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Abstract In this paper we introduced super general geodesic equation and golden metric tensors. We derived linear
velocity vector and linear acceleration vector using golden metric tensor in spherical polar coordinates. Coefficients of
affine connection were evaluated based upon golden metric tensor. Based on the evaluated linear velocity vector and
acceleration vector, we obtained super general geodesic planetary equation in terms of r,6, ¢ and x° to obtain Riemannian
acceleration due to gravity in terms of r,0,p and x° known as gravitational scalar potential that played an important role
in dealing with planetary phenomenon. Also in this paper we derived generalized planetary equations based upon
Riemannian geometry and the golden metric tensor. The planetary equation obtain in this paper contained Newton’s
planetary equation, Einstein’s planetary equation and the added or contribution term to the existing planetary equations
known as post Newton’s planetary equation and post Einstein’s planetary equation. Whose solution of these equations will
be consider in the next edition of this paper.

Keywords Golden metric tensor, Geodesic equation, Coefficient of affine connection, Newton’s planetary equation,

Einstein’s planetary equation

1. Introduction

The properties of geodesics differ from those of straight
lines. For example, on a plane, parallel lines never meet, but
this is not so far geodesics on the surface of the earth. For
example, lines of longitude are parallel at the equator, but
intersect at the poles. Analogously, the world lines of test
particles in free fall are space time geodesics, the straightest
possible lines in space time. But still there are crucial
differences between them and the truly straight lines that
can be traced out in the gravity-free space time of special
relativity [1]. Einstein’s equations are the centre piece of
general relativity. They provide a precise formulation of the
relationship between space time geometry and the
properties of matter, using the language of mathematics.
More concretely, they are formulated using the concepts of
Riemannian geometry, in which the geometric properties of
a space (or a space time) are described by a quantity called
a metric. The metric encodes the information needed to
compute the fundamental geometric notions of distance and
angle in a curved space (or space time) [2]. The metric
function and its rate of change from point to point can be
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defining a geometrical quantity called the Riemann
curvature tensor, which describes exactly how the space (or
space time) is curved at each point. In general relativity, the
metric and the Riemann curvature tensor are quantities
define at each point in space time. It is based on the above
argument explanation. Howusu introduced, by postulation,
a second natural and satisfactorily generalization or
extension of the Schwarzschild’s metric tensor from the
gravitational fields of all static homogeneous spherical
distribution of mass to the gravitational fields of all
spherical distributions of mass-named as the golden metric
tensor for all gravitational fields in nature [3].

2. Golden Metric Tensor

In this paper we introduced golden metric tensor for all
gravitational fields in nature as follows [4]. The covariant
form of all golden metric tensor for all gravitational fields
in nature as

g = {1+3fr,0, ¢,x°)}_1 @.1)
2 -1

g2 = 12 {1+ Z6(r,0,,x")} 2.2)

g43 = r’sin0 {1 + S £(r, 6, ¢,x°)}_ 2.3)

go0 = — {1+ 3£(,6,,x")} (2.4)
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g.w = 0, otherwise 2.5)

Where f is the gravitational scalar potential of the space time, the golden metric tensor and also contains the following
physical effects:

* Gravitational space contraction

* Gravitational time dilation

* Gravitational polar angle contraction

* Gravitational azimuthal angle contraction

While the contravariant form of golden metric tensor given as:

g' = {1+ 5f0,0,6,x")} 26)
2
g% = {1+ 36(,0,,x)} @.7)
o = {1+ 200 =
00 2 N
g% = —{1+3f(r,0,¢,x%)} 2.9)
g" = 0, otherwise (2.10)

3. Formulation of the General Dynamical Laws of Gravitation

It is well known that all of Newton’s dynamical laws of gravitation are founded on the experimental physical facts
available in his day. The instantaneous active mass m, passive mass mp and the inertial mass m; of a particle of
non-zero rest mass m, are given by:

my, =mp =m; =m, 3.1)

In all proper inertial reference frames and proper times.

This statement may be called Newton’s principle of mass. According to the classic scientific method introduced by G.
Galileo (the father of mechanics) and Newton the natural laws of mechanics are determined by experimental physical facts.
Therefore today’s experimental revisions of the definitions of inertial, passive and active masses of a particle on non-zero
rest mass induce a corresponding revision of Newton’s dynamical laws of gravitation which are now formulated (Howusu,
1991).

Super General Planetary Equation

1 1
2 2 A\ 2 2 \2
as given by equation (3.1) above
gu = Riemannian acceleration due to gravity
uy = Riemannian velocity vector
But force is defined as the rate of change of momentum
— 1 - 1
d u? 2\ ] 2 2 \2 u? 2 \ 7] 2 2 A\2
E“l - C—2(1 +2) ] (1 +C—2f) moHH} = [1 —C—Z(l +C—2f) ] . (1 + c—zf) mogy (3.3)
Where (1 + Cizf) is Riemannian factor.
Equivalently,
d
E{(mI)H ‘uy } = (mp)ygy (3.4)
d
(mp)y ay + {E [(ml)H]}EH = (mp)ugx (3.5)
1 d _
au +m{;[(m1)ﬁ]}ﬁn =8 (3.6)

ay = general acceleration vector.

Equation (3.6) above referred to as super general geodesics equation of motion.
Velocity Tensor

Xt = {x1,%%,%3,%%} (3.7)
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xl=r1, x*=0, x*=¢, x=ict,
%t = {t,8,d, ct}
Velocity vector

2

— .1 . .3
Uy —( 811X7,4/822X", /833X

, goofio )
Based upon golden metric tensor

1
. 2 \7zZ,
U, =.,/gnt= (1 +C—2f) 2t

1

up = /g0 =r(1+3f) 76
L
U, =,/833¢ = rsinb (1 +C£zf) 2 (0]
L
Uy = goo).(o = (1 +C£2f) 2 1Ct

Where we have make use of Golden metric tensor in equations (2.1)-(2.4).

4. Theoretical Analysis

Acceleration tensors define by geodesics equation as:
at =xH* + 1"235(“5(3

Where Fzﬁ is defined as coefficient of affine connection gives as:

1
FEB = Egus(gas,ﬁ + Bepa — gaB,s)

Putting p=1
al = £+ TL (D2 + T3, (0)” + T15(6)*

Putting p=2

a? = 82 +2r%(16) + 1% ($)”
Putting p =3

a® = §? + 25 (i) + 2133(6d)
Putting p=10

a% = ct + 2cIY, (i)

Using

x% =ct

27

(3.8)

3.9)

(3.10)

3.11)

(3.12)

(3.13)

4.1)

4.2)

4.3)

4.4

(4.5)

(4.6)

By employing equation (4.2) above, in our paper (I) coefficients of affine connection are evaluated given in equation

[(30) - (53)] [9]
1 2
1 2 )\ 7L
o =Tl = -5 (1+3f) £

rl = —Clz(1 + Cizf)_1 £,

2

1 2 7!
T =Th =—C_(1+C_f) f2

1

20in2 -1
i, =— 9(1+C£2f) f, — rsin?@

c2

and

(4.7)
(4.8)
(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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i = o (1+31) 1, (4.14)
re, =T} =2(1+ Cizf)_1 fo (4.15)
= (14 5f o, (4.16)
13, =T% =§—Ci2(1+§2f)_1 £, (4.17)
I, =—Ciz(1+cizf 7, (4.18)
3 =13 =-3(1+ c%f)_ £ (4.19)
r2, = 22 8 (1 + Cizf)_1 f, — sin 6 cos 0 (4.20)
and
o = e (1 + 5 6) 5 4.21)
g =T =5(1+ Cizf)_1 s (4.22)
= o (14 51) 15 (4.23)
rfh=ri=1-5(1+ Cizf)_1 £ (4.24)
M=o (14 cizf)_1 £ (4.25)
I3 =T3, = cotd — 5 (1+ Cizf)_1 f, (4.26)
3 =—5(1+ c%f)_1 fy 4.27)
and
e =2(1+ Cizf)_1 fo (4.28)
g =1 =51+ Cizf)_1 £, (4.29)
rd, =19 = 12(1 + C%f)_1 f, (4.30)
res =% =2(1+ Cizf)_1 fy 4.31)
g =-5(1+2 )_3 fo (4.32)
r=-5(1+ c%f)_3 £o (433)
rg, = — rZSC“;ze (1 + C%f)_3 fo (4.34)
[y = 0; otherwise (4.35)

Hence the acceleration vector

QH( g1131; gzzaz; g33a3, gooao) (4.36)
By putting the results of coefficients of affine connection, covariant form of golden metric tensors into equation (4.15),

we obtained acceleration vector equations as:

a = (1+ Ciz)_% [r -(1+ Cizf)_1 £1(6)% - (1+5£) (8)" —rsin?0 (1+3) (d;)z] (437)

c2

ag =r (1 + C%f)_% [é +§(1”6) —sin O cos 9((]))2] (4.38)
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ay = rsind (1 + C%f)_% | +2(i6) + 2 coto (66)] (4.39)
ay = (1+cizf)i[c‘t'+§(1+ciz)_1 f,1] (4.40)

Hence equations (4.37), (4.38), (4.39) and (4.40), are linear acceleration vector equations based upon golden metric
tensor.

5. Riemannian Acceleration Due to Gravity

Riemannian acceleration due to gravity in terms of 1,8, $ and x° is given by [10]
1 (d
H +_(mI)H{;[(m1)H]}UH =8n (5.1)

Where ay = Riemannian acceleration vector [6]
uy = Riemannian velocity vector
gy = Riemannian acceleration due to gravity
(m;)y = Riemannian inertial mass

Using
1

2 \"3
u, = g11r=(1 +C_2f) r
and
1
a, =al (1 + izf) 2 (5.2)

From equation (4.37) that is

1
2\z[L 1 2\ 2\, .2 _ 2\, .2
a, = (1 + ;) [r - ;(1 + C—Zf) f, ()% — r(l + C—Zf) (6)" — rsin?@ (1 + C—Zf) (d) ]

Hence Riemannian radial acceleration due to gravity is given by

a + (- [m)fu, = g, (5.3)
Putting (4.37) into equation (5.3) we have
1 1
2\2[. 1 2 2.

(1+C—2) 2[1‘—C—2(1+C—zf) £, (£)? —r(1+—f)(9) — rsin 9(1+—f (cl))] = { [(m)), ]}( —) ‘t=g,
(5.4)

Riemannian 6 — acceleration due to gravity is given by
1 (d
a0 + G- { 3 [(me]f uo = g (5.5)

Putting equation (4.38) into equation (5.5) we get

3 1
(1 + C%f) [6 +- (re) —sin 6 cos G(d)) ] e { [(ml)e]} (1 + C%f) “0 =g, (5.6)

Riemannian ¢ — acceleration due to gravity is given by
ag + ﬁ{;—r[(m%]}ucp =8y (5.7)

Putting equation (4.39) into equation (5.7) we get
1

(1+ —f) rsind [ + 2 (6) + 2 cot® (6)] + m{di [(mp)g]}rsing (1 +5F) ¢ =g, (5.8)

0

Riemannian x° — acceleration due to gravity is given by

0+ G5z L3 [(mol fuo = go (5.9)

Putting equation (4.40) into equation (5.9) we have



30 Y. Nura et al.: The Generalized Planetary Equations Based Upon Riemannian Geometry and the Golden Metric Tensor

(1+26) [ ct+2(1+3 f,l] o ——{ = 1mol} (1 + C%f)_% ict = g (5.10)

Hence equation (5.4), (5.6), (5.8) and (5.10) are super general planetary equations for the components of r, 0, ¢ and x°.
Using equation (3.2) above we get

N| =

(m)y = (m)p = [1 ~C(a+ie) 1]2 (1+2 )%mo(mI)H = [1 -2( +C%f)_l] (1 +C%f)% my  (5.11)

Putting equations (5.11) into the equation (5.4), (5.6), (5.8) and (5.10) we get,

(o) 30 00 (o200 (o2 o122

1 1 1

2 1 d u? 2 A7 172 2\7z2(.| _

+(1+3) ‘j?j‘?ﬂah—ﬁ@+§0 ]0+5)}r=gr (5.12)
[1-52(1+51) ]

Equation (5.12) above give rise to super general radial gravitational intensity (or acceleration due to gravity) based upon

the golden metric tensor.
Hence equation (5.6) becomes

a4 | 1 : I

(1 +C12) 2r[9+%(1"9) —sinecose(q))] + (1 +C12) 2 ﬁ[;—r[l —:—2(1 +C£zf) ] (1 +C12) 2}1‘9 =gq

1150 ]
(5.13)

Equation (5.12) above give rise to general 8 — gravitational intensity (or acceleration due to gravity) based upon the
golden metric tensor.

Equation (5.8) becomes

1

(1+) “rsin0[d+= () + 2cot0 (66)]

1

1 1

2\ 72 1 d u? 2 N1z 2\7z2| . s

+(1 +C—2) ﬁ[;[l_c_z(l-l_c_zf) ] (1+c_2) }rsmeq) =8y (5.14)
[1-(1+0) |

Equation (5.16) above give rise to ¢ — gravitational intensity (or acceleration due to gravity) based upon the golden

metric tensor.
Equation (5.10) reduced to

1 1 1
2. . 2 2\ 1 2\72 1 d u 11z 2\7z2(. .| _
(1+c_2f)l[Ct+E(1+c_2) f,1]+(1+c—2) ﬁ{a[l—c—z(lﬁ- f) ] (1+C—2) }lct =gg (5.15)
[1_C7-(1+C7-f) ]
Equation (5.15) above give rise to x° —gravitational intensity (or acceleration due to gravity) based upon the golden
metric tensor.

Hence equation (5.12), (5.13), (5.14) and (5.15) are referred to as general gravitational intensity (or acceleration due to
gravity) based upon the golden metric tensor in spherical polar coordinates.

6. General Gravitational Intensity or Acceleration due to Gravity Based upon the
Golden Metric Tensor in Spherical Polar Coordinates

=~ ()T 6.1
go = — (x°)°T§o (6.2)
gy = — K0T (6.3)

= — %91, (6.4)
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where T§y, T8y, Ty, T3 are coefficient of affine connection evaluated using the formula

Fiﬁ = _gus(gOlE.B + BeBa + gaB,s)
Equations (6.1), (6.2), (6.3) and (6.4) reduce to

. 1 1
g, = — (XO)Z c_z(l + C—Zf) f,1
. 1 1
8o = — (XO)2 ﬂ(l + C—Zf) f,z
— (g2 1 L
8o = ) c2r2sin 20 (1 + c2 f) f3

g =— &2 (1 +C—2f)_1 fo

where
%0 =ct
(Xo)z = c2{?

equating equation (5.15) with equation (6.6) we get

1
2\ zZ[. 1 2\ 2\, .2 2\ 2 \,. .2
(1+5) [r—g(1+c—2f) £ @7 —r(1+51) (0) —r(1+ 1) 51n26<1+c—2f)(¢)]
1 11 11 1
t(12) =S (20 [HE-S e 20 [ (1+2) "
c? c? c? dt c? c? c? r
. 2
=25 (1+36)f,

Equating equation (5. 16) with equation (6.7) we get

(1 " ) [e +=(0) —sinB cos O (d))]

1 1
+(1+2)‘7 . uz(lﬂf)” d] uZ(HZf)”(HZ)Z b
c? c? c2 dt c2 c? r
.91 2
:_tzr_2(1+c_2f)f'2

equating equation (5.17) with equation (6.8) we get
1

(1+3) "rsin6[+2 (6) + 2 cote (66)]

1 1
% 2 P 2 P lie 2) P rsined
__2 ) dt _c(+§> <+C_2> rsinf ¢
(1+ f)f

equating equation (5.18) with equation (6.9) we get
2N [ . 2 2\t
(1+C—2f)L Ct+z<1+c—2> f,1
1 1 1
v 1 ) T1Llio2 (e 20 Tlae2) L
1=z +—) &t ‘c—z( +c—z> (*?z) tet
——t2(1+—)

1+
= —{2

r251n29

31

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
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7. Application to Planetary Theory

Consider a planet of rest mass my moving in the gravitational field exterior to the sun which is assumed to be a
homogeneous spherical body of radius R and rest mass M, shown in the diagram below

M, my O

In the first place let us assume that the gravitational field is that of Newton:

f(r, 0, $,x°) = -2 = —= (7.1)
Where K = GM,
Where G is the universal gravitational constant.
i K
fq = Ef =3 (7.2)
f2=0 (7.3)
fz=0 (7.4)
fo=0 (7.5)
u? = 2 4 r20% + rsin?0¢? (7.6)
2 21, : oo 2K\ 71
:—2(1 +C—2f) =C—2(r2 +1r20% + r?sin?0¢?) x (1—£) 7.7
1 1
. 2 2 N 172 2 \"3
E=[1-5(1+30) | (1+30)° (7.8)

Then super general geodesic equation of motion become: hence equation (6.11) becomes

()= Gar Z2) @ =r(1-2) O -r (-2 swe(@)] + [ (ERE = - (5-55) 09

or

(2~ G @ —r(=2) @ = r(1-F)se@)] -z =2 (5 55) - 10
Equation (6.12) becomes
(1-2) o+ 260) -simocoso (@)« (1- ) [e (1~ 2 (L] =02 (- 2)e. o

or

(1 - —) [6 +- (re) —sinBcosO (d))] (—) 12 =0 (7.12)

Equation (6.13) becomes
1
2K\N"Z . 2, .
(1 - m) rsin 0 [cp + T (rq)) + 2 cotB (9(1))]

+ (1 - %)_% [t(1 - %)% {di [1] rsin q>}xi] = 2 2;29(1 - %) £, (7.13)
(1+2)rsing [q; +2 (i) + 2cote(e¢)] ——[ ¢]rsme =0 (7.14)

Note that planetary equation do not contain t that is time parameter or in the case x° parameter, also the same equation
that planetary equation contains no polar angle, but retained only azimuthal angle ¢, radial portion of the equation also
retained. Based on this argument equation (6.14) and equation (7.11) vanishes only equation (7.10) and equation (7.14)
remain for further evaluations. Equation (7.10) reduce to

(1 +§) [r—(%) ()2 —r(1——) (6)° —r(l——)smze(d)) ] ——[( %) (r)] =—r52+:22—r‘§ (7.15)
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Equation (7.14) becomes
(1 +c}2<—r) [rsin@({) + 2sin® (r(l)) + 2rcotBsin 0 (Gd))] [ (1 + E—Ci)rsmeq)] =0

For motion along the equatorial plane

=2 6=0 B8=0 sino=1
=3 = = sinz =
. K K 2k 1 [* 3K
“Tz*@*@w tatE T
2.2
— ZKU()2+ (r)+l23 3}(2211
Note that
1
u=-
r
For motion along the equatorial plane
a .. T
6==- 06=0 0=0 —=1
5 sin

Equation (7.16) become

b+2(0) = Lo
Solution of equation (7.18) above gives .

$ + ?q) =0
¢ = rLZ First approximation

Where [ is a constant of the motion. Hence the radial equation becomes.

8. Solution of Radial Equation of Motion

Solution of radial equation of motion, equation (1.17) above becomes

l 12
letd)——ﬂq)2
.. K , K? 12 3KiI?
=Gt astaa O ot 5o
let u = —
) (q))
_dr _dr dd) dr_.drdu_.< 1)du
Tdt dp dr Pde  Tdudd uz/ dé
L L 2 du _ _jdu
r_rz( )d¢ lu ( )dd) ldd)
Hence

— 21 du _ 2 zdu
=—lu d¢(ld¢) Iu d¢p?

Putting Fand ¥ into equation (8.1) we get

2 zdu _ 2 KZ 2Ku 2 2,2 _ 3](12112
l“u 07 u = O+ (r) + %0 ———

d2u K  3Ku? KZu 2K (du)z 1 (du)
= — u=-— —_— —_—— _
d¢p? + 2 + c2 c212 + c2 \d¢ + uZc2l \do

By neglecting the last two terms or where contribution for the mean time

Finally obtain

d2 ’ .
7 +u= 7z Ko Newton s planetary equation
d2u K 3Ku?
d¢2 tu

The new equation obtained in this work gives two sets of equation

33

(7.16)

(7.17)

(7.18)

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)
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2 2
iTZJF(”CI;T)“:% (8.8)
= which give rise to post Netwton's planetary equation and
2 2 2
mt(rsp)u=5+3g (8.9)
= which give rise to post Einstient’s planetary equation.
9. Conclusions and Results N [1 _ u_2<1 _2. )] (1 _2. )
c2 cz 2
In this paper we have succeeded in deriving equations )
[(3.10)-(3.13)] which referred to as velocity vectors ~ [(1 _v ) <1 - if)]
equations based upon the golden metric tensors. We further c? c?
obtained equations [(4.16)-(4.19)] which referred to as ) w2 212
linear acceleration vector equations. Also in this paper t? ~ [1 T2 2 f ot f. ]
concerted effort were made in order to obtained equation )
(5.15), (5.16), (5.17) and (5.18) are referred to as general [1 —u—z g] ?2)
gravitational intensity (or acceleration due to gravity) based oo
upon the golden metric tensor in spherical polar Next
coordinates. 1 (-1
The results obtained in this paper are now available for t
both physics and mathematician alike to apply them in 5 1 %
solving planetary problems based upon Riemannian —|1- w (1 + f> ] <1 + _f)
geometry. More effort and time are being devoted in order 2 2 2
to offer solution to equations (5.15-(5.18) obtained in this u? 2
paper. Also in this paper we offered solution to equation ~ |1+ ﬁ(l s f)] (1 + C—zf )
(7.18) which gives rise to azimuthal angle equation along :
the equatorial plane. Solution of equation (7.17) obtained ~ (1 +u_2 )] [(1 n 2 f )]
also in this paper which leads as to equations (8.8) and (8.9). | 2c2 7 cz
Equation (8.8) is referred to as post Newton’s planetary 2 1
equation while, equation (8.9) referred to as post Einstein’s ®O1=1+ S+t
planetary equations. These equations played an important 5 2t ¢
role in planetary phenomena if handle properly. This paved ~1+ ;7 + % 3)
the way for applied mathematician and physics to
investigate the implications of those equations. We hope to
offer solution of those equations using a powerful method Appendix B
of successive approximation in the next edition of this
paper. 2K\ 2 2K
(1-=) ~(+5)
cir/ cér
i 2K\ 2 2K
Appendix A (1 _ ﬁ) ~ (1 ﬁ)
Expansion of t, t2 and t~! to order of c 2.
We get
1
, u? 2 7P 2\72
t=[i-H(r g | (420 REFERENCES
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