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Abstract This paper is the second in a series of papers dedicated to the two-body problem of classical electrodynamics. In
the first part we have derived equations of motion describing two-body problem of classical electrodynamics with radiation
terms based on W. Pauli, J. L. Synge and P. A. M. Dirac results. The system obtained is a neutral one with respect to the
unknown velocities with both retarded and advanced arguments depending on the unknown trajectories. We introduce a
suitable operator whose fixed point is a periodic solution of the problem in question. Using fixed point theorem we prove the
main result. Since we consider two charged particles in an internal frame of reference, we prove an existence-unique- ness of
a periodic solution that implies an existence of closed orbits. In other words N. Bohr stationary states are a consequence of
classical electrodynamics. We generalize A. Sommerfeld result where he has proved an existence of elliptic orbits of the
classical Kepler problem. Our existence result gives also a method of overcoming the singularities.
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1. Introduction

The primary goal of the present paper is to prove an
existence-uniqueness of a periodic solution of the two-body
system with radiation terms, derived in a recent paper [1].
We have already mentioned in [1] that using the relativistic
form of Lienard-Wiechert retarded potentials (cf. [2]) J. L.
Synge [3] has formulated the two-body problem of classical
electrodynamics and has suggested the idea to generalize the
model including Dirac radiation terms [4]. Developing
Synge idea we have derived a new form of Dirac radiation
terms [1]. So instead of Synge two-body system [2]
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we have introduced the system
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where the radiation terms £V F (2" have a new form,
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although Fd F@red are derived on the basis of the

original Dirac physical assumptions [4]. In [1] we have
proved that the 4th and the 8ht equations are consequences
from the rest ones and after some transformations we have
reached a system of 6 equations as there are unknown
functions.

We emphasize that classical Lorentz-Dirac radiation term
and two- body equations of motion do not satisfy the basic
relativistic equation
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obviously fulfilled in our case [1].

We also note that on the base of Wheeler-Feynman
formalism [8], [9] the authors in [10]-[14] have been
obtained interesting results.

Our purpose, however, is to show the existence and
uniqueness of a periodic solution of the two-body equations
of motion obtained in [I]. We present the system in
question in a suitable operator form and the fixed point of
this operator appears a periodic solution of the system.

Section 1 is an introduction and we rearrange equations
of motion in more convenient form. Main results are given
in Section 2. In Subsection 2.1 we derive radiation terms in
an explicit form and show that they are bounded, that is,
free of singularities. In Subsection 2.2 we formulate the
main periodic problem and prove some preliminary
assertions. In order to apply fixed point theorems from [5]
we introduce suitable function spaces and operator whose
fixed points are solutions of the periodic problem
mentioned and give some lemmas. Supplement 1 contains
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preliminary estimates that imply the operator maps the u'? = {ul(l’)(;),ugl’)(;),uy’)(;) }: { 2 (1), %57 (1), P (1) }
solution set into itself. In Supplement 2 Lipschitz estimates
of the operator and its derivatives are obtained. Subsection
2.3.001.1ta1ns thp main resul.t: two-quy system has a unique £ = (gl(l’q), EPD, 53(pq)’§ipq)): (xl(”)(t) e (s o
periodic solution. Subsection 2.4 includes numerical test

(p =1,2) — velocities of the moving particles;

P (1) = x$0 (1 - Ty ,xg”)(t)—xgq)(t —T,,), iCT

results. Section 3 is a conclusion and shows the adequacy of pq
the main theorem. (pg) = (12),21);
Recall denotations from [1]: (...) — dot product in 3-dimensional Euclidian space.
(xl( P(0), x5 (1), x5 (0,57 = ict ) (p=12) are the In [1] we have derived the following equations of motion
space- time coordinates of the moving particles; a=123;(pq) =(12),12]):
(p) ;(p) ePquP (pq) (9) (9) 2A (p)r uPr )
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PN (2 o0 @n) ;
AP‘i(c Tpg (&M >) (czqu _<~§(’”’),u(")>)3
1

P T ) @y
T, =G u ")
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Apyr = 3 Do > ;
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Substituting D, (tesp. D,,),,D,,) and H, (resp. H, ,H,,) into A4,, B, (esp. 4, B 4B >

transforming the expressions obtained under Dirac assumption 77" =P =7 = const.>0 (cf. [4]) we have:

2 _ [ (p),(q) 2 _ [ (p), (q) (pq) ,,(q)
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(Czr _<§(P)r’u(p)r>)2 (02T _<§(p)r,u(p)>) ’
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A(W(” (£ )~ (e (o oY) or o)
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1
Cipyr =— ;
(p)r 621' _<é;(p)r,u(p)r> ’
. A(Zp)a(cz_<u(p> (p)a>) (cz <(p),u<p>a>)<§(p)a,d(p)a>
ya = -
P (2 — (P u) (cz g(ma (p)a>) ( 21_<§(p)a>,u(p)>)
( é:(p)a (p)a ) (p) (p)a

_(sz_<§(p)a’u(p)a>) (c T_<§(p)a)’u(p)>)3
A(zp)a(CZT_<M(P)’§(P)LI>)_(CZT_<§(P)a,u(p)a>)<§(p)a,d(p)a>.

B =
(p)a 3 >
(021' _ <u(l7)a ,§(P>H >)

1
C = .
(a2, _< §(p>a,u<p)a>

Denoting by G{”’ the right-hand sides of the above system we obtain

(p)+ <u(l7) (I’)) G
AP

Solving with respect to () (¢),u5") (¢),1{"’ (t) under assumption

(©): ,/<u<P> (t),u(p)(t)> <z<c

we reach the neutral system of six equations
(a=123:(pg)=(12),(21)) :

2
2 (p)
) "=y (1) u(p)(t)u(p)(t) ne (t)u(P) 0
ul(P) (t)= Ul(p) = ( - ) Gl(p) ! 22 Gép) ! 23 GS(p)

C C c
2
p)(l)u(p)(t) t— ugl’)(t) u(p)(l‘)u(p)(t)
p)(l) U(p)E C—Z2G1(p)+¥(;§p)_ 2 623 G§p)
P)(t)u(l?)([) u(P)(t)u(P) ) c? _(ugp)(t))z
WP (1) =UP = —3G1<P>_ 2 0% TG G
(1.p)

for six unknown functions u" (£),u$" (£),ul"” (1),u® (),

eeA,
uP(0),uP () , where GP =GP + G The summands GU? =2 (A EPD+ B, ud +C, u(‘”) are
mpc
called Lorentz terms, while the summand
2
A
(pyrad _ p=p (p)r (p)r (p)r _ (p)a (p)a 3P
Ga =2 3 (A(,,),fa +Bpytta +Cipptla ~Aprasa ~Bipratla ~Cipya )
P

— radiation terms.
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2. Main Results

2.1. Explicit Form of the Radiation Term
In what follows we derive the explicit form of the radiation terms. By C}Z [0,00) we denote the set of all infinitely

differentiable Iy -periodic functions. We introduce the space of functions:
M = {u € C7,[0,0) :‘(u(t))(")

t e[kTy, (k+ 1T, 1} 2.1
(k=012,.):;(n=0,,2,.),(pg) = (12),(21)

where U, w, T, are positive constants and following A. Sommerfeld [7] 0< g=c/c<1.

< Uow"e”(t_kTO),

Recall that 7" =P =7 is assumed to be infinitely small parameter because 7= 7 - ﬂ2, (To _rlex 102 sec)
(cf. [2]). In factzy =7, /c ~9,4.10** sec

Since we work in spaces of infinitely smooth functions, using the Taylor expansions we obtain
é‘é:(ﬂ)a _x([?)(t+z.) x(ﬂ) ()= Tu(p)(t)-i— 0 (P)(t)+ = é:(ﬁ)a - Tu(p) (t)+0(1' )= é:(l?)ll ~ z’u((f)(t);
EP" =xP () -2t -7) = uff)(t)r'

ulP(t+71)= u<P>(z)+ u(p)(t)+ (P>(r)+ <P)(z)+ = uPt+7)=ull (1) +O0(r);

w0 = (O~ ff)(t)+2, i - SiP(0+... Su )=l () - 0G0
(p)(t)u(p)(t+2') (P)(t)) 1 (P)(t)u(P)(t)+ (p)(l‘)u(p)(t)+ ju(p)(t)u(p)(t+f) ( (t))2+0(2');

2
(P) t)u(p)(t )= ( (P)(t)) (p)(t)u(p)(t)+ (p)(t)u(p)(t) = uép)(t)uép)(t—f)Z(ul(zp)(t)) -0(r);
3 3
<u(P),u(P)a > _ <u(17)’u(17) (1 + z')> _ % u;P) (l)u;p)(l +7)~ ; uép) (l)u;p) )= <u(P)’u(P)>;
y=1 =1
<u(p>’u(p>r> ~ <u(p>’u(p>>; <u<p)a’u(p>a> ~ <u(p),u(p>a> : <u(p>r,u<p)r> ~ <u<p),u<p)r>;

2P _ <§(p>r (p)r> 2 T< (p)(t),u(p)(t—7)>z‘r(cz—<u(p)(t),u(p)(t)>);

c*rPe <§(p)“ (p)“> *r— z’< (p)(t),u(p)(t+r)>zr(cz—<u(p)(t),u(p)(t)>)~

Then
(p)rad _ ep (p) ) (P)a (p)
G (A(p), P = Ayl 4 B ] =Byt + Cppild” = o)™
2 2 2 2 .
A, £ A(P)r(c _< Mok >) ( <<p> <p>r>)<§<p>» (Pry_ (cr—<§(1’>r,u<l’>r>)<u(1’>,u<ﬂ>r>
2m,ct | ( 2 <§<p)r <p>r>) (027_<5<p>r,u<p>>)(czr_<§<p>r,u(p>r>)2

_z(p)a
o

Aﬁp)a(&—(u(l’),u(l’)%) (62_<u<p>’u(p>a>)<§<p>a’u(p)a> ( ,;(p)a (p)a) <p> <p>a

(czf—(-f(p)a,u(p)“,>)3 (021 _<§(P)a),u(p)>)( <é:(p)a (p)a>)
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Aya (CZT —, §<p>a>) _ (sz _ < £ o) >)< g ,a<p>a> o
P _
3 a
(c% —uPe §<p>a>)
AL, ( 2 < §<p),~’u<p)>) _(62, _< §<p>zﬂ,u(p>r>)< §<p)r’a<p>r> o A Lo
u r_ a + a
(CZT_<§(p)r u(p)r>)3 “ c2r—<§(")”,u(p)“> c21—<§(’7)’,u(")">

2A A, (Cz _<u<p>,u<p>r>) (Cz _<u<m,u<p>r>),<u(p),u(p)r> _,(Cz _<u(p),u(mr>)<u<p>,u<p>r>
=L (o) 7

2m 3 (Cz _<u<p>,u<p>r>) 3 (Cz —<u(p),u(p)>)(02 _ <u(p),u<p>r>)2

A(2 ) (c2 —<u(p),u(p)“)) (c2 —<u(p),u(p)“ >)r(u(p),zl(p)“> —r(c2 _<u(p),u(p)a >)<u(p)’u(p)a>
—rulP (0| —= T+ 5 -

3 (c2 —(u(”),u(”)“,)) 3 (c2 —<u(p),u(1’)>)(c2 _<u(p),u(p)a >)

2 2 2 u(l’)ﬂ
+(A<p>a (e —e® ) (e _T<u(P),u(p)a>)z.<u(p)’u(l7)a>)X d .
3 (62 _ <u<p)a’u(p>>)
(p)r i(p)a J(pr
—A?p)r(czr—r<u(p),u(p)>)—(021—z’<u(p),u(p)">)r<u(p),u(p)r>x t - Yo - Ya
13(c2 —<u(P)’u(p)r>) ¢ r—r<u(p),u(p)”> ¢ r—r<u(p),u(p)’>
2 2 2 2 [, ;(pa 2 @) o) .
_ epAp A(p)r B A(p)a £+ A(p)a r<u U >ut(zp)a B A(p),, 1<u U >u§lp)r

2 2 2| 2 P 2 2
2m,¢ (c2—<u<P),u(P>’>) (c2—<u(P),u(P)“>) T (c2—<u(P),u(P)>) T (02_<u<1’),u(”)>) 4

<u(p)’u(p)a >ugp)a _ <u(p)’a(p)r >uép)r

. . 2 2 2 2 2
_ ”fxp)a _u((lp)r ~ eyl Alpyr =Alp)a “((xp) n Alpya = Apyr ut(lp) _
2 22 22
T(Cz _<u(p)’u(p) >)2 r(c2 —<u(1’)’u(p)>) 2m ¢ (Cz _<u(p)’u(p)>) T (cz _<u(p)’u(p)>) T

() (pa\_/ (p -(p)r> . .
_<u ,u > <u U ) _ ufx”)”—ug”)r

2 () (o) “a 2_[.(p ,(p)
r(c —(u'u )) T\¢c us,u

_ oA, ul?) ) P —gr\ | WP
mp02 (cz _<u(p)’u(p)>)2 27 2 _<u(p)’u(p)> 27
In explicit form the radiation term is:
2 . . . .
Gprad _ G4, 0] <u(”)(t) u("’)(t+r)—u(‘”)(t—r)>+ WPt +7)-ulP (1-1) 1
a - 2 2 )
m,c (02 _ (u(p)(t),u(p)(t») 2t 2r (02 _ <u(p)(l),u(p)(l)>)
or
2 y y . .
Gprad :_epAp u?) (1) % e u;/(p) (HT)—%(p)(t—T) . 1 WPt +7)—ulP(t 1)
a .
mp02 (62 —(u(p)(t),u(p)(t»)z P 2t (02 —<u(p)(t),u(p)(t)>) 27

Lemma 2.1 The radiation term obtained is bounded provided r@w <2 .
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Proof: We need an estimate of H. A. Schwartz difference quotient. In view of u{?)(\)e M we obtain

0P (t+0)—iP-7)|

(ugm ( t))m . 73_2' (uém (t))“) *%(”g‘p)(t))(é) + ‘

‘ 2t
2 4 2 2 4 4
£U0w2+T—U0a)4+T—U0a)6+ ...£U0w2£1+7 w L re . ]
3! 5! 35!
2 2 44 2
4U,
<U?| 1+ 22+ 22 4 |« 0
2 2 4—-77°w
and then
G(pirad| < 6127 ‘ “((xp)C\/g AU’ 1 AUy’ <
L e R S M, 12 4 22|
mpc (c —u'? u'? )) o (c _<u(p)’u(p)>) "o
< ¢ 3 N 1 4U 0* <i J3+1
- 2 3/2 1/2 2.2 7 3/2°
m,e c3(1—/32) c(l—ﬂz) 4-t70” m, 03(1—,32)

Lemma 2.1 is thus proved.

2.2. Preliminary Assertions, Formulation of Main Periodic Problem and Lemmas

Our main purpose is to obtain an existence-uniqueness of Ij,-periodic solution of the equations of motion (1.p).
We consider (1.p) jointly with functional equations

1 /3 2
7pg ()= CJ zl[x;m(o-xym =g O)] st e (=0,),(pg) = (12),(21) 22)
P
and the initial value problem
uép)(l«): U;P) (@=123),t€ [0,%0) (2.3)

u? () =uR) @), v (O=uR) @), t €[-T,.0],

if 7,2 0 =max{z’102,rg,}; qu =max{z'pq(t):te[0,TO]}.

Otherwise we take the initial interval [-°,0].
We have however already proved in [15], [16] that (2.2) has a unique continuous solution for every Lipschitz continuous
trajectories. That is why we can consider only (2.3).

Remark 2.1 Here instead of inequality 7,, > ? from [15], [16] we can use 7 ,, (¢)= @ It follows immediately from
¢ c

T (t):l \/ %_ [x;P)(z)—x;W(z—rpq (z)} 2
c\y=1
Indeed, considering J. Kepler problem we put x;q) =0 which implies the relation required. We prove some additional
properties of 7, (f).
Lemma 2.2 If (xf")(t),xgp)(t),x§1’)(t)) are smooth T,- periodic trajectories with velocities (ul(”)(t),uép)(t),ugp )(t))
satisfying él(u;p)(t))z <7 <c,then:

1) (3.1) has a unique smooth T -periodic solution.

g(pq)’u(p)>_<§(pq),u(q)> ‘ . N
< satisfies inequalities 7, (¢) <1; ! §]+
c \/<é:(pq),é:(pq)> <§(pq),u(q)>

=

2) The derivative Z,,(0) =

=

1=, 1-
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Proof:

1. The proof can be accomplished as in [15], [16].
2. Differentiating

1 /3 2
_ (» (@)
Ty (= \/ s [x/’ 0 -xD(t-7,, (t):|
and solving with respect to 7, (f) we obtain

<§(pq)’u(p>> _<§(pq)’u(q)>
C\/<§<pq>’§<pq>>_<§<pq>’u<q>> '

Tpg(0) =
Using that (2.2) has a unique solution we have

<5(pq),u(p)>_<5(pq),u<q>> . czqu(t)_<§(pq)’u<q)>_<§<pq>,u(p)> +<5<pq),u<q>>
CZqu(t)—<§(pq),u(q)> Czrpq(t)—<§(pq),u(q)>

_ CZqu(l)—<§(pq),u(p)> . czrpq(t)—crpq(t)E _ -5 50
i, (t)—<§(”‘”,u(‘”> ’t, (et (e 1+

1=7,,(1)=1-

Obviously 1-7 g (t)# 0 and besides

=

-4 1 1+
1487 17,0 1-8

1-7,,(0)2

Lemma 2.2 is thus proved.
The main difficulty is to define a suitable operator whose fixed points are solutions sought.
Assuming that the initial pointis #, =0 we introduce the function set:

(k+1)To
M, = {u(.) eM: [u(®dt=0 (k= 0,1,2,3,...)}, (2.4)
kT

1, ©,Uy.Ty = const.>0,(k=012,..),(m=0,1,2,..); U’ <c<e.
Introduce a family of pseudo-metrics

Pliny @™ty =

= max {e_”(t_kTO)a)_”

u (0) =7 1)t < [ATy, G + 1)T0]}, 2.3)
(n=0,1,2,...; k=0,1,2,... ).
It follows that the terms are uniformly bounded

—u(t—kT, -
e ult O)a) n

W™ (1) - W)(z)‘ <
<e M) 71 9 @ MUY = 2U ) < o0,

Therefore sup{p(k,n)(u(”),ﬁ(")) n= 0,1,2,...}< oo and we put Ple,eo)Us11) = sup{p(k,,,)(u("),b_z(")) n= 0,1,2,...}.
Further on we put
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p(k,oo) (u4 ’ 1’74 )’ p(k,oo) (u5 ’ 1’75 )a p(k,oo) (ué ’ L_lé )} .

In fact
(gt tytts 1) = a8 P )
Assuming 1 (0) =0 (:> u (KTy) = O> introduce the operator B as a 6-tuple
B0 =B (00, B (10,8 ()0). B (0B (00 B ()0
where

(kDT ¢
UO)ds—" 1 T UD(s)dsdt

t
B W), ulul? u® P D) e):= | Ug)(s)ds—[
kT, kT, Ty &1y kT,

(kT 1|40
T, 2

— (k+1)T; (k+D)Ty ¢
t kTO_lj P UD(ds -~ 1 [ UDsysde 26)

t
BP ()™, u® 1 uP)0):= | Uﬁks)ds—[
kT, kT, Ty k1, k7,

0
(a=1,2,3; k=0,1,2,..) te[kTy,(k+DT].

In the right-hand-sides

U = ¢’ _(ul(p)(l))z G» ul(p)(t)ugp)(t) G\» ul(p) (t)ugp)(t) G

2
v 00 oy AP OF o 00 i
)y = 2 1t 2 2~ 2 3

(p) (p) (p) (p) 2 (p)
o 10O o OO o - 0f o
U = 3 G - > G + > Gy

(p =1, 2) we substitute the functions with retarded arguments
) (t =T pg (O), u (¢ =), (1 =7, (), 0 (1 = 7)

by the initial functions #{%) () translated to the right on the interval [0,%). By necessity we assume that «%) () are such
that their translated image on [0,0) belong to My .

We recall some assertions from [17]:

Lemma 2.3 [17] If u{"’(.) e M|, then

t
= X,(l%) + juff o)z isa T, o -periodic function.
KTy
Lemma 2.4 [17] If the translated function ué’(’))(.)e CTO [-Ty,©), on [0,0) satisfies
(k+1)Tp
J.uc(zp (6)dt =0 (k=0]2.) and u? e M, then U (r) are T, -periodic functions.
kT

Lemma 2.5 [17] For every uc(zp deM o it follows

(k)T s (k+2)Ty s
[ JuP@)asds= | [ulP (@)abds (k =0,1.2,...).
KTy KTy (k+D)Tp (k+D)T

Lemma 2.6 [17] The function B(()f 12 ()) belongs to M.
Lemma 2.7 The following inequalities are fulfilled:
1) czrpq —<§(pq),u(")>) > cro(l—ﬁ)> 0;

Ho
2 (w/ u)'"'U, for arbitrary n;

2) |eo|=

PO =27, <
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("0 +1I j Uy i
Proof:

2 P9 @\ s .2 S
1) c rpq—<§ ,u >2c qu_\/az

i (-7, )‘ (“0 +1Xw/ u)'U, for arbitrary n.

a=

1(§£’pq))2\]21( <q>) > e, —ct e = cr(t)(1- B) > ery (1= B) > 0

t -7 t -7
2) ‘gy"”‘:‘xgl’)(t)—xgq)(t—rpq)‘:‘ JulP(s)ds— | D (s)ds|<| | uP(s)ds|+| | ul® (s)ds| <
kT, kT, T KT,
oS Sy n-1) =Tpy 81 Sy (n-1) y(t KTy) 1 y(t—rpq—kTo) 1
<10 ( s, )) ds, |+ L (uép)(sn)) ds, <£ Uy Uyo™™
KTy kT, kT, kT, KT, kT, u"
u(t=kTy) 1=y =kTy) u(1—kTy) u(1=kTy) Ho
e -1 4 e +1 4 e —l+e +1 4 2e -
<———Uyo" ! - U™ < - Uyo" ™ = (/)" "Uy;
7 7 7 4
=Ty =Ty, 5 =Ty ) n 1 Uyo -
3) ‘u(t—qu)‘z [ a(s)ds|=| | | Ui(s,)ds,ds, | = [0 u™(s,)ds,..ds| < 0® j s o) s,
kT, KTy KT, kT0 KT, kTO KT,
n | u(t-7,,—kTy) n
= an_)l - : _1| < Uy ) +l‘ S(e”o +1)(a)/ﬂ)n U
ﬂn ‘ lLl ‘ /un

Lemma 2.7 is thus proved.
Lemma 2.8 The following inequalities are fulfilled:

kDT,

(p)
[ U (s)ds
i,

(k+J_) 0 G(p)mdds

kT,

+J1 o G(P‘I) ds
kT,

3 |(k
<X

a=1

+Z

a=l1

H y Hy _
<3‘Q ‘( 4ot 2ett ;2] oMo 13 (01 2" U,
i wed )(1-p)

Proof: We use the inequality

< max|/(s)|g(b) - g(a)| -

b
<[/ (s)|dg(s)

(k+1)Tp

[Apge®as
kTy

_ ‘é:épq)‘ < <§(pq)’§(pq)> —ct,,:

In the first summand of we use the estimate ‘5 (pq)‘ (a)/ 1)""'U, , while in the second and third ones
U

- P) ;(q)

(k+1) T (k+1)T, 204 2t n-l (k+D)Ty 202 ¢ £PD 139 (k+1)T, <u ,u >

| 0A f;(pq)ds <) ’ 3 c3 3 i T o I 0%crpqu+ | Oﬁcrpqu

kT Ky ¢ (l—ﬂ) r@) H \H k¢ (1—,8) (" KLy ¢ (l—ﬁ) [

n—1
u \u (1 By
kDT, (@ (g — kDT, @D (q_

N 2\/53 %( +D7y du, (s qu)|+ 2\/52 g( +j) Ou;,(p) du, (s Tpg) B

c(1=B) ry|r=1 #y 1=7p ‘ c(1=p) 7, [r=1 % 1=7p

3 (k+DT,

-1
204 (@) 2¢c et -1 23 1+
< [—j U, = + s uy(q)(s —Tp)|

u \u By H c(1-pYr1-B

y=l kT,
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4eeto (et —1
2\/5 1+ﬂ 2 ( 3 3)(a)/,u)nlU0+
w(1-8)"n

+—
c(l—,B)zr0 1-p

3 (kDT
> duy(")(s—rpq) =

y=l kI,

4ce"O et —1
7 W3 A3 w, D (k+ DTy —7,)—u,'D (kT -7, ( ; )(a)/,u)n_on.
(1 ﬂ) rol ﬂ?l 2(1—,3) r03
(k+1)Ty
_[B pqu,(lq)ds we estimate the first summand via ‘ fzq)‘ < (e” 0 +1) U@/ u)", while in the second one — ‘uff)‘ <c:
kT
2 2 (pq) , (p)
(k+1)T, (k+)Ty| Apg (C Thg —<§ U >) (r9) (@)
| quu((;’)ds <| ] 3 ,(Iq) ) 5 u((;’) ds
KTy KTy (Czrpq _ < §<pq>,u<q>>) (czqu _ < é(PQ),u(q)>)
(k+D)T, 2 ne(EPD @y 2(e"0 +1) o) e .
< g —S(e”0+1) (a)/,u) +— = 5 ds| < | Uy | e ) gs|+
oy |\ (1-8)" 1 (1-8) 7, (1-8) 15 kT,
3 |+ 1 2|ef +1 i
—t ; I du, D (s—7,,)| = ! ( 5 )(a)/,u) Uy;
= 2
c(l—ﬂ) 1y Y= kT H (l—ﬂ) I
(k+D)T; (k+D)T,
P C, s = —— LI ) g
KT, (c=2)ry 1= a1y
Therefore
3 (kDT 0, 3 (|7 (k+D)T, (k+D)T,
S G0 <‘ ‘z Ay EP0ds|+| 1B u@ds|+| [ Cilds| |<
a=1| T, ¢ a=1\| i1 kT, kT,

48#0 Ho -1 n—1 Uy 2 e//o +1 n U 1 o
<3|, #2 Ll ( ) 21y <3lo def  2eM +2 ] et l(a)/u)’HU.
32 0 pll 23 2 3 0

ﬁ) H c(l—ﬂ) o\ M Wry Hery (1_[})

For the radiation part we obtain

2 : (p) : (p)
(k+DT; 3 (kDT u t+7)—u t—7
e P e | R ey ) e A Gl
KT, m,c (Cz_Ez) y=1 kT, 27
(k+D)T, YN (p)(l+2')—it (p)(t—r)
+ [ u, ()< e di| |<
kT, 27
2 . . . .
. % 2 3 (ee0fy a1, P (1 +7) =1, P (t - 7) P +(k+jl)To i, Pt +1) =1, P (t - 1) aloo
B 202 2V = 2t KT, 27 o
myc (c -c ) r=h ko 0

Lemma 2.8 is thus proved.
Lemma 2.9 (Main Lemma) The periodic problem (2.3) has a unique solution (ufl) ,ugl),ugl) ,ul(z) ,ugz) ,ugz)) iff

the operator B has a fixed point, belonging to (M 0 )6 .

Proof: Let (ul(l),ugl), (1),u1(2),u§2),u§2)) be a T7; - periodic solution of (2.3). Then after integration in view of

ulP)(kTp)=0 (k=0,1,2,..) we obtain

(k+D)T, (k+DT;
ul?) (6)= IU(p)(t)(t)dt = WP (k+DT)= [ UP0dt= [ UP(0)dt=0.

kT, KT, KT,
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Therefore operator Bgf)(ul(l), ,u32))(t) becomes

k1, 1\T0
B wﬁXG—IU”N)% [Z,O—ZJJUyR@m.

kT 0 kT

We have supposed that the system has a periodic solution. Then changing the order of integration we obtain

(k+DTy ¢ (k+)T,
JUP (s)dsdt=" [ [ (k+1)Ty —s]UL (s)ds
KT, kI, KT,
(k+1)Tg (k+1)Tg (k+1)Tg
=(k+DT, [UP (s)ds—  [sUP()ds=— [sUP (s)ds.
kTp kTo kT

But
(k+DT; (p) (k+D)T, (k+1)T;
P s B S g D () = sul?) (s) - ) (s)ds = | (k + DTgl!” (k+DTy) ~ KTyl (KTy ) | =0
kTO dS kTo kTO

Therefore the following equality is satisfied

(k+D)T, ¢
UP (s)ds——— 1" | UP (s)dsdt.»

%m#hﬂﬁmrfvwwﬁ[
kT, Ty 1, kI,

0

(—kT, 1)0+D0
—
TO

Conversely, let B has a fixed point

" 18" uf? u® P Py e (M, ),
that iS, u(p) — B(P) (Ml(l),...,u§2))9 ( = 1,2, a= 1a2’3)

Therefore u$” (kTy) = B(p) (1) ,ugz))(kTo) or

0= u(p)(kTO) B(P)(u(l) 2))(kT )= I U(p)(s)ds

0

T — kT (k+D)T, 1 (DT,
—[—k OTk 0 —%J DU s)ds— 1 T U 0)dods =
0

kT, 0 kT, KT,
1 (k+DT 1 (kDT s
—— | UP(syds—— | | UP(0)dods.
2 g1, Ty 1y k1
| GDTo s | 7 (k+1)Tp (k+1)Ty
It follows — [ [U(0)dbds =— [UP(s)ds We show that .[Uép)(s)ds =0. Indeed, if | [UP (s)ds|0 for
0 kTy KTy 2 KT kT( kT
b kN 0 0 0

sufficiently large 4z the inequality of Lemma 2.8 might be violated.
Therefore the operator

—kT. (k+1)T; (k+D)Ty ¢
BO@D, . d)0):= j U (5)ds 1=k, 1 | °U§P>(s)ds—i 1T U (s)dsdt
To 2) i Ty i1, &

t
becomes B(p ) (u(l) ,u§2))(t): J-U((,,p )(5)ds . Differentiating the last equalities we obtain that the fixed point of the operator is a
kTy
periodic solution of (2.3).
Lemma 2.9 is thus proved.
Remark 2.2 We use the equality

1 (k+)Tpy s 1 (k+1)Tp
- [ [ul6)aods = 2 [UP) (s)ds
0 kTy kT kT

for further estimations.
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2.3. Existence-Uniqueness of a Periodic Solution of the Two-Body System
Here we prove the main result:
Theorem 2.1 (Main result) Let the following conditions be fulfilled:

IN-1) the initial velocities u%) (1),t €[-T,;0] are T -periodic infinitely differentiable functions and initial trajectories
are such that

0<ry <r(f)= \/ (<P>(z) x(q)(t)) t €[-T,:0].
7=l

IN-2) the translations (to the right) of u(p ) (t) on [0;T,]are restrictions of some functions from M.
Besides the following inequalities are satisfied:

§ 4 104 1 4o nl

1) 3|0, |[e +1 + + +— o/ <U,:

e e A -5
e -1 "2 4 3\6 +2 ] e +1 1 40”

2) 310,|| 1+ o/ p) " oUyx + n <aU,:
‘ p[ Ho ]( ) 0 [#2,,03 ﬂcl"o /4(; I ](1_ﬁ)3 ,UC3(1—ﬂ)3/2 4_2_2 2 0
~ 31 4 \18(/’0 +1)( "

3) K_|Qp|[027’0 +C3 4 — Tz) L/u
. 9 HO 1 n

4) K = |Q"|(e 3+ ) ;2 [QJ <1.

(1-p) *rln

Then there exists a unique T -periodic solution

(ulm,ug),ugl),ulm

) uf?) of (2.3) for 20,

Proof: With accordance of the Main lemma 2.9 we have to prove that operator defined by (2.6) possesses a unique fixed
point which means that (2.3) has a unique periodic solution.

We use function spaces M and M, defined by (2.1) and (2.4), respectively, and family of pseudo-metrics p(k’n)(u“’) L)

defined by (2.5).
The set M|, is endowed with a countable family of pseudo-metrics

p(k,n) (uy,uy), p(k’,,) (us,us), p(k’n) (ug, g )}

whose index set is A:{ G (k,n)}u{ G (k,oo)}.
ken=0 k=0

The lemmas from Subsection 2.2 imply that the function

BP ()l ud u® P D))= ] ng)(s)ds—[

O

t—kT, 1 U+DT 1 kDT ¢

P P s —-— | U (s)dsde

0 kT, 0 kI, kI,
(@=123:p=12), t e[kT,,(k + DT,] (k =0,1,2,...)

is Ty, -periodic one.

Estimates from Supplement 1.1 and condition 1) of the Main theorem imply

n—1 2
‘Bép)(k)(ufl), ,ugz))(t)‘< plt= kT")3‘Q ‘( #OH)(,UJ (1U2)4x[ 8 + 4 + 104 +— ! 4a)2 2] My

,uzro3 ycro2 yczro yc 4-7°w
Estimates from Supplement 1.2 and condition 2) of the Main theorem imply
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. Ho _ n-2
Béf”(k)(uf”,---,ugz)xr)\se““‘”‘%\%\[”e " 1][%] .

2
X 243 2 -+ 3\/§2+2 (e“o +1)+ 13 4a)2 5 2o S <ol ),
WKy upery  uetr U 4-1t°w (1_,3)

In a similar way we obtain for derivatives

(B,gp)(k)(t))(n) < @"Uye" M0 1 e [kTy, (k + DT, ], (n=0,1,2,...)

that is, the operator B maps the set M|, into itself.

It remains to show that operator B is a contractive one. Indeed, in view of the inequalities obtained in Supplement 2 we
have

B ()t (0) = BY (Gt i) <
) "

Sey(l—kTo)|Qp| 23 +L3 42 18(@ tl)(ﬁJ x
c’ry ¢ 4-1 (l_ﬁ) H

Xp(k,oo)((“l’u29u3’u4’u5’u6)’(171’1’72’1’739174’7’759176))'

—u(t—kTp)

Multiplying by e and taking the supremum in ¢ we obtain

3001 4 )18 +1)(o)
here K = — 2 <1,
where |Qp|{c2 p +C3 4_72] (5} (ﬂ] <

For the derivatives we obtain

9 Ho 41 n
[BP Wl .l = B )G )0 < ‘Q(”l ‘(;): )C;ZF [%) x
- 0

and therefore

where K, =

9|Qp|(e”0 +1) 12 (g]n <1
-7 enla)
Analogously we have

where max{K K, K 2,...,Kn,....}s K, <1. This means B is a contractive operator in the sense of definition given in [5]. Its

unique fixed point is a periodic solution of two-body system of equations.
Theorem 2.1 is thus proved.

2.4. Numerical Test Results

Let us show that the inequalities of Theorem 2.1 are satisfied:



International Journal of Theoretical and Mathematical Physics 2016, 6(1): 1-25 15

1)%[ 8 4 104 1 40> ][w]n_lgl;

Wl-pf \wg o P O 4-ra’
Ho 2| LHo n-l
2) 3‘Qp‘ 1+€” 1 73+72+ 3\/g+2+w3 eV +1 (a)j <1
0 wy c’r c ,u(l— ﬂ)3 y2i .
4l 1 )(e) 18
3) K= |Q |[ +—3] [—j <
Th € J\H (1_,3)

k-[o, |9§euo +1f%(g]”<ll

c i\ M

We recall that

2821078

0= |ele2| ~28.107% ]0,]= el 28107 5 gt sec: 0= 31108

1836

20941073 29410 sec

o |t

Since the radius of first Bohr orbit is 7, = 0,53.1071% m
. o c .
and its velocity is vy = &7 =1y, (1/137 is Sommerfeld fine structure constant), then

108
D=0y = @y = ¢ = 3.10 71():4.1016;
137 137r0 137.0,53.10

2 27 137r

Ty =2 =700 2152107 f0=Lz;16HZ
o - Ty 1,52.10°
¢ 3108

=TT =3.10%.1,52.10"% ~ 4,56.10 " m = 456.10"° 4 .
0 0

In the above inequalities n could be chosen arbitrarily large because the solution belongs to the space of infinitely
differentiable functions. Our estimates require uT, = 4, to be a constant. Here w=w, and we have to take x>, , for
instance y = 6.10'°. Then

4Ty =6.10%.1,52.107¢ = 9,12 = 14, .

Therefore ﬂ:% and r,m, =9,4.107244.10'°=3,76.107 , that is condition 7@, = 9,4.104.10' <2 is satisfied.
]

We choose S = % = 1- B ~1. For the inequalities we get

) (12107 +61.10% +29.107% +7.7.107 f2/3) <
2) (6107 +3.10° +2.102 4107 Jos3) <1

3) K ~296142.107°(2/3)" <1;

4) K =592230.107(2/3)" <1.

We notice that the initial conditions of Theorem 2.1 exclude the condition from [16] for escape trajectories

3. Conclusions

It is easy to see that the inequalities are satisfied for every radius of “larger” orbits, > 7,

Following [18] and [19] we would like to recall some difficulties of planetary model of the atom.

Difficulty (1): It is known that the properties of an atom are determined by its electric field. The identity of their properties
means that all of the hydrogen atoms possess identical electrical fields. In other words the electrons of all these atoms move in
strictly identical orbits (for instance, circles or ellipses and so on). The shape of electron orbits must depend on the initial
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conditions of formation of the atom. It is clear that these initial conditions can be very different. Completely
incomprehensible is why at various initial conditions the electron attaches the same orbit.

Difficulty (2): In the planetary model of the hydrogen atom the electron moves in a stable orbit. This contradicts
electrodynamics because the radiation of the electron leads to decreasing of its radius as a result it should be collided to the
nucleus. This time is 10 sec [18], [19].

Our conclusion: It is not natural to expect that the applying of the methods of classical mechanics to relativistic objects
will give adequate results. Namely:

1) The orbits in question [18], [19] are obtained in the frame of classical mechanics, while we consider two-body problem

in the relativistic case;

2) We have found initial conditions (these are the conditions of our main Theorem 2.1) which guarantee an
existence-uniqueness of a closed orbit;

3) We have considered equations with radiation terms and nevertheless there is unique periodic orbit for every stationary
state without radiation. In other words the radiation is so small that it does not affect the stability of the atom. This fact is
confirmed experimentally. In our model the hydrogen atom exists infinitely long.

Finally, we would like to say that basic difficulties of the planetary model are overcome provided the considerations to be

relativistic ones.

Supplement 1. The Operator Maps Solution Set into Itself
1.1. Estimates of the Right-Hand Sides
We have to show that the operator

O )0 = o

¢ f— (k+DT, (kDT ¢
[ U s S LI U0 s T UP (s)dsds
kT, T, 2) 0 kI, kI,

U™ (2 =1,2,3;p=12)

maps (M,)° into itself.
In view the previous Remark 5.2 we have:

— kT 1|7 k+)T, ¢
\B;p,g @™, ...u 2>)(z)‘ U(p)(s)ds e T U (9yds |+ 1§ U (s)dsde
| Ty 2| xr Ty k1 Ky
t—kT; 1 (k+DT; 1 (k+DT; t (k+DT;
j U(p)(s)ds +—0 | OUép)(s)dS += 0Ugf’)(s)afst <l Uép)(s)ds + OUép)(s)ds
KT, Ty 2| kT, KT kT, KT,
3 k+1)Tq
<3 (G(M)(s)+G(p)md (s))as| + z (G0 + G (s)) ds
a=1kT, kTy
From the proof of the Main Lemma and the assertion of Lemma 2.8 we obtain
3 (k+D)T,
Bép)(u(l) ,u§2))(t)‘£ 5 G(pq)(s)ds + Z J G(p)rad(s)ds 4 Z | OG}(,pq)(s)ds.
7=l k r=1|kT; A=1| kT,

We have

) ‘epeq‘ 3 (p9) @ (9)

[ GPVds| <——= .quds+2 IB uqu+2 JC ugds| |.

kT, m,c \ a= lkTO a=1|kT; a=1|kT;

) n-1 t
Having in mind Lemma 2.7 we use the estimate ‘5{5{1@‘ < 26[0)] U, in the first summand of f quél(fq)ds , while in the
H\H KTy
1 1

=_— we have

ct,, 1)

second and third ones — |§ ép ) | < ¢7,, . Then in view of
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204 2et

n

(P) (@)
t 202(EPD (@ ‘ <u U >
an)”_lds+ Jc<(’g—3’u3>crpqu+ |

i (1= ) pa iy ¢t (l_ﬂ)2 szq

t !

[ 4 f(pq)dsﬁ [

i, T kToc6(1—ﬁ)3r3pq u
et

an)"_1 —ZC j MR g
u" (1-B) 1 &1,
% }duV(Q)(S_TP‘I)L 1
7=1kT 1_z:pq ‘ C(l—ﬂ)zl"o

crpqu

<

2
c(l—ﬂ)3r0
H u(t=kTy) _
Zeno an)”_l 203 3 e 0 l+ 2 . 1+ﬂ
H (1-8) % H c(1-B8)n 1= ﬂyl

-1
L 1+p 3 < oH k%)4e—”"c(ﬂjn Uy +
c(1-p)r, 1= f = 2(1-B) i

(@ _
S }u (p Ay (5 —Tpg)

+ v -
7=14T, I—qu

<

< j du (q)(s—r |t

KT,

+

Idu @ (s— Tpg)
T,

N . S 1, (= 1,) =, P KTy~ 7, <

c(1-B)'n e(1-B)'r,

m n-1 n
< oH=KTD) - de C3 - (ﬂj U, +—36 - (e”o +1) [2] Uy <
w(1=pYr \u c(l=p)'ry H

n—1
4o
< Ht=KTp) e +‘l‘ 42103 N 36 (ﬁj U,
(=p) L e | n

In a similar way in the first summand of

t
Iquugq)ds we use z'pq)‘ < (e”o + IXa)/u)"UO, while in the second one —

kTy

Uy

rpq)‘ <c¢ and get

A’ (czr —<§(”"),u(”)>) P @y, @
< j rq pq 4@ (& Yy, Jsl <

3 a 2
KTy (czrpq _< g(P‘]),u(")» (czrpq _< §(p‘”,u(‘”>)

Uyo" (e +1 (rg) ,(q) 2U, (e +1
< 23 0 (n )+ (¢ Z ) < 0( 3) K KTy el o 3 3 dum(s e
m\(1-p) 5 H H1-pF ey | | w7 (1-p) b =gk
2(e* +1 n
Seﬂ(t—kTo) ( )[QJ U+ 2 ‘(4)0 7, ) u(q (k]b T )‘
3 9 Pq
u(1-B) n c(1-B)'ry 71
A n A n et n
e 2@044)(5q U0+12@<L+Q[aq U<e<,“w£_iiﬂ{_z_+1z]@zjL%‘
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Supplement 2. Lipschitz Estimate
2.1. Lipschitz Estimates of the Right-Hand Sides

Prior to obtain Lipschitz estimates we notice
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and for the derivatives we have the similar inequalities.
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In order to simplify the next expressions we introduce the following denotation for H. A. Schwartz difference quotient:
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2.2. Lipschitz Estimates of the Derivatives
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