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Abstract Further to our previous work on exact equations (published in this journal; 2015;5(5);69-75), this work is
concerned with another class of differential equations that are not exact initially, but can be turned exact by multiplication by
the so-called integrating factors. It seems appropriate to give these equations a name, and we will call them semi-exact
equations. As was the case of the exact equations in the previous paper, the semi-exact ones likewise have two tests for
establishing their semi-exactness and determining their integrating factors, as well as the same three methods of solution.
These tests and methods will be contrasted again (this time in connection with the semi-exact equations). All the notions
discussed previously concerning the exact equations hold true for the semi-exact ones as well and some other notions will be
added in this second paper. One basic goal of this work is to see how to test the latter equations for semi-exactness and
determine their integrating factors by applying the short and unwritten three-rectification test by sight based on the
integrability of the semi-exact equations by parts. Beside being abbreviated and very fast this test moreover applies to both of
the equations with one-variable, and those with two-variable integrating factors. This is unlike the other partial
differentiation test for semi-exactness in current use which test is comparatively prolonged and moreover applies only to the
equations with one-variable, and not to those with two-variable integrating factors as will be shown later. This wide
difference in efficiency between the two tests in establishing the semi-exactness and determining the integrating factors is
furthermore complimented by a similarly wide difference between the current and the proposed methods of solution. Our
ultimate goal will be to solve the semi-exact equations by the two-, or three- step integration by parts as a straightforward and
by far shorter and less laborious solution which is expected to replace the prolonged solutions by separation of the variables,
and by integration in total differentials, as was the case of the exact equations in the previous paper. Again a number of
examples and exercises will be quoted for contrasting the currently applied prolonged methods of solution to the newly
introduced much shorter and simpler ones, and explaining the new notions introduced in this work. These notions will open
new vistas for further research in related fields as will be revealed in our next papers. Many physical applications of the
equations with semi-exact first and second order doublets can be quoted from classical and quantum mechanics. To keep this
paper within a reasonable number of pages and avoid its becoming excessively lengthy (although this would not matter much
to the curious reader) we unfortunately have to postpone to the next paper three of the seven reworked examples of [part B] of
this paper. These examples contain the selected physical applications of the semi-exact equations and will serve as the
subject-matter of the next paper. The reader is assumed to be familiar with the previous paper and to recall the new notions
introduced in it such as: singlets and non-singlets, doublets and triplets, dependent and independent arms of a doublet, exact,
semi-exact, and non-exact equations, ...etc.
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Are integrating factors for semi-exact equations
determinable in principle? Quotation: “There is no general
method for finding an integrating factor, but a familiarity
with differentiation formulas will sometimes help in
determining them” [1]. We do not quite agree to the first part
of this statement, and we are certainly not in the dark about
the determination of integrating factors for the semi-exact
equations. Actually the topic of integrating factors is still
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integrating factors. However, this ambiguity will be removed
and a clearer and wider coverage of the topic of integrating
factors will be attempted in this work.

A clear understanding of the topic of semi-exact equations
and their integrating factors cannot be attained before
acquiring the capability of recognizing and distinguishing
the complexity of concepts underlying the said topic.
Semi-exact equations can be classified as: two-variable, but
hardly three-variable equations; two-term, three-term, and
multi-term  equations; equations with and without
non-homogeneity terms; equations with singlet and
non-singlet non-homogeneity terms, gq(x) and q(x,y);
equations with doublets having exact and semi-exact
dependent and independent arms; equations with two or
more semi-exact doublets requiring the same integrating
factors; equations with one-variable and two-variable
integrating factors; equations with first and second order
doublets; equations with doublets having simple and
composite arms. There are also: separating and integrating
factors; separated, separable, and inseparable equations;
separable semi-exact and separable non-exact equations;
equations separable by separating factors and by substitution
(change of variables); separable equations with simple and
composite singlets; determining integrating factors by partial
differentiation and by test-by-sight, ... etc. We should be
able to move with clear wvisibility through such
multi-branched complexity of interrelated concepts.
Insisting on full understanding, right from the outset, of each
of these concepts individually within their wide range of
interrelated complexity, at the expense of sacrificing the
clarity of their interrelations, may not be the best method of
dealing with the subject. It may be more beneficial to be
satisfied in the beginning with partly understood multiplicity
of concepts so as to concentrate on their interrelations, and
then return to their full understanding thereafter. This is
somewhat similar to indexing of articles in a spare parts store,
or writing the page of “contents” in which the titles of the
chapters of a book are gathered for general framing of the
topic to be studied. This second approach is followed so as
not to lose one’s way in a forest of concepts and ideas. In this
work a mixture of the two approaches will be tried in [part A],
and the full understanding of the topic will be attempted in
[parts B and C].

1.1. The Separable Semi-exact, and Separable Non-exact

Equations
In the relevant text-books the exactness and
semi-exactness of equations and the two partial

differentiation tests for establishing them (and determining
the integrating factors in the case of semi-exactness), and
finally the related examples and exercises and their solution
by “integration in total differentials” are dealt with in
certain sections allocated to the topic in these text-books. It is
important to note that outside these sections in these
text-books themselves, it is almost a constant practice to
overlook all that has been stated above about the exact and
semi-exact equations and, instead, a strong tendency is often
revealed to solve these equations by “separation of the

variables” without realizing their being exact or semi-exact
or recalling to apply the relevant tests for ascertaining the
kind of the given equation. The “separable semi-exact
equations” are, as their name implies, solvable by the two
methods above, but it is more convenient to apply the third
method of “integration by parts” which is much shorter and
simpler. On the other hand the “separable non-exact
equations” are, again as their name implies, not solvable by
integration in total differentials, or integration by parts, but
only by separation of the variables. Being the only applicable
method in this case, the separation of the variables should
unavoidably be applied and its comparative prolongation
should, of course, be tolerated. It is also important to note
that in exemplifying the separation method text-books
ought not to select their examples from the separable
semi-exact equations, and face the anecdotal situation of
solving by a prolonged method (separation of the variables to
be exemplified) when a much shorter method (integration by
parts) is within reach. They ought to select their examples
from the separable non-exact equations so as to leave no
choice but applying the method to be exemplified.

1.2. The Two-term, Three-term, and Multi-term
Semi-exact and Non-exact Equations

Distinction should be made between the two-term and
three-term equations (not to be confused with the
two-variable and three-variable equations).

(a) The two-term separable semi-exact equations and
their three alternative rectifying factors: These
equations, which are encountered occasionally,
possess three alternative factors each of which
alone can accomplish the integration of these
equations. For instance, the equation [xdy —

vy dx = 0] has one separating factor ﬁ, and two
integrating factors: R(x) = xiZ ,and R(y) = —yiz
(since x and y can exchange freely their roles of being
the dependent and independent variables in a
two-term equation). It is to be recalled that the
separating factors are used in the method of
separation of the variables (simple, or composite
singlets) followed by term-wise integration by the
basic formulas, whereas the integrating factors are
used in integrating doublets (and triplets) by parts
(in addition to the term-wise integration of singlets in
three-, and many-term equations). The same general

solution [% = c ] of the given equation will be

obtained by using any of the said three factors. On the
other hand, a separable non-exact equation has a
separating factor, but no integrating factor.
Obviously the two kinds of factor and the three
methods of solution represent distinct techniques in
solving semi-exact equations.

The three-term semi-exact equations and their
three component rectifying factors: These
equations are with one-variable, and two-variable
integrating factors. The equations with one-variable

(b)
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factors are encountered more frequently than those
with two-variable factors, and the two kinds of
equation constitute the basic group of semi-exact
equations. These equations are usually solved by
separation of the variables by substitution, i.c., by
solving the corresponding homogeneous equation for
the complementary function, and applying variation
of parameters for the particular integral (see
Examples 1, 2, and 3). We shall, however, discard
these comparatively prolonged techniques and apply
the much shorter and simpler methods of
test-by-sight (i.e., the three-rectification process for
finding integrating factors), and of integration by
parts for performing the solution. These equations
consist basically of three constituents: the
non-homogeneity term, and the two dependent and
independent arms reciprocated in a doublet of terms.
Each of the three constituents may require its own
rectifying factor (r;, r, r3;). These equations have
only ome integrating factor which is, generally
speaking, the product of the three rectifying factors,
[R(x,y) = ry1y1y ] that can be easily determined by
sight. Equations for which any of the three rectifying
factors is indeterminable are non-exact equations.
This will be explained later in [part A-4-b].

The multi-term equations with two or more
semi-exact doublets requiring the same integrating
factor: The semi-exact equations with four, five, six,
and seven terms necessarily contain “two semi-exact
doublets requiring the same integrating factor”
otherwise they are non-exact. Note that a doublet is
either simple (with two terms), or composite (with
three terms), and furthermore these equations are
either  “with” or  “without” a  singlet
non-homogeneity  term.  Accordingly, these
semi-exact equations can be:

()

i-  Four-term equations (with two simple doublets
and no non-homogeneity term, see Exercise 7).

ii- Five-term equations (with two simple doublets
and a non-homogeneity term, or with one simple
and one composite doublets and no
non-homogeneity term, see Example 4).

Six-term equations (with two composite doublets
and no non-homogeneity term, or with one simple

iii-

and one composite doublets and a
non-homogeneity term).
iv- Seven-term equations (with two composite

doublets and a non-homogeneity term).

v- Linear n-th order equations with constant
coefficients (can be rearranged as a sum of “n”
semi-exact doublets requiring the same integrating
factor- see Example 7).

Outside these combinations of terms there exist
“multi-term non-exact equations”. Being “diversified by
adding more terms”, these equations may have, due to their
too many terms, “inconsistent rectifying factors” resulting
in the non-exactness of these equations for which no

integrating factors exist and to which integration by parts
does not apply.

1.3. The Two Methods of Determining Integrating
Factors. The Separating Factor for Composite
Singlets

Integrating factors can be obtained by two distinct
methods: (1) by the formula R(x) = e/P®9 derivable by
partial  differentiation [for obtaining one-variable
integrating factors, i.e., either R(x), or R(y), but not
R(x,y)], and also derivable by integration by parts as will
be shown in [Example 5], and (2) by the newly introduced
“three-rectification process” (performed by test-by-sight
based on integration by parts). This latter method is used for
obtaining both of the one-variable, and two-variable
integrating factors. We also note that the separating factor of
composite singlets, |(x,y), obtainable in some obvious
cases by sight and not by partial differentiation, is usually
confused with the integrating factor R(x,y) (see the third
quotation below). Distinction between the separating and
integrating factors together with the two methods for finding
integrating factors, will be discussed later.

1.4. The Three-, Two-, and One-variable Integrating
Factors

(a) Evading the three-variable semi-exact equations
and the three-variable integrating factors:
Whereas the three-variable exact equations are
common in the literature, the three-variable
semi-exact equations are hardly encountered.
Suppose we took some arbitrary exact equations and
divided them by some arbitrary one-, two-, and
three-variable functions: R;(x), R,(x,y), and
R3(x,y,z), then we would obtain a wide range of
semi-exact equations for which the said functions
would be integrating factors of all sorts. Except for
some obvious cases most of the semi-exact equations
obtained in such a crooked manner, especially the
three-variable equations, would be too artificial and
extremely difficult to identify by sight. It would
hardly be possible to determine the integrating
factors for such artificially constructed semi-exact
equations to accomplish their integration. Because of
this obvious difficulty the three- variable semi-exact
equations are not encountered (unlike the case of
exact equations), and consequently, the three-
variable integrating factors, R3(x,y,z), are likewise
unheard of. With the three-variable semi-exact
equations excluded from wusage, the term
“two-variable semi-exact equations” will be
abbreviated in this work from now on simply to
“semi-exact equations”. There will be no further
mentioning of this contraction which is to be
understood impliedly where it arises.

The semi-exact equations with two-variable
integrating  factors  obtainable by  the
“three-rectification test by sight” and not by
“partial differentiation”. Bernoulli’s equation can

(b)
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serve as a typical example of such equations. As
mentioned earlier, the two-variable total integrating
factor is the product of three component rectifying
factors: [R(x,y) = rror3]. Factor ry is to rectify (i.e.,
prepare  for  integration) the  non-singlet
non-homogeneity term, g,(x,y), by turning it into a
singlet, g,(x), individually integrable by the basic
formulas. Only when the non-homogeneity term is in

the form of the product % f(x) can it be rectified
1

by multiplying the equation by factor r(y). If this
condition is not satisfied the equation is non-exact.
Factor r, is a constant to rectify (make exact) the
already semi-exact dependent arm “solely created or
altered” by the first rectifying factor r; = r;(y) asis
evident in the five examples below. This arm can be
rectified only by [r,=constant] and not by [1,=1, (V)]
since the latter would return the singlet g,(x) back
into a non-singlet q,(x,y) and invalidate the
“individual integrability of the non-homogeneity
term”. An [r,=1,(y)] would make an equation
non-exact. Finally factor r; = e?/P@® dx s to rectify
the semi-exact independent arm and consequently the
doublet to be integrated by parts. It is important to
keep in mind that this “three- rectification process
for determining integrating factors” should be
applied in the above-stated order (r;,r,r;) to avoid
the possibility of a latter factor invalidating the
rectification achieved by a former factor or factors. It
is also important to recall that factor r, is determined
after multiplying the equation by r;, and factor r;
after multiplying by r,. It should also be noted that
when x and y exchange their roles of being the
dependent and independent variables then it is the
factor f (x) that should be deleted from the
non-homogeneity term by division and [v(x)— v'(x)]
becomes the dependent arm. Only by decomposing
the given three-term equation mentally into its three
basic constituents is it possible to establish by sight
the semi-exactness (or, non-exactness) of the
equation and determine, in the case of semi-exactness,
the three component rectifying factors that
constitute the fotal integrating factor of the equation.
Equations to which the three-rectification process
applies (i.e., in which all the three rectifying factors

(1) ' +p(x) = e™.q(x),
) y' +p()tanay = —

cosay’

q(x),
3) ¥ +p(x)y =y™. q(x),
4) y'+p(x)ylny =y.q(x),

5) xy' +y=-xy?

are determinable) are semi-exact equations. On the
other hand, equations to which the said process is
inapplicable (i.e., in which at least one of the three
rectifying factors is indeterminable) are non-exact
equations for which no integrating factors exist. That
is simply the condition whose presence and absence
determine the semi-exactness and non-exactness of
a given three-term equation respectively. The
multi-term equations with two semi-exact doublets
are also included. If the two doublets require the
same integrating factor the equation is semi-exact
and if the required integrating factors are different the
equation is non-exact. The said processes will
become clearer when we revise the solutions of
[Examples 1 and 4 of sec. B].

Below are five examples of semi-exact equations with
two-variable integrating factors. In the first four examples
the functions of the independent variable are in the general
algebraic form, p(x) and q(x), whereas those of the
dependent variable are in specified functional forms: e,
tan ay, y", Iny... These equations satisfy the above stated
conditions for “semi-exactness with  two-variable
integrating factors”. The equations are two-variable,
three-term, non-linear, first order equations. Their three
basic constituents are rectifiable in the stated succession
(11, 72,73). Their non-homogeneity terms are non-singlets in
the form of a product rectifiable by division. It is to be
asserted that the semi-exact equations with non-singlet
non-homogeneity terms, q(x,y), possess two-variable
integrating factors, R(x,y), whereas equations with
singlet non-homogeneity terms, q(x), possess one-variable
integrating factors, R(x). After multiplying the equations
by r, = r;(y) the resulting semi-exact dependent arms are
rectifiable by constant multipliers [7, = constant]. Their
independent arms are rectified by r; = e?/P® d* Thege
equations are solved in three steps: rearranging the given
equations such that the doublets are put on the left side and
the non-homogeneity terms on the right side of the equations,
multiplying by the integrating factors obtainable by sight in
the sequence already mentioned, and integrating (by
pair-wise and term-wise integrations) the resulting exact
doublets and the singlet non-homogeneity terms
respectively.

[r123 = e™%,—a,e @ /P dx|

[ri23 = cos ay,a,edfp()dx)

[r123 =y (1 —n), e(1=m [p(x) dx)
[T123 = i, 1, e/ P dx)

1 1
123 = Y 1l
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To solve the fifth equation, as an example, by the
three-rectification method we first note that the equation
needs no rearrangement of its terms and factors. It is
initially with an exact doublet [y — y’ and x — 1], but this
is needed after rectifying the non-homogeneity term by 1y
(which may cancel the exactness but retains the
semi-exactness of both of the dependent and independent
arms to be rectified by r, andr; respectively). If the
equation is divided by x it becomes a Bernoulli’s equation

with p(x) =xi ,and q(x) = —1. The presence of y'
means that the y-arm is the dependent arm and that the
non-homogeneity term q.(x,y) should be rectified to

1 .
= —— and obtain
y

q2(x). We, therefore, multiply by r
x (—yizy’) + (—1)% = x. The y-arm remains exact in its

new form in this example, i.e., r, = 1. As will be explained
later, r5 for the x-arm [x » —1] =[x! - (—1) x°] is
We thus obtain the

1 1, 1\1_ 1

;(—y—zy ) + (_x_z); == We then
multiplying the outer functions of the exact doublet) to get

exact equation

integrate (by

The fifth equation is also

x Inex’
solvable by the ready formula to be derived in [Example 1].
The usual (prolonged) solution is by separation of the
variables by substitution. Furthermore, with its two-variable
integrating factor R(x,y) being indeterminable by partial
differentiation the equation cannot (and need not) be solved
by the (prolonged) integration in total differentials (without
the integrating factor having been obtained in advance). Note
that most of the statement above is not a part of the written
solution but an explanation of the methods applied and
applicable to the given problem.

(c) The semi-exact equations with one-variable
integrating factors obtainable by partial
differentiation and by test-by-sight: This is the
prevailing case of semi-exact equations and their
integrating factors, i.e., most of the frequently
encountered semi-exact equations belong to this
category (see the first half of the table in [part A-6]
below.

i. The first order equations with singlet
non-homogeneity terms and exact dependent
arms, and their integrating factor R(x) =
r3 = e/P@dx: The first order equations (linear
and nonlinear, with constant and with variable
coefficients) can be told by their forms, i.e., they are
identifiable by test- by- sight. They constitute an
important class of semi-exact equations with
one-variable integrating factors [r123=1,
1, e/ P dx | Thjs is another way of saying that the
singlet non-homogeneity term q(x) and the exact
linear or nonlinear dependent arm [v(y) - v'(y)]
of the doublet are already given in rectified forms
and only the semi-exact independent arm [1 —
p(x) ] requires the integrating factor [R(x) =
r3 = e/ p® x] to become rectified, i.e., an exact

Lzlnx+lnc,ory=;
xy

arm: [ e/P@dx _ ofP@dx 1 (x)] (note that the
arrow extends from the exponential function to its
derivative). The said integrating factor is already
known, and derived by partial differentiation as in
(ii) below, but in current use it is still far from being
properly understood. We will, however, remove the
ambiguity when we revise the solution of the first
order equation [y' + p(x) y = f(x)] in [Example
5], and derive this integrating factor by the much
simpler method of integration by parts.

ii. The partial differentiation test for determining
the integrating factors: R(x) or R(y) but not
R(x,y). Three quotations.

The first quotation: “If the left side of equation
[ PCe,y)dx+Q(x,y)dy =01 is not a total (exact)
differential, then there exists a function pu = u(x,y)
(integrating factor) such that u (Pdx+ Qdy)=dU .
Whence it is found that the function p satisfies the equation
% (uP) = % (uQ). The integrating factor u is readily found
in two cases:

; L 1(op 6_Q) _
First case: o (ay ) = F(x), then

u=pux) = e/ F(x) dx

1

Second case: > (

aP 90

% ax) = F,(y), then

p=puly) =elAMay > (23] The details of the
derivation will be given in [Example 4].

The second quotation: “Of course it is not always so easy
to find the integrating factor..., In the general case,

integrating this partial differential equation
alnp dlnp N M. . .
[ 3y o N =5 _ay] is by no means an easier task

than integrating the original equation... we can find the
conditions for the existence of integrating factors of the form

p(), plx ), plx*+y?), plxy), u(i) and so forth”
[4].
The third quotation: two solved examples:

First example: “Does the equation [ xdx+ydy+
xdy —ydx =0] have an integrating factor of the form

u=pulkx®+y7..

x dx+y dy
x2+y?

xdy-ydx _
x2+y2

@
wer

> %d In(x? +y?) + darctan% =0
2 2 — _ 4

= In/x?+y? = arctanx+lnc,

= /xz +y2 =c e—arctan% )

Second example: The equation [ xdx+ydy=

. . . 1
Jx? + y?dx] has the obvious integrating factor Nz

E

% d(x%+y?)

x2+y?
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(We thus have): % =dx,> /x? +y2' =x+c, =

y? =2cx +c?. (a family of parabolas)” [4]. The three
quotations above will be analyzed below.

iii. Distinction between the integrating
separating factors in the above quotations.

and

[Note: Integrating factors are denoted by R(x,y) in this
paper, but by u(x,y) in the quotations above. Also the
functions denoted by P and Q in the first quotation are
denoted by M and N in the second quotation (which is from a
different reference). This formal note ought to be recalled to
avoid possible confusion].

(a) The implication is obvious in the first quotation that
after transforming a semi-exact equation by its
integrating factor into an exact equation, the solution
will be by integration in total differentials, and not by
separation of the variables, or by integration by parts.
As was asserted in our first paper, the method of
integration in total differentials is no longer required,
having become comparatively laborious and
prolonged where a much shorter and simpler method
is within our reach, namely, integration by parts. It is
this short-cut in the solution what permits the
distinction between the three methods of solution and
between the two separating and integrating factors.

Furthermore, the quotation, in effect, erroneously

implies that integrating factors are not connected

with integration by parts, since it is integration in
total differentials and not integrations by parts that is
applied, according to this quotation.

As is explicit in the first and second quotations, the

one-variable integrating factors, u(x) and u(y), are

derivable by the partial differentiation method (as
will be detailed in Example 4), (and by the much
simpler integration by parts, as will be shown in

Example 5). The factor p(y) applies instead of p(x)

to equations so presented that x and y exchange their

roles of being the dependent and independent
variables. It is also explicit in the second quotation
that a general method for finding the two-variable
integrating factors by derivation from first principles

(i.e., by partial differentiation) does not exist (only

the three-rectification test by sight is now available

for obtaining these factors).

(¢) The two-variable factors u(x,y) stated in the second
quotation and applied to the two solved examples in
the third quotation are not integrating, but separating
factors. These factors transform the given equations
into “separated equations with composite singlets”.
Contrary to the assertion of the first quotation, “we
saw no formulas for integration in total
differentials applied to the solution of the two
examples in the third quotation”. This observation
obviously excludes integration in total differentials in
favor of the method of separation of the variables
(with the method of solution by integration by parts
assumed not to have been recognized as yet). The two

(b)

examples were actually solved by term-wise
integration by the basic formulas, i.e., by “separation
of the composite variables”, not by substitution, but
by separating factors as we saw in the two-term
equations. The quotation also implies that what it
regards as integrating factors are associated this time
with the method of separation of the variables (which
actually employs separating factors or substitutions
and not the integrating factors associated with
integration by parts). The separating factors stated in
the quotation are moreover not derived by a general
method (i.e., by partial differentiation), but only
guessed at in some obvious cases as already stated in
the quotation itself. Of course, what matters in the
first place is to solve the given equation by whatever
method, but when more than one method become
available then it also matters (in the second place) to
specify which of the methods is the most convenient
for application (which is in fact the subject-matter of
our first and second papers).

iv. More notes about integrating factors:

In addition to the three notes about integrating factors
inferred from the above quotations there are three other notes
to be added.

(a) By using the formula R(x) = e/P® 4% the first part
of the table compiled in [A-6] can be derived.
However, obtaining integrating factors by written
derivation using the said formula is hardly necessary
in actual practice, nor is it necessary to consult the
said table either. A moment of reflection about the
semi-exact independent arm [1— p(x)] and how to
turn it into the exact arm [u(x) — u'(x)] will suffice
to determine the integrating factors by test-by-sight.
That is actually how the table was compiled.

(b) We shall call the expression [uv'’ — u''v] an “exact
second order doublet” with the arms [v — v''] and
[u— u'"']. The “semi-exact second order doublet”
possesses two integrating factors either of which can
be used in the first integration and the other is
neglected (cannot be used in the second integration)
(see the second part of the table and Example 6).

(¢) The n-th order linear equation with constant
coefficients is an n-step semi-exact equation
possessing n integrating factors that can be used for n
successive integrations of the equation by parts. This
will lead to the derivation of a readily applicable
generalized formula for obtaining the general
solution (complementary function CF + particular
integral PI) of the given equation. (see Example 7).

1.5. The Non-exact Equations

Whereas the exact three-term equations can be diversified
by adding more terms and making them with more than one
non-homogeneity term, with more than one doublet, and/or
with one or more triplets, such diversification of equations
by adding more terms is generally not possible in the case of
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semi-exact equations (except for the equations with two or
more semi-exact doublets requiring the same integrating
factor). This impossibility arises from the fact that by adding
more terms to an equation the rectifying factors would then
be too many to match together, i.e., they would
uncontrollably invalidate the rectifications achieved by the
different factors and prevent the existence of a total
integrating factor. The three-term equations become
non-exact if their non-singlet non-homogeneity term is other
than a product separable by division, or if one of the three y’s
(in the non-homogeneity term and in the functions of the
dependent arm) is the argument of other than a power
function, or if the difference between the exponents of the y’s
in the dependent arm is not “unity”in a first order doublet,
and not “two” in a second order doublet. The presence of
these characteristics in an equation and of the previous
characteristics of “diversification of equations by adding
more terms” is the cause of the non-exactness of this class of
equations, and of the non-existence of integrating factors for
them.

In answer to the question we started with, and excluding
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the three-variable semi-exact equations for the reasons
already mentioned, it can be asserted that the one-variable
and two-variable integrating factors for the semi-exact
equations are determinable in principle. The semi-exact
equations are amenable to the three-rectification process
thanks to their possessing the characteristics (conditions)
already mentioned. Equations lacking any of the said
characteristics are non-exact equations which are insolvable
by integration by parts. However, some non-exact equations
are separable and, therefore, solvable by the separation
method. The above multi-sided discussions of the topic of
integrating factors will now be finalized with a table
compiled for these factors in [part A-6] below before
reworking the seven examples of [part B] by obtaining their
integrating factors by sight and their solutions by
integration by parts.

1.6. A Table of Integrating Factors Easily Identifiable by
Sight for the Frequently Encountered Equations
with Semi-exact First and Second Order Doublets

Semi-exact arms Integrating factors Exact arms
A. First order arms / one integrating factor
1- a e e*—> aqge™
2. 1> —a e e ™ 5 —qge W
. —ECOS ax —Ecosax —Ecosax .
3. 1> bsinax e a e a >be a .sinax
2sin ax Esin ax Esin ax
4. 1-> bcosax ea ea —>bea .cosax
1 1 i
5. 1- atanax - =
cosax cosax COS2 ax
6. 1- —atanax cos ax cosax - —asinax
7. 1- acotax sinax sinax - a cosax
1 1
8. 1- —acotax - - - — 1esax
sinax sinax smz ax
9' xm >a xm—l x—m+a xa — a xa—l
1 1
10. xlnx -1 = Inx - -
X X
1 1 1
1. u-—u = ->—-=u
u u u
12. 1-p(x) el p(x)dx el P@dx _y o[p()ax p(y)
B. Second order arms / two integrating factors
13. 1> a2 eax’ e~ ax edx a2 edx
e—ax N a2 e—ax
14. 1- —a? sinax, cosax sinax = — a?sinax
cosax = — a?cosax
15. x™ > bx™? xTAL, xTmaz xM - aq(a; — 1)x41~2
1+Vi+4b _
Note: b=a(a—1) 2a,, = ——— x% = a,(a, — 1)x% 2
1,2 2 2(az
1 1
16. x%2lnx - —1 — Inx »— =

x2 x2
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Note: The first part of the table applies to the equations
with first order doublets. The semi-exact arm in (9) above is
of a special interest, and is frequently encountered. It extends
between two power functions with exponents differing by
unity. “The exponent of the integrating factor [x ™% | is to
cancel the exponent (m) of the function and replace it with
the constant multiplier (a) of the derivative or the
differential of the function and thereby turn the semi-exact
arm into an exact one”. For example, the integrating factor
for the semi-exact arm (x - —2dx) = (x! — 2x%x) is

x—1-2 =

%, which yields the exact arm (xi2 - —Z)Ci3 dx).
This simple procedure for finding the rectifying factor r;
when the x-arm extends between power functions of x with
exponents differing by unity, will be applied in [part C]
repeatedly. The rectifying factor r; multiplies the two
functions of the independent arm to turn it exact without
disturbing the exactness of the dependent arm. It also
multiplies the non-homogeneity term without disturbing its
being a singlet (individually integrable), since the two are
functions of the same single variable. The second part of the
table applies to certain equations with second order doublets
(see Example 6].

2. Seven Semi-exact Equations of
Different Types Quoted with Their
Prolonged Solutions by the Current
Methods, and Reworked by the Much
Shorter and Simpler Methods of
Test-by-sight and Integration by Parts

Example 1: Bernoulli’s equation as a typical semi-exact
equation with a two-variable integrating factor R(x,y)
obtainable by the three-rectification test-by-sight and not
by partial differentiation. Derivation of a readily
applicable formula. The multiply-integrate-and-divide
formula

Bernoulli’s equation y/ +p(x)y =y"q(x) is a
three-term equation identifiable by sight. This equation is
amenable to the three-rectification process, i.c., to finding
the factors [ 17,13 =y ™ (1 —n) el ™/P@dx | py
sight thanks to its having two unique properties: (1) The
non-homogeneity term [y"q(x)] is the product of two
factors comprising the two variables x and y separately. This
property makes it possible to turn this non-singlet, simply by
division, into a singlet (individually integrable by the basic
formulas). (2) The functions of the three »’s in the
non-homogeneity term and in the dependent arm [y — dy]
are “power functions”. In the linear arm [y — dy] = [y =
y°dy] we note that y is to the first power, and dy is
multiplied by y to the zeroth power (y° =1) and the
difference between the exponents is unity (1— 0 = 1) which
remains unchanged and thereby keeps the semi-exactness of
what will be a non-linear arm after multiplying the equation
by [y~"]. Instead of solving Bernoulli’s equation by the

1

usual substitution y = zi-n and repeating the calculation
every time, a ready formula can be derived by carrying out

the three rectifications [ r; =y™™r, = (1 —n),and
ry = e(1~M)/P@AX] The equation will then become:
yry +p)yt Tt = q(x) = (1-n)y™"y'
+(1 —n)p(x)y™ = (1 — n)q(x). The y-arm is now exact
[y¥™ > (1 —n)y™™y']. The individual integrability of
q(x) is not disturbed by the constant factor (1 —n). The
exact linear arm [y — dy ] is first turned semi-exact
non-linear, then exact non-linear. Finally we have a
semi-exact x-arm: [ 1 - (1 —n)p(x) ] for which the
integrating  factor is e ™ /P@)dx Thus we
obtain: [e-m[pGIdx] (1 — )y "y’ 4
[eC-m PO (1 —m)p()]y*— = (1 - n)
e [p(x)dx q(x), which is an exact equation, i.e., with a
doublet reciprocating two exact arms. Recalling that the
integral of an exact doublet is equal to the product of the
outer functions of the doublet, we obtain:

e(1—n)fp(x)dxy1—n — (1 _ Tl) f e(l—n)fp(x)dx q(x)dx .

(multiplying by e-1-n) [p(x)dx ):
yl_n = [ (1 — n)e_(l_n)fp(x)dx f e(l-n)fp(x)dx q(x)dx] )
(raising to the exponent L ):

1-n

y = [(1 —n)e"A-M[pWdx [ g(1-m) [px)dx q(x)dx]Tln ,
which is the “general solution of Bernoulli’s equation”. At
first sight the equation may appear to be difficult to
memorize. However, this difficulty can be overcome by the
following wording: “to solve Bernoulli’s equation, multiply
the rectified non-homogeneity term [q(x)] by the integrating
factor [e ™™ JP()dx] integrate, and then divide by the same
factor. This “three-step multiply-integrate-and-divide

method” is an inner component part to be complemented by
1 k2l

a-n) -
It can be seen that: (1) All the semi-exact three-term
equations with two variable integrating factors (i.e., with
non-singlet non-homogeneity terms) can be turned by
factor (r;) into equations with one variable integrating
factors (i.e., with singlet non-homogeneity terms). (2) What
we have called “multiply-integrate-and-divide method”
applies “after” multiplying the equations by (r; and r,).
This method is concerned only with (r;) which appears
twice: inside the integral signs where it “multiplies” the
rectified non-homogeneity terms and forms new integrands,
and outside the integral signs where it “divides” the results
of the integrations. That is simply what is denoted for
brevity by the newly introduced term
“multiply-integrate-and-divide formula”. It simply means
that the solution of the non-linear semi-exact equations
with singlet non-homogeneity terms, and with exact
dependent arms, i.e., with R(x,y) = r3(x) is expressible
in one direct step by the readily applicable formula:

[v(y) = ri [r3q(x)dx]. This is actually the formula
3

multiplying by (1 —n) and raising to the exponent

preceding the general solution formula above.
Note that the general solution formula derived for
Bernoulli’s equation is a function of x alone, and in it r3,

(1—n), and ﬁ are readily obtainable by sight. This
formula reduces the solution of Bernoulli’s equations to the
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simpler problem of solving one integral whose integrand is
the product of two functions of x.

Example 2: A semi-exact equation in differential form
solvable by separation of the variables by substitution
and by integration by parts:

(A): [Solve the equation (x2? + y?)dx + xy dy = 0. We
put y=vx then dy = vdx +xdv and the given
equation becomes: x2(1 + v¥)dx + x?v(v dx + x dv)

=0.=2(1+ v¥)dx + v(v dx + x dv) = 0 (dividing by x?).

= (1+2v)dx+vxdv=0
E vdv =0

x 1+2v2 1
the solution in terms of x and v is Inx + ZIn(1 + 2 v?) =

k= 4lnx+1In(1+2v?) =4k= Inx*(1+2v?) = 4k.
Hence, using each member as an exponent of e, we have
x*(1+ 2v?) = e** = C and, replacing v by y/x, we get

2
x* (1 + ZXLZ) = C. The form of the solution can be modified

by removing parentheses. Thus, we find that x* + 2x2%y? =
C is the general solution] [1].

(B): A (differential equation is presented either in
differential form as in this example or in derivative from as
in the next example. Where the equation is presented in
differential form we should cease to collect the like
differentials on dx and dy separately. Instead, we should
identify by sight which differentials are singlets
(individually integrable), and which are non-singlets, and
whether the latter constitute one or more doublets
integrable by parts, or can be made so by an integrating
factor that is also obtainable by sight”.

The first step of the solution is to rearrange the given
equation by putting the doublet on the left side of the
equation and the non-homogeneity term on the right side:
xydy + y?dx = —x? dx. In applying the
three-rectification process mentally we find that the
non-homogeneity term is a singlet (i.e., in an already
rectified form whose rectifying factor is ri=1). The y —arm
(y? —> ydy) is semi-exact (extending between power
functions of y with exponents differing by unity) and its
rectifying factor is r, = 2, thereby obtaining the exact
dependent arm (y? — 2y dy). The independent arm is
initially exact (x —dx) but has been turned semi-exact
(x—2dx) after multiplying by 2. It can be returned exact
again by multiplying the equation by rectifying factor r;=
x~1*2 = x and obtaining (x2—2x dx). After such mental
analysis we conclude that our equation is semi-exact having
[ri23 = 1, 2, x] as its three rectifying factors. The second
step is to multiply the equation by the total integrating factor
to become exact: [x%(2y dy) +2x dx (y?)] = —2x3dx.
The brackets are meant to help the reader to identify the
reciprocated arms between the two terms of the doublet, and
when sufficient skill has been gained then such brackets can
be dropped. The doublet is now the differential of a product,
d(x%y?) . The third step is to integrate the equation by the
pair-wise and term-wise integrations and get: x%y? =

(collecting coefficients).

(separating the variables). Consequently,

4
—%+c, or x*+2x%y?=c, as in (A) above. Again,
compared to the prolonged solution by the method of

substitution and separation of the variables in (A), the
considerably shortened three-step solution by the methods
of test-by-sight and integration by parts in (B) may seem
magical. The solution avoids the details of substitution and
back substitution, solving the corresponding homogeneous
equation,... The equation is a nonlinear, non-homogeneous,
first-order equation with variable coefficients. We remind
that, except for the three steps of the solution, the detailed
writing above is for explaining the unwritten mental test and
constitutes no part of the written solution.

Example 3: A semi-exact equation in derivative form
solvable by separation of the variables by substitution
and by integration by parts.

(A): [Solve the equation: y' =tanx-y +cosx .
Solution: the corresponding homogeneous equation is
y'—tanx-y =0. Solving it we gett y=c-
Considering ¢ as function of x, and differentiating,

cosx’

1 dc sinx . .

we find: y' = L= - ¢. Puttin and y' into
y cosx dx  cosx gy y
dc sinx c
(...) we get: -— —-c=tanx -—— +cosx, or
d cosx dx CcCoS“X cosx 1
c

o cos?x, Whence c(x) = [ cos?x dx = Sx+

%sin 2x + c;. Hence, the general solution of equation (...)

1 1. 1
has the form y = (Ex +sin 2x+ ¢ ) . COSx] [2].

(B): Checking mentally the possibility of the equation
being semi-exact (i.e., possessing an integrating factor and
solvable by integration by parts) we find: firstly, the
rearranged equation [ y' —tanx-y =cosx ] has a
semi-exact doublet with the exact y-arm [y — y'] and the
semi-exact x-arm [1 — — tan x] and we thus have [r;,; =1,
1, cos x] as the required integrating factor [recall that r; for
(1- —tanx)is cosx ], which yields the exact arm
[cos x = —sin x]. Secondly, we multiply by this factor and
obtain [(cosx) -y’ + (—sinx)y] = cos’x which is now
an exact equation reciprocating the arms [y — y’ and
cosx = —sinx ], or whose doublet is the derivative of a
product (cosx-y)' . The non-homogeneity term cosx
becomes cos?x after multiplication by the integrating factor
and its being individually integrable remains unaffected by
such multiplication since the integrating factor is a function
of x alone. The integral of the exact doublet is the product of
the outer functions of the doublet (cosx-y) and
[ cos?x dx is a tabular integral. Thirdly, we integrate and

get: cosx -y = [cos’xdx, or y = ﬁfcoszx dx as in
(A) above. We can also apply the
multiply-integrate-and-divide

three-step
Sformula

[y = ﬁf R(x). f (x)dx] and obtain the same result in “one

direct step by this readily applicable formula” followed by
applying the tabular integral. The methods in (A) of solving
the corresponding homogeneous equation for finding the
complementary function and of using variation of parameters
for finding the particular integral have become a past history.
They are no longer practical and have to leave their places to
the short methods of testing by sight and solving by
integration by parts as in (B) (as far as exact and semi-exact
equations are concerned). Again, we remind that the writing
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above is mainly a description of the mental (unwritten)
analysis of the problem and of the traditional methods
dispensed with, and that the solution in (B) is much shorter
and simpler than in (A).

Example 4: A multi-term equation with two semi-exact
doublets requiring the same integrating factor (derivable

by partial differentiation and by the three-rectification
test-by-sight)

3
(A): [Solve the equation: (2xy+x%y+2-)dx+

(x24+y?)dy =0 . Solution: Here P =2xy+x%y+

3 2,.2
y _ 2 2 1 (BP BQ) _ 2x+xc+yc-2x _
— = nd =|———) =———"=1, hen
5@ =x"+y“and o\ay " ax ry? , hence,
. o(uP) _ 9(nQ) oP 9Q ap .
= . 1mn _ —_—= — — .1
H u(x) Since ay ox ay dox dx’ t

du  1[oP @
follows that = = = (— _9%
p Q \dy Ox

e*. Multiplying the equation by p=e* , we obtain
3

e*(2xy + x%y + y?) dx +e*(x®> + y?)dy =0 which is

an exact differential equation. Integrating it, we get the

)dx=dx, and Inu=x,u=

general integral ye* (xz + y;) =c][2]

(B): It is obvious that the quoted solution concentrates on
establishing the semi-exactness of the given equation and
determining its one-variable integrating factor by the
method of partial differentiation. 1t does not mention the
prolonged method of solution applied (i.e., integration in
total differentials) leaving it to be impliedly understood for
the sake of brevity. Let us also note that an exact triplet of
terms can be reduced to an exact composite doublet
reciprocating one composite and one simple arms:
[uvw’ +uv'w+u'vw = (w)w' + (W' + u'v)w ] with
the exact composite arm [uv — (uv' + u'v)] and the exact
simple arm [w — w']. The given equation is not a
three-term, but a five-term equation. However, subjecting it
to test- by- sight for establishing its semi-exactness and
obtaining its integrating factor is still possible though not as
easy as before. It actually requires some more skills to be
gained since it is not so similar to the previous examples but
possesses the following dissimilarities:

In attempting to distribute the terms of the given equation
among the defined combinations of terms it will be seen
that three non-singlets out of the five terms of the equation
[(2xy dx + x%dy) + dx(x?y)] constitute a semi-exact
composite doublet having an exact composite arm
(x%y) » [y 2xdx) +dy (x*)] and a  semi-exact
independent arm [1 — dx] requiring the integrating factor
e”* to become exact [e* = e*dx].

Of the two remaining terms the singlet y’dy will not be
integrated individually, (contrary to what we usually do),

3
since the other non-singlet y?dx would then be floating

outside the combinations leading us nowhere. It can be seen
that these two terms constitute a second semi-exact simple

doublet [(y?dy) + dx (y;)] with the exact y-arm

()’3—3—> yzdy) and the semi-exact x-arm [1 — dx] that

requires the same integrating factor e* to become
[e* = e*dx] as in the first doublet. Having performed our

mental analysis (i.e., having rearranged the terms of the

given equation in a first step, and found the integrating factor

by sight) we then take the second step of multiplying this

semi-exact equation by its integrating factor e* and obtain it
3

in its exact form. [e*(y2dy)+ e dx(3)] + [e*(2xy dx +

x%dy) + e*dx(x%y)] = 0. Recalling that the integral of an

exact doublet is the product of the outer functions of the
doublet, we apply the one-step integration by parts as the

3
third step, and obtain e* - y? +e*-x%y =c or, ye* (x2 +

2
y?) =c, as in (A) above. It is also noted that if to this

five-term equation a sixth singlet term f(x)dx is added as a
rectified non-homogeneity term, the equation will still
remain integrable in the same manner since the individual
integrability of the added term will not be disturbed by
multiplication by the integrating factor.

The solution in (B) is by far shorter and simpler than that
in (A) which employs prolonged methods for determining
the integrating factor by partial differentiation and for
integrating in total differentials (not mentioned in the
quoted solution in (A), obviously for brevity, and assuming
the reader to be familiar with it).

NOTE: The following three examples have been
Ppostponed to the next paper so as to avoid the present paper
becoming excessively lengthy.

Example 5: Semi-exact first order equations (linear and
non linear, with constant and with variable coefficients).
Applications from classical mechanics and nuclear
physics

Example 6: Equations with semi-exact second order
doublets (an application from quantum mechanics-
Schrédinger’s equation)

Example 7: Generalization of the solution of the
semi-exact linear equation with constant coefficients to
the n-th order case by a readily applicable formula

3. Practicing the Test-by-sight for
Establishing the Semi-exactness and
Determining the Integrating Factors
of Miscellaneous Semi-exact
Equations. [2, 3]

Semi-exact equations with two-variable integrating
factors are not so frequently encountered in the literature,
and if they are ever encountered (such as Bernoulli’s
equation) then they are solved by such prolonged methods
as that of separation of the variables by substitution without
realizing the integrability of the equations by the integrating
factor method (i.e., by integration by parts). The
two-variable integrating factors cannot be derived by partial
differentiation which is the only method known so far
(before the newly introduced test-by-sight method) and is
restricted to the case of one-variable factors only. Solution
of the n-th order linear equation with constant coefficients
by using “n integrating factors in n successive integrations
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by parts” will be dealt with in the next paper. Examples of
equations with two-variable factors derived by sight are
already given in [part A-4-b]. This part C of the paper
concentrates on semi-exact equations with one-variable
integrating factor (either r;, r,, or r;) that rectifies only one
of the three constituents of the equations below. The two
other constituents are either initially given in rectified
forms, or created or rectified subsequently by the first
rectifying factor r; itself. The below mentioned equations
are meant by their references for practicing the
determination of integrating factors by the partial
differentiation method and solving by integration in total
differentials. We shall, however, replace these prolonged
methods with the much shorter and simpler test-by-sight
and integration by parts. If an equation is given in
differential form, we disregard the collection of the terms
on like differentials and rearrange them often with the
singlet and non-singlet non-homogeneity terms put on the
right side (unless otherwise is required for constructing
doublets in certain cases) and the doublets on the left side of

the equation, and thereby perform the first introductory
step for rearrangement of the equation. After
rearrangement of the given equations the three rectifying
factors become readily determinable by sight in the order: r;
for the non-homogeneity term, r, for the dependent arm,
and r; for the independent arm. As already mentioned factor
r; is determined after multiplying the equation by r;, and
factor r; after multiplying by r,. The second step is to
multiply the semi-exact equation by the one-variable
integrating factor to turn the equation into the exact form.
The third step is to integrate the resulting exact doublets by
parts, and the singlets by the basic formulas. This new
method of solution by integration by parts is by far superior
to the traditional method of solving by integration in total
differentials, in terms of the space, time, and mental effort
expended on the solution.

Greater attention and concentration may have to be
exercised in solving the following semi-exact equations by
applying the short methods of the “three-rectification test
by sight” and “integration by parts”.

. (x2—y)dx+xdy=0= [xdy —ydx] = —x?dx, =11, =1,

y

andr; for [x » —dx] =x"1"1 = xiz, [rlrrz,rg, =1, l,xiz],d (;) =—dx = %z —x+c=>y=—x%+cx

2. (e —yDHdx+ydy=0=[ydy — (dx)y?] = —e**dx, r, =1, r, = 2, and r3 for [1 > —2dx]=e~?¥,
[rirors = 1,272, d(y?e™2*) = —2dx = y?e ™ = —2x + ¢ = y? = e?*(=2x +¢).

3. (14 3x%siny)dx — xcoty dy = 0 = [x(— coty dy) + dx] = siny(—3x2dx),

[rl_rzlr;, = $ 1, 1], [x (—%dy) + dx (L)] = —3x%dx = ﬁ =—x3+c>asiny=———

siny

4. y?dx+ (yx—1Ddy=0 =

[rl,rzrr3 =11, %], [y(dx) + dy(x)] = %dy > xy=hy+lnc=>x=

5. (x2 = 3y))dx + 2xydy = 0 = [(x)2y dy + (—3dx)y?] = —x?dx,r3 for [x > —3dx]=x"13 ==

x3+c”

y?(dx) +y dy@] = dy, [q=q)]. 73 for [y? >y dyl=y ™ ==,

Incy

1
x4’

[r1,r2,r3 = 1,1,%4 , [(x%) 2y dy + (—%dx)yz] = —xizdx :z—2=§+c = y? =x? + cx3.

3

6. (sinx +eY)dx + cosxdy = 0 = [(cosx)dy + (—sinx dx)(—1)] = —e”dx, [rl’rz,r3 =e71, 1], [(cosx)e™¥dy

Ccosx cosx

+(—sinxdx)(—e™)]=—dx=> —eVcosx=—x+c,@eVcosx=x+c=>e” =_-2y= In—

x+c

7. (xsiny + y)dx + (x?cosy + xInx)dy = 0 = [(x Inx)dy + (dx)y] + [x*(cosy dy) + x dx(siny)] = 0, r3 for

[x Inx - 1]= i, and T3 for [Xz - x]:x_2+1 =

i, (two semi-exact doublets requiring the same integrating factor,

(i) = [(Inx)dy + de)y] + [x(cosy dy) + dx(siny)] =0 = yln x+xsiny =c.

8. (x+y¥dx —2xydy =0> [(y)dx + 2y dy)(—x)] = —x dx, 13 for [—x - dx], or for-[x » —dx] =

x2’

—x~1-1 =

r1,r2,r3=1,1,—%, y? —izdx + 2y dy z =1dx$y—zzlnx+lnc.=>y2=xlncx.
[ X X X. X X

X

9. y(1+xy)dx —xdy =0= [ydx — x dy] :—(yz)xdx,[rl,rzrm=}%,1,1],d(;)=—xdx: §=—§+c=>

2x
x2+c

y=

10. Ydx + (® - Inx)dy =0 = [y(idx) —dy (Inx)] =

Inx Inx

—y*dy, [q = q)], r3for[y » —dy] =y~'7!

1 1 y2 y3
= y_z,[rer,Ts = 1,1,}7] 'd(T) = —ydy:7=—?+c:lnx= ~L tcy.
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11. yy' +vy? =cosx, rsfor[l— 2] =e?,

= e?*y? = 2 [ e?* cosx dx, (applying the tabular integral: [ e®* cos bx dx =

obtain y? = ce™?* +§(sinx + 2 cosx).

[rirors =1,2,€%%], e¥(2yy’) + 2e?*(y?) = 2e** cos x

e%*(b sin bx+a cos bx)
a?+b?

+ ¢, we finally

12. yy" —y'?2 =6y2%x, second order equation, [rl_r2,r3 = y—lz, 1, 1] , [( )y” + (—y—lzy’) y'] = 6x. The first

1
y

. .y . .. 3 3
integration is y; = 3x% + ¢,. The second integrationis Iny = x3 + ¢;x + ¢, =y = e¥ ta1¥¥2 = ¢, g¥ +01¥,

4. Conclusions

In semi-exact equations the three rectifying factors are
determined by sight to constitute one-variable, or
two-variable integrating factors that turn these equations
into exact ones. The table of integrating factors is intended
for general acquaintance, is easily memorized, and can be
extended further. Semi-exact equations are solvable by the
three methods of separation of the variables, integration in
total differentials, and integration by parts, of which the last
is the most convenient and the first two are no longer
required, having become unnecessary prolongation as far as
exact and semi-exact equations are concerned. It must,
however, be stressed that the separation method retains its
importance in solving the separable non-exact equations to
which integration by parts is inapplicable and the separation
of the variables is the only applicable method. Finally, the
previous and present papers will serve as a basis for revising
other related topics to be handled in forthcoming papers.
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