (a) (a) .
u’(t—r u,’(t—rz uy’(t—7
ﬂ(q):[ ! ( pq) 2 ( pq) 2 ( pq) & ]=(U(DQ)(t_z-pq)/qu,iC/qu)

qu qu qu qu
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A =\/c2 _<U(q>(t_qu)’u(q)(t_qu)>; dstP = A dt, </1(p)’;t(q>>4 :(<U<p),u<“)> )/Apqu,

</1(p)1§(pq)>4 :(<g(pq),u(p)>_027pq)/Ap; {1 ds, =ulP / (A2) +ulP <U(p),ﬁ(p)>/(Aé);
d 1 d 1 dt d dt

(p) —irli® 5P 4y. — . _ _
dA{P /ds, = ic(a®,aP )/ (ap); d /ds, =/ A,)d /dt;, T T T T o G =P
pa Pq

a pq pq Pq

where the derivative is calculated from the equation

3 c(E0D g0\ [ £(pa) (@)
:(1/C)\/ZI:X;(/p)(t)_X;(/p)(tpq)T,i-E. dt _ <§ 4 > <§ >5qu;

= dt,,, C\/<§(pq),§(pq)>_<§(pq)1u(p>>
A /ds, =Dy U/ (M%) + Dy (TP, 0P )ul® 1 AL ; d AL /s, =icDy, (0@, @)/ A%

(&,d A /ds,), = D, [(g(pq),u“”>/(Azpq)+(<§(pq),u<q)>—c21pq)<u(q>,u(q)>/A‘;q};
pa(pq):_(1+<§(pq)’d/1(q) /dsq>4)/1(§‘“ /(</1(‘1),§<W)>j)+

(1/(</1(q) 5(pq)> ))d/’t(q)/ds M ou@ LN @

pPq - pq Yo
where
B A%, +Dyq < é?(pq)1lj(q)> N D,, y
Pa— (Czrpq _<g(pq),u(q)>)3 Lo _(szpq _<62(pq),l](q)>)2
i +<§(pq>,d/1(q) /dsq>4 @ 1 aa AZ, 4D, <gz(pq) lj(q)> o

</1(q>,§(pq>>i ’ <ﬂ(q)’(§(pq)>i ds, (CT (&, U(‘“>) .

Consequently

(pa) / 4(p) =(pa)\ _ (p) £(pa) (a) (p) £(pa)\ 3(a@). p(pa) _;
PP (400, 00} =M o (AP, 00 @ N (2P, £P0) ul®; PP <icM, .

We recall the basic assumption <U(p) , U(p)> <Ct<cC.

Finally we write down (4) in the form

do, P/ds, = (Q, /CZ)[<5(PQ),5-(P)>|:)&(DQ) _<5(pq),5<p)>(§a(pq) 4

+(qu<|f)'(PQ)’Z(p)>_(ip4(pQ) /C)<E(PQ)’Z(9)>)GEP)+((ip4(p(1) /C)<§<pq),5<p>>_rpq<§(pq),5<p>>)i§p>}+
K0, (F0. )1~ ) 1320 e 2o
((,ppretlc < (p)ret ~(p)> ret<ppret *(P)>)ﬂ£p):|_(Qp/2C2)|:<E(P)adv,5_(p)>pap,adv
(P12 (520 ) 1)l

((Ippadv /C)< p)adv 5P > gdv<Ppadv ~(p)>)l£p)j|.

®)
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3. Operator Presentation of the Periodic Problem

In this section we formulate an operator presentation of the periodic problem for (5).
First we transform (5) in order to obtain a suitable form of the spin equations system:

3
doa(p)/ds =(Q /CZ) Pvqu) é(pq ée(pq) p(pq

y=1

r=l

3 3 3 3
J{qu ley(pq))?(p) (PP 10)) pq)/ly(p)Jaip) +((|P4(PCI) /C)Z‘iff MolP 7 Z;Py(pmaﬁp)}lfp)}r
7: }/: }/:

3
+(Qp /2C2)|:Pap,retzgfp)ret0}£p) _ Pap,advzé:(p )adv (p) g(p)retz P p,ret (p) ég(p advz P p,advo_}(/p) +
=1

y=1 y=1 y=1

7=l 7=l

3 3 3 3
ret poret 4 (p) _ (jp Poret (p)ret 2 (p) | 5(P) adv padv 2 (p) _ (jp Padv (p)adv 2 (p) | 5(P)
+(rp D PPEAP (i) /c)zlgy Al Jaa —(rp D PPV _(iP) /c)Z‘ify Al ]aa +
V= V=

3 3 3 3
+{(ip4p,ret /C)Z é;y(p)reto_ip) _Z_pretz Pyp,retaﬁp)jlip) _((ip4p,adv /C)z gy( p)advo_}(/p) _Z_padvz Pyp,advaﬁp)j/lip):|
7=l 7=l 7=l

=1
or
do, P(t)/ A,dt =F P (t,0'P,0f”,6{P) = F R (t,6'P,0{”,6{") + F0y (t,6 ™, 0P, 6Py (@)
where
F(D)(t J (D)) Q /(C ) |:Zo. (p)(p (DQ)(:: (pa) 5 (pQ)p(DQ)_l_
=1

3
+(ip4(pq)l§p) /C)éy(pq) _qu/la(p)py(pq))+o.§p) Z;(qupy(pq) — (iP{P® /C)gy(pq))ly(p)}
}/:

FR o0 o)=Q, /(%) l:io_y(p)(Pa(pQ)éry(DQ)_fa(pQ)Py(pQ)_i_
y=1

3
+(ip4(pq)ﬂa(p) /C)S:y(pq) _qu/za(p)py(pq))+o.a(p) Z_;(qu py(pq) _(ip4(pq) /C)Sey(pq));ty(p)}’

3
of?e)id (t, 0_1 702 (p) o (P)) — Qp / (202) % [O_y(p) |:Z( pap,retégy(r))ret _ Pa p,advéy(p)adv _

r=1

3
(p)retp p,ret (p)advp p,adv (p) (p) retp p,ret advy p,adv
—&,(Pretp Pty g (VP P Z‘i/zy (7,P, P =7, VP, P —
}/:

3
_(ip4|0,fet /C)é:},(p)mt +(ip4p'adv /C)eay(D)adV]_,_/la(P)Zo.y(P) ((ip4pvret /C)fy(p)mt
y=1
H ,ad d t ret d ,ad
PP () P g i g s pa)]

In what follows we call F.{?)(t,&”’) Lorentz term of the spin equations, while F.{?); (t,GP) — radiation term.

We recall (cf. [7]) that velocity functions uép) t),(p=12; @ =1,2,3) belong to the space
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(k+D)T,
Mo{u(.)eM: [ u(t)dtO(kO,l,Z,B,...)},

KT,
where
M ={UECT°j[o,oo): |u(")(t)|£U0a)”e‘”,te[O,TO]} (N=0,12,..), i1, , U,, T, =const >0, Ue’™ <T<c,

CT°§[O, o) is the space of all infinite differentiable T, - periodic functions. Following A. Sommerfeld [9], [10] we denote by

B =C/c<1.Itfollows that trajectories and velocities are T, -periodic functions.
Our goal is to prove an existence of T -periodic solution of (6). For that purpose we define an operator on the space

Cy,[0,To] consisting of all continuous functions such that '(0) = o(T,) by the formulas
6 6
H :(Hl(l), HOHO HO HE HP):(C[0,Te]) = (C[0.T,])
H(p)(a(p) (p))(t) _ (p)(r )+J'|:(p)( (p) ,aép))(s)ds, (8)

te[0,T,]; (p=12; «=123).

Lemma. Every T, -periodic solution of (6) is a fixed point of H and vice versa.

The proof can be found in [24] (M. A. Krasnoselskii).
Consequently, we have to prove an existence of a fixed point of the operator H.

4. Preliminary Lipschitz Estimates of the Lorentz Term of the Spin Equations

First we notice that U e" 1 <CT<C;

&, 79| <7y < 0T [Dyg| < W+ B (W= B); g 21y 1 (20) = U 7 <261 1y 0= 27 /Ty,

¢z, _<gz(pq>,u<q)> >, _\/(g(pq),5(pq)>\/<u(q),u(q>> > 7, —Ter,, =ciry (1-B);
< (A%q +D, < f(p“),ﬁ(q)»/(czqu _<§(pq),u(q)>)3

09 <[u (- 2,0) |

R <My e [+

oy, /(Czrpq _<§(pq)’u(q)>)2

(a)
u,, |+|Npq

X

[cz +(1+B) (1~ ﬂ)i|§y(pq)||uy(q>|J 1(cPrq (1- ﬂ))3
p=

<[u@(t-7,,) |/(C4rpq3(l—ﬂ)3) +

u? (t _qu)| / (1_18)((:2%(1 (1_'8))2
uf(t ~Tpq) |23:|u9(q) (t- qu)| *
0=1

)ul ¢ —rpq)|/(c4rpq2(1— B)’)<

+(1+ﬂ)/(csrpq2(1—ﬂ)4)
S(l—ﬂ)/(csrpq3(1—,8)4) +(3(1+ B) o+ (1- B) (1+ B) w)U e /(c“quza—ﬂ)“) <
<|u(e@-p))|[(@-pr1e) + (a0 pore?)]



18 Vasil G. Angelov: Spin Two-Body Problem of Classical Electrodynamics with
Radiation Terms (II) — Existence of Solution of the Spin Equations

and

|iP4(pq) /c|§ —ic

(3570 .07~}

s[l/(c(l—ﬁ))“][((1—/3)/7pq )+(3(1+p)ei, )}
Then
|H(p)(o.1(p),62(p)’o. (p))(t)—Hépa(El(p),Ez(p),53(p))(t)|ﬁ

|
s<|ep|/c2>Llo

+(iP4(p(])ﬂ.a(p) /C)sz(pq) _qula(p)py(pq)‘ |ay(p) (s) _5y(p) (s)|ds+

FoEpL) (01 1O ’0'3 (p))(s) - FOEDL) (El(p) 0 (P , 03 (p))(3)|d5 <

p (P (00) _ = (PP (29)

+y§3‘ii‘rm P, —(ipfP /¢),%]|2,7]o, P (5) - 5, (9)] s | <

<20, (e 47 +1) (e (1-p)' - 57 )

(1= 4401+ B)oryg) I 7,2 |0, P9) -5, P () ds+2[Q, |/ (2- 5)* V- 7

1 0, P(5)-5, 7 (9)|ds <8[Q,|(cyL- 57 +1)1 (c* (1- B)* V- 7

<[ (c-B)+2(1+ B er) T, ]iﬂay (s)-5, ) (s)|ds +
=lo

y=1

X

Me LM
Ot~ O —

X

[(1—ﬂ+4(1+ ﬂ)mpq)/rpqz}

<
Il

+8\Qp\(c(1—ﬂ)+2(1+,3)a)r0)/(c4(1 B)" r,2\1- 2 )ng‘ij
7=L0

<ep((0,0,08,0,00,0).(60.50.50,62,5,2,52))x

<8[Q, |(c\/17+2)(0(1 ﬂ)+2(l+ﬂ)wro)/ﬂ( \/72)

- (p)(s)—aa(p)(s)‘dsg

[24

5. Preliminary Lipschitz Estimates of the Radiation Term of the Spin Equations

Here we transform the radiation part of the spin equation using some reasoning from [7]. Indeed, we recall assumption

rpret = rpadv =7 with 7 small:

EPN =yt +7) - xP ) =cuP () + (* 1 DL (©) +... =
MR =ruP (1) +0(e%) = £ = culP(b);
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uP (t+7) =uP @)+ (2 /1) 0P @) + (221 206P @) + (2 130U (t) +... = ulP (t+ ) =ulP (t) + O(z);
uP (t-7) =uP @) (z /1P ) + (% 121D @) - (° 13N @) +... = ulP (t—7) =ul? () -O(7);
uP (Ol (t+17) =

- (ug’)(t))2 +(11)uP Ul (t) + (2 1 206P (U (1) +... = uP (ulP (t+7) = (ugp)(t))2 +0(7);
u” O (t-7) =

= (ugf)(t))2 — (@1 O © + (2 1296P QuP (1) ... = uP DU t-7) = (ulP (t))2 ~0(2);
3 3
<U(P),u(p)adv>:<U(P)’U(P)(t+z.)>:Z‘iu;p)(t)u}gp)(t_'_r)zZ;uip)(t)u}(/p)(t):<u(P)’u(p)>;
7= 7=
<u(p),u(p)ret>z<u(p),u(p)>; <u(p)adv7u(p)adV>z<u(p)’u(p)adV> ; <u(p)ret,u(p)ret>z<u(p)’u(p)ret>;
oyt (£ uP ) = e - (UP ), uP t-1)) 2 7 (¢ - (UP ). UP M)) = 74,7

e —(EP% U} = ?r—r (UP ),uP (4 7)) 2 o (? - (uP ©.UP ) =74,
Then

Dp,retz(cz ret <§(p)ret u(p)ret>)/(czrret <§(p)ret,u(p)>)z(sz'—T<u(p),u(p)>)(czf—T<u(p),u(p)>)=1;

My e =(A pret+Dpret<cf(p)ret,ﬁ(p)ret>)/(czz'pret—<§(p)r9t,ﬂ’(p)mt>)3z(Ap2+12<u(p)(t),l](p)(t)>)/z'3Ap6;

N p e =Dpee /(€77 - <§<P’fet,u<p>mt>)2 =1/7%A%;

PP =M U™+ N 0™ [ (4,7 427 (0P uP (t-2) 1 (78,0 |+
AP -0/ | (8,742 (U uPN P 1 (80 [+ ulP - ) /A
PP =ic(A,” +22 (uP,uP (t=0)))/ (2°A,°) ~ic( A, + 7 (uP (0),uP 1))/ (°A,°);
i (6 ({0l

M e == (A% sy + Dy { EP, GO (27— (EP, a<P>adV>)3 ~

~ (Ap2 +22 (P (1),4 (t)>)/73Ap6;(CZT_T<U(P),u(p)>) 1

2
_ 2__ adv Z(p)adv =(p)adv _ 24 4.
Np,adv_Dp,adv/(C 2 _<§ U >) =1/ Ap :
(p)adv _ (p)adv (p)adv _
Pa _Mpadvu +Npadv ua ~

z|:u(()[p)(t_i_,[)(Ap +T2<U(p),u(p)>)/(T3Ap6)J+|:Uép)(t+T)/TZAp4] ~
<[uP @ (8,7 + 72 (P ,uP)) (a0 [+ [0P ()28, T,
PP —ic(A ) +22 (uP,uP (t+0)))/ %A P ric(A,2+ 2 (UP 0,07 () /A%

PDEp)ret . Pogp)adv _ (uap (t—7) _u((zp) (t +T))/1-2Ap4 ;

PP - PP (4,2 +72 (UP .07 1))/ (°45) |- ic(a,7 + 72 (1P 0,uP )/ (a%) | 0.

19
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Then we transform the radiation part of (5) with accordance of assumptions from [7]:

Ogrgd(t (p) ép)’o.ép)) (Qp/(Zc ))l:z(Ppretég (p)ret P padv(f (p)adv

_§a(p)ret P}/p,ret +§a(p)avayp,adv)O_(p) _}_Ga(p)ziy(p) [Tpretp}/ p,ret _Tpavayp,adv _

_j (P4p,ret§7(p)ret _ P4p,adv§y(p)adv)/c] n ﬂ’a(p)il[(i /C)(P4p,ret§y(p)ret _ P4p,adv§y(p)adv)_
Tpretpyp,ret+Z_pava}/p,adv:| (p)] (TQp / 2¢ )l:zu(p) (p)(Ppret Ppadv Ppret+Ppadv)

3
+70 (Y (PP =P P — (iu® )(PP™ —PP*) | 217 +
y=1

+rzgp)i((iu§p) [c)(PP™ PP ) (PP — PypaadV))J;m} -

y=1

-(Q, /2C2){i(a§p)u£p)r 12285 x((UP (=) —ulP (t+ 7)) = (@) (t—7) 0P (t+7) )+
y=1

3
=@Q, /2TCZA§){§;(ugf)(t ~7) =P (t+7)-0lP (t-7) +ulP(t +r))u§%y’) +
}/:

3 3
+HoP 1) AP WPt -1)-iP t+ ) - 1) P P t—7) -ulP (t+ 7)) |.
y=1 y=1
Consequently in view of

ulP (t—7)-uP (t+7) ~ -2 0P (1)

we obtain

|(u§}’) (s—7)-uP(s+7))/ ¢ | <2|uP (s)| < 202U " < 202U " < 20°C
Then

HE (el 08, o) O - H W (@, 58, 50| <

E®. (o, o, o{)(s) - F®) (5P, ép),ga(p))(s)|dsg

a, rad a,rad

<]
0
S(Qp/27c2\/(1 B?) ){Z”u(p)na(p)(S) (p)(5)|

x(|ugp>(s—r)—ugp)(s+r)|+|u§P>(s—r)—u;P>(s+r)|)ds+

+(2w2c/r)iﬂu;m(s—r)—u;m (s+2)||47|oP () - 5P ()| ds +
r=lo



International Journal of Theoretical and Mathematical Physics 2018, 8(1): 12-27

+(1/r)23:j|u;p>(s—f)—u;p> (s+2)|[ Ao (5) -5t (s)|ds} <
r=lo

t
< (GQpa)Z(C«/l—,BZ +1) /(- p2)21- B2 )jeﬂSdsx
0
1 1 1 2 2 2 —(1) =@1) =01) =(2) =(2) =(2
<p((o.00, 08 ,6,02,02) (59,59,50, 5 510,50 <

2
<6Q,m%e" (c+\/1—[32)/(/¢c(1—ﬂ2) «/l—ﬂz)x
) 1 @O 2 2@ @)\ (=0 =0 =0 =2 =) =(2
«p((of 0.0, o2 0 o) (69,59.6%, 52,52, 52)).
Therefore

HP (o7, 08, o)) - HP (17, 347, 547)(0)] < o) (To) - 547 (o) +

t
+j|F05p)(Gfp),dép),ﬁép))(s)— Fép)(gl(p),Eép),gép))(sﬂdsS
0

<e [e"T” +4|Qp|(c(1—,8)+2(1+ﬂ)60l’0) I/ (ue’ry) x

x(2(1+ 1= 52) 1 (1- B) c1- )+(6pr2 (Wrei-p2) L uc(1-p2) 1-p2 )}x

2 2 D\ =0 =1 =1 =2) =(2) =2
«p((6,0 00,060,000, 00),0,50,50,50,5, 7))

It follows

P(HP (17,07 o) HP (G, 547, 57)) <[ e +4|Qy (¢ (1- ) + 2(1+ f)ono) (™5 ) %

x(2(2+c\/1—ﬂ2 )/ (1= B) cy1- B2 )+(6pr2 (reyi-B2) 1 ue(1- p2) 12 )}x

DM 0 (2 2 @y (=0 =0 =0 =) =) =
xp((O'(),O'é),O'é),O'l(),O'é),Gé)),(O'(),O'}E),G}(,),O';(,),O';E),O'}E))).

Therefore the operator H is continuous one.

6. Existence of a Periodic Solution of the General System

The main result of the present paper is:
Theorem 1. Let the following conditions be fulfilled:

Ue*™ <T <c;
o2 ()| +(|Qp |/ uc®) [ 24(1- p+2(1+ ﬂ)a)ro)x(\/1—7+ 2)/(1—ﬂ)4 AN
160 (1+ NE )/c2 (1-p2 )5’2}30 <5s,.

Then there exists a periodic solution of (5).
6
Proof: Introduce the set (CTOB[O,TO]) with a metric

1 1 1 2 2 2 —(1) =1 =10 =2) =(2) =(2
(68,0800, 0, 0,0), (50, 50,50 50,52, 5)),
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=max{ p(o?.50), p(o,5), p(0), 50). p(0f?, 52), po, 7). plo? . 52)}

pc? 5Py = sup{ ~GP(n)e te[OT]} (p=12 a=1223)

where CTOB[O,TO] = {0' eC; [0,To]: o)< Soe”t} , Sy is afixed constant.

Our first step is to show that the operator H maps (CT [O,TO]) %into itself, that is,

H=(HY HE HP HE HP HP): (Cp[0,T,])*>(Cy [0.T,]) .

Indeed,

() P, (p))(t)|£|o.(p)(-|- )|+ HE (0P, 08", o

P (0,0, o)1)

O.ép))(t)| ”F(p)(o.(p) ép),aép))(s)|d8 <

IA
—

Q|/¢?) Jt'|P6§pq’|Zgl|§y(p‘”||a§p’(s)|ds+
0 y=1

+
O ey —~

gépq>|i|py<pq>||ay qu23:|py<pq>||¢p>|ds+
y=1 =1

+
O ey —+

3
O.ép)(s)||ip4(pq) /c|Z|§y(pq)||ly(p)|ds+
y=1

+j 199159 16[ 3|29 o qui|py(pq>||0§p>(S)|d$1S
0 7=l =1

s|Qp|[i((1 ,B+4C(1+ﬂ)a)rpq)/(c )Z|a(p)(s)|ds+
+j ((1 B+4c(L+ B) o) (5 ( )Z|a(s)|ds+

0

+j' (p)(5)|((1 ﬂ+4c(1+ﬂ)wrpq)/(c )23:|/1(p)ds+
0 7=l

+j (p)(s)|((1 B+3c(1+B)wr,g) (€75, (1-8)) )23:|/1(p)ds+
0 r=1

+j AP ((1 B+3c(1+B)wr,y) (7] )i|6(p)(s)ds+
0 r=1
+j AP ((l B+4c(l+ B)oryy) ! (c°r )23:|0(p)(s)ds}s
0 7=1
32|Qp| 't[((l p’+4c(1+ﬁ)mpq)/(c5fgq 1-5) )Z|a(p)(s)|ds+

K
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+J'|g(p)(s)|((1 ﬁ+4c(1+ﬂ)a)qu)/(cer§q 1- 5) )Z|;t(p)|ds+

+j|/1§,p>|((1—ﬁ+4c(1+ﬂ)m ) (c®z5, (1 4))23:| (p)(s)|ds}s

0 y=1

<8|Q |{((l ﬂ+20(l+ﬁ)a)l’o)/(c3r02 1— ﬂ )iﬂ (p)(S)|dS+
:]_0

+3((1 B+2c(1+ B)an) (2 (1- B)' y1-B ))ﬂ p)(s)|ds+
0
+((1—,B+2c(1+ﬂ)a)r0)/(c3r02(1—ﬁ)4\/1—ﬂ )) ﬂ (p)(s)|ds}£
=10

<8|Q |((1 B+2¢(1+ B)or) 1 (€’ (1- B) ){iﬂ (p)(s)|ds+
S10

+(3j|aa<p>(s)|ds+23:j|a;P>(s)|ds]/ 1- B2 } S8|Qp|((1— B+2c(1+ B)ary) | (€32 (1- ﬁ)4)x
0 7=lo

x3S, {all—ﬂz je”sds +'t[e“sds +.t[e”5ds:l/ 1-p% < 8|Qp|((1—:3+ 2c(1+ B)ory) 1 (e°r,” (1—[3)4)><
0 0 0

%35, (e —1)(2Jm/1—ﬂ2 )/m/l—ﬂz <24[Q, |, (Jl-ﬂz ; 2)><
x((l—ﬂ+ 2¢(1+ B)wry) I (uc’ry? (1—ﬂ)4 J1-p? ) ;

ra (O.(P) (IO) (p))(t)| J’||:(P) p) ép),aép))(s)|ds£

a,rad

< (|Qp|/zfc2)

3
j((ug;’) (s—7)—uP (s+2) D ulP (007 +0 ) 143 )+
y=1

0

3
+((Ap +1)ulP /Ai;)Z(ugp) (t—7)-ulP (t+r))0'§p)}ds <

7=l

< (So[Qy|/ 20 cz)((c+(l—ﬂ2)ﬂ2)/(c4 (1-p° )S’ZDX

x| {3@19) (s—7)-u'P (s+r))+i(u;p)(s—r)—u;m(sw))JeﬂSds

0 r=1

oot et ”)

<

t 6P (s) +6U " (s) | e ds
0

S, <

23
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< (12Ug0%e S, [Q, |/ (2c2))((c H1-p? )”2)/(c4 (1-52)" )jj.e”sds <

0

< (12Ug0e e, [Q, |/ (Zycz))((c H1-p7)" ) / (04 (1-52)" )) <

<(6wets, |Qp|/(ycz))((c+(1—,82)1/2)/(c4 (1—ﬂ2)5/2)) .
Therefore

|H (p)(a(p) (p))(t)| |a(p)(-|- )|+|H(p) (p), ) o (p))(t)|+||_|(p) (p),Gép)’Jép))(t)F

a,rad

< |a§j’> (TO)|e”t +24/Q, | Spet (1- B+ 2(1+ ﬂ)a)ro)x(Z +(1—/32) )/ (ycBroz (1-p)* (1-4° )”2)+
+60°S,e"" |Qp|(1+ c(l—ﬂ2 )1/2)/y05 (1—/32)5’2 <et |o§j’> (TO)| + 6|Qp| S [4(1- B+2(1+ B) wry ) x
x(2+(1—ﬂ2)”2)/(r02 (1-p)" (1—,52)1/2)+a)2 (1+c(1—ﬂ2)1/2)/c2 (1—/32)5’2}/,1& <S,em
Consequently the operator H maps (CTO [O,TO])6 into itself.
It remains to show that the set H(M) is equicontinuous. Indeed, for t;,t, €[0,T,], t, <t,, we have
|H(p)(o_(p) O_(p), (p))(t )— H(D)( (D) £D)1G§p))(tl)| <

|O.(|0)(T )— a(p)(T )|+|H(P) (P)’O.(P)’O.(P))(tz)_H(p)( (). ép)’aép))(tl)|
+|H(p) (@, P, {P)(t,) - H P (6P, ép),aép))(tl)|ﬁ

a,rad a,rad

(! (D) ép),aép))(s)|dsﬁ

rad

< j FR (0P, 0", o{P)(s)|
4

4

<8|Q, |- B+2(L+ B)ary) I C°r? (1—ﬁ)4 {350 @+(1-p2) ) I1-p2) " Teust]+

+12SU m’e"

Q| Te”sds (1+c(1—ﬁ2 )”2)/(2c6 (1-p2 )5'2) <
f
<48[Q, S, [((1—ﬂ+ 2(1+ B) or, )L+ cy1- 52) 1 (12 (1- B)* \1- %) )+
w* (1+c(1—ﬂ2 )1/2)/02 (1—,82)5/2}(@‘tz —e“") ) ucd .
Theorem is thus proved.

7. Numerical Confirmation of the Results Obtained for the Hydrogen Atom

Here we show that all assertions obtained concerning two-body problem completely confirm the experimental results for
the hydrogen atom. Indeed, we recall that

Q| =ee,|/ M ~2,8.107%; |Q,|=]|ese,|/ M, ~2,8.107° /1836, ¢=3.10°m/sec, the radiation time is
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/c= 2,82.10%/3.108 ~0,94.102 =9,4.10%* sec . Since the radius of first Bohr orbit is

L, =0, 53.10° m and its velocity is Vo =C /137 = ryw, (1/137 — Sommerfeld fine structure constant [9], [10]), then

¢/137=r ay, = wy =c/137r =3.10°/137.0,53.10 " ~ 4.10';

7o = Fetectron

To =27/, =27.137r /c~1,52.10"°; f,=1/T;~1/1,52.10"° =0,66.10° Hz;

Ay =c/ f,=3.10°T, =3.10%1,52.10 ™ ~ 4,56.10 °m = 456.10 "7 A.
Our estimates require T, = 14, to be a constant. Here @ =@, and we have to take x> ay,, for instance
4 =6.10" Then 4T, =6.10".1,52.10""¢ =9,12 = 1. Therefore @,/ 11=2/3 and 7,0, =9,4.107%*.4.10"°

=3,76.10"", that is condition 7,@, = 9,4.107*.4.10" < 2 is satisfied. Here 8 =1/137 = 1-f~1.

The following inequalities guarantee an existence of periodic solution of the equations of motion with radiation terms
(obtained in [7]):

D) (1.210°+6,1.10°+2,9.10%+7,7.10™)(2/3)"" <1,
2) (6.10°+3.10° +2.107%° +10°°)(2/3)" <1,

3) K ~2,96142.10°(2/3)" <1;

4) K =5,92230.10°(2/3)" <1.

In the above inequalities n might be chosen arbitrarily large (cf. [7]).
We have to verify the inequality from the main theorem

ol (T,)| (65, \Qp\/y&)[a)z (1+ N )/c%/(l—ﬂz)f’ "
+4(1- B +2(1+ f)on ) (2+1- B2) I (1- B)' \1- B° } <S,

orinviewof 1-f=1

P (T,) +12\Qp\[6((1+ 2m015) 1757 )+ @y’ /c}/yc3 <lo

P (T,) +12(2,8.10‘8 /6.10% (3.108)3)[(4.1016)2 /3.10° +6(1+ 2.4.10%.0, 53.10-10)/(0,53.10-10)2%1;

o'P (T,)|<1-(4,386.10° +1,96) /10%,

This means that the initial values of the spin functions should satisfy the last inequality.

8. Conclusions

The present paper completes our investigations on the two-body problem of classical electrodynamics. Beginning with
Synge model we have corrected Dirac radiation term and extended Corben-Stehle spin equations. We have proved an
existence of unique periodic solution of the equations of motion in [7]

di®/ds,=(Q, /CZ)[ﬁ(DQ) (<§(pq’,2<p)>—c27pq /Ap)—(<ﬂf(p), 5(pq)>+cszq /Ap)f”"”}r
+(Q, /zcz)[ﬁp,ret (<g(p)rEt,Z(p)>—CszrEt /Ap)_(<2(p), ﬁp.ret>+C2M - /Ap)g(p)retJ_

-(Q, /202)[|3p,adv (<é’:’(p)adv,j(p)>_c22_padv /Ap)_(@(p)’ |5’p,adv>+C2M e /Ap);g’(p)adv:|

and here an existence of a periodic solution of spin equations
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d5'(p)/d5p =(Q, /202)x{2[5(p‘” ><(5.(13) Xé?(pq))+z.pqﬁ(pq) ><(&(P) ></{(P))_

~EG ><(5.(p) % |3(pq))_(ip4(pq) /C)é?(pq) ><(5.(p) X/{(p))}r

+

[IS(p)ret ><(5(p) Xg(p)ret)JrT;etﬁ(p)ret ><(5(9) ></{(p))_

_E(pyret ><(5.(13) % ﬁ(p)ret)_(ip4(p)ret /C)é?(p)ret x(&“’) x 1(P) )}_
_[ﬁ(p)advx((}(p) Xg(p)adV)JrngvlS(p)advX(g.(p)x/{(p))_
—E(patv ><(5(p) % |3(p)adV)_(ip4(p)adv /C)g(p)adv ><(5(13) X/{(p))]}.

In this manner we have proved the stability of hydrogen atom and showed that stationary states introduced by N. Bohr are
implied by classical electrodynamics. Introducing spin equations in the frame of relativistic Synge formalism we can
investigate 3-body problem (and in general N-body) of classical electrodynamics.
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