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Abstract  This paper is the second in a series of papers dedicated to the two-body problem of classical electrodynamics. In 
the first part we have derived equations of motion describing two-body problem of classical electrodynamics with radiation 
terms based on W. Pauli, J. L. Synge and P. A. M. Dirac results. The system obtained is a neutral one with respect to the 
unknown velocities with both retarded and advanced arguments depending on the unknown trajectories. We introduce a 
suitable operator whose fixed point is a periodic solution of the problem in question. Using fixed point theorem we prove the 
main result. Since we consider two charged particles in an internal frame of reference, we prove an existence-unique- ness of 
a periodic solution that implies an existence of closed orbits. In other words N. Bohr stationary states are a consequence of 
classical electrodynamics. We generalize A. Sommerfeld result where he has proved an existence of elliptic orbits of the 
classical Kepler problem. Our existence result gives also a method of overcoming the singularities.  
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1. Introduction 
The primary goal of the present paper is to prove an 

existence-uniqueness of a periodic solution of the two-body 
system with radiation terms, derived in a recent paper [1]. 
We have already mentioned in [1] that using the relativistic 
form of Lienard-Wiechert retarded potentials (cf. [2]) J. L. 
Synge [3] has formulated the two-body problem of classical 
electrodynamics and has suggested the idea to generalize the 
model including Dirac radiation terms [4]. Developing 
Synge idea we have derived a new form of Dirac radiation 
terms [1]. So instead of Synge two-body system [2] 
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we have introduced the system 

( )

( ) .

;

)2()2()2()1(
2
2

2

)2(

2

)1()1()1(
1

)2(
2
1

1

)1(

1

s
rad

rssrs
r

s
rad

rsrs
r

FF
c
e

ds
dm

FF
c
e

ds
dm

λλλ

λλλ

+=

+=
 

where the radiation terms rad
rs

rad
rs FF )2()1( ,  have a new form,  
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although rad
rs

rad
rs FF )2()1( ,  are derived on the basis of the 

original Dirac physical assumptions [4]. In [1] we have 
proved that the 4th and the 8ht equations are consequences 
from the rest ones and after some transformations we have 
reached a system of 6 equations as there are unknown 
functions. 

We emphasize that classical Lorentz-Dirac radiation term 
and two- body equations of motion do not satisfy the basic 
relativistic equation  
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obviously fulfilled in our case [1]. 
We also note that on the base of Wheeler-Feynman 

formalism [8], [9] the authors in [10]-[14] have been 
obtained interesting results.  

Our purpose, however, is to show the existence and 
uniqueness of a periodic solution of the two-body equations 
of motion obtained in [1]. We present the system in 
question in a suitable operator form and the fixed point of 
this operator appears a periodic solution of the system. 

Section 1 is an introduction and we rearrange equations 
of motion in more convenient form. Main results are given 
in Section 2. In Subsection 2.1 we derive radiation terms in 
an explicit form and show that they are bounded, that is, 
free of singularities. In Subsection 2.2 we formulate the 
main periodic problem and prove some preliminary 
assertions. In order to apply fixed point theorems from [5] 
we introduce suitable function spaces and operator whose 
fixed points are solutions of the periodic problem 
mentioned and give some lemmas. Supplement 1 contains 
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preliminary estimates that imply the operator maps the 
solution set into itself. In Supplement 2 Lipschitz estimates 
of the operator and its derivatives are obtained. Subsection 
2.3 contains the main result: two-body system has a unique 
periodic solution. Subsection 2.4 includes numerical test 
results. Section 3 is a conclusion and shows the adequacy of 
the main theorem. 
Recall denotations from [1]:  
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)21(),12()( =pq ;  
.,.   ̶ dot product in 3-dimensional Euclidian space. 

In [1] we have derived the following equations of motion 
)21(),12()(;3,2,1 == pqα : 
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Substituting pqD  (resp. ), )()( aprp DD  and pqH  (resp. ), )()( aprp HH  into ,pqA pqB  (resp. ), )(,)()(,)( apaprprp BABA , 

transforming the expressions obtained under Dirac assumption 0.)()( >=== constaprp τττ  (cf. [4]) we have:  
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2. Main Results 
2.1. Explicit Form of the Radiation Term  

In what follows we derive the explicit form of the radiation terms. By ),0[0 ∞∞
TC  we denote the set of all infinitely 

differentiable 0T -periodic functions. We introduce the space of functions: 
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p r p p r p r

p p a p a p a p a p a p p ap p a
p ap a

p a p a p a p

u u u

c u c u

c u u u c u u uc u u

c u c u c
α

τ ξ

τ ξ τ ξ

ξ τ ξ
ξ

τ ξ τ ξ


− 


− −


 − 〈 〉 − −∆ − 〈 〉
                 − +

 − 〈 〉 −



 

( )22 ( ) ( ),p a p auτ ξ




+
−

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( ) ( )
( )

2 2 ( ) ( ) 2 ( ) ( ) ( ) ( )
( ) ( )

32 ( ) ( )

, , ,

,

p p a p a p a p a p a
p a p a

p a p a

c u c u u
u

c u
α

τ ξ τ ξ ξ

τ ξ

 ∆ − 〈 〉 − − 
+ − 

 − 〈 〉
 



 

( ) ( )
( )

2 2 ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
3 2 ( ) ( ) 2 ( ) ( )2 ( ) ( )

, , ,

, ,,

p r p p r p r p r p r p a p rp r p r
p a p a p r p rp r p r

c u c u u u uu
c u c uc u

α α
α

τ ξ τ ξ ξ

τ ξ τ ξτ ξ

  ∆ − − −  − − +  − − −  



   

( )
( )

( ) ( )
( )( )

( )

2 2 ( ) ( ) 2 ( ) ( ) ( ) ( ) 2 ( ) ( ) ( ) ( )2 ( )( )
2 3 23 2 ( ) ( ) 3 2 ( ) ( ) 2 ( ) ( )

2 2 ( ) ( )
( )( )

3 2 ( )

, , , , ,
( )

2 , , ,

,
( )

,

p p r p p r p p r p p r p p r
p rp p p

p p r p p p p rp

p p a
p ap

p

c u u c u u u u c u u u uе
u t

m c c u u c u u c u u

c u u
u t

c u u

α

α

τ τ
τ

τ τ

τ
τ

  
∆ − − 〈 〉 − −∆  

= +  
  − − −
  

∆ − 〈 〉
    −

− 〈

 

( )
( ) ( )

( )( )
2 ( ) ( ) ( ) ( ) 2 ( ) ( ) ( ) ( )

3 2( ) 3 2 ( ) ( ) 2 ( ) ( )

, , , ,

, , ,

p p a p p a p p a p p a

p a p p p p a

c u u u u c u u u u

c u u c u u

τ τ

τ

 − 〈 〉 − − 
+ −

 〉 − − 

 

 

( ) ( )( )
( )

( )
2 2 ( ) ( ) 2 ( ) ( ) ( ) ( )
( ) 33 2 ( ) ( )

, , ,
,

p a
p p p p a p p a

p a
p a p

uc u u c u u u u
c u u

ατ τ τ τ τ
τ

+ ∆ − 〈 〉 − − × −
− 〈 〉


 

( ) ( )
( )

( ) ( ) ( )
2 2 ( ) ( ) 2 ( ) ( ) ( ) ( )
( ) 3 2 ( ) ( ) 2 ( ) ( )3 2 ( ) ( )

, , ,
, ,,

p r p a p r
p p p p r p p r

p r p p a p p rp p r

u u uc u u c u u u u
c u u c u uc u u

α α ατ τ τ τ τ
τ τ τ ττ




−∆ − − − × − + 
− − −



 



 

( ) ( ) ( ) ( )
2 ( ) ( ) 2 ( ) ( )2 2 2 ( ) ( ) ( )( ) ( )( ) ( )

2 2 2 2 2 2 2 22 ( ) ( ) 2 ( ) ( )2 ( ) ( ) 2 ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

, ,

2 , ,, ,

, ,

p p a p p rp p a p rp a p rp p p r p a

p p a p pp p r p pp

p p a p a p p r p r

u u u uе u u u
m c c u u c u uc u u c u u

u u u u u u

α α α

α α

τ τ

τ τ τ

 
∆ − ∆ −∆ ∆ ∆ 

= − + − − 
 − 〈 〉 − 〈 〉− −
 

−
  −

 

 

( ) ( ) ( ) ( )
2 2 2 2 2( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
2 2 2 2 2 22 ( ) ( ) 2 ( ) ( )2 ( ) ( ) 2 ( ) ( )2, ,, ,

p a p r p p
p p p r p a p a p r

p p p pp p p pp

еu u u u
m cc u u c u uc u u c u u

α α α α

τ τττ

 
∆ ∆ − ∆ ∆ − ∆ −

− ≈ + − 
−   − 〈 〉− −

 

 

 

 ( ) ( )

( )

( ) ( ) ( ) ( ) ( ) ( )
( )

2 2 ( ) ( )2 ( ) ( )

2 ( ) ( ) ( )( ) ( )
( )

2 2 2 ( ) ( )2 ( ) ( )

, ,

,,

1, .
2 2,,

p p a p p r p a p r
p

p pp p

p p a p rp a p r
p p p

p pp pp

u u u u u uu
c u uc u u

е u u uu uu
m c c u uc u u

α α
α

α α α

ττ

τ τ

− −      − − 
−− 〈 〉 

 ∆ −− = − − − − 〈 〉 

 

 

  

 

In explicit form the radiation term is: 

( ) ( )
2 ( ) ( ) ( )( ) ( )

( ) ( )
2 2 2 ( ) ( )2 ( ) ( )

( ) ( ) ( )( ) ( ) 1( ),
2 2 ( ), ( )( ), ( )

p p pp p
p pp rad p

p pp pp

е u t u t u tu t u tG u t
m c c u t u tc u t u t

α α α
α

τ ττ τ
τ τ

 
∆ + − −+ − − = − + 

−  − 〈 〉 

    

( ) ( )
2 ( ) ( )( ) ( ) ( )3( ) ( )

2 2 2 ( ) ( )2 ( ) ( ) 1

or

( ) ( )( ) ( ) ( )1( ) .
2 2( ), ( )( ), ( )

p pp p p
p pp rad p

p pp pp

е u t u tu t u t u tG u t
m c c u t u tc u t u t

γ γα α α
α γ

γ

τ τ τ τ
τ τ

∑
=

 
∆ + − − + − − = − + −− 〈 〉 

 

 

 

Lemma 2.1 The radiation term obtained is bounded provided 2<τω . 
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Proof: We need an estimate of H. A. Schwartz difference quotient. In view of Mu p ∈(.))(
α  we obtain 

( ) ( ) ( )
( ) ( ) 2 4(2) (4) (6)( ) ( ) ( )

2 4 2 2 4 4
2 4 6 2

0 0 0 0

22 2 4 4
2 0

0 2 4 2 2

( ) ( ) ( ) ( ) ( ) ...
2 3! 5!

... 1 ...
3! 5! 3! 5!

41 ...
2 2 4

p p
p p pu t u t u t u t u t

U U U U

UU

α α
α α α

τ τ τ τ
τ

τ τ τ ω τ ωω ω ω ω

ωτ ω τ ωω
τ ω

+ − −
= + + +

 
≤ + + + ≤ + + +  

 
 

≤ + + + ≤   − 

 

 

( ) ( )
2 ( ) 2 2

( ) 0 0
2 3/2 2 2 1/2 2 22 ( ) ( ) 2 ( ) ( )

and then

3 4 41
4 4, ,

p
pp rad

p p p pp

е u c U UG
m c c u u c u u

α
α

ω ω
τ ω τ ω

≤ + ≤
− −− 〈 〉 −

 

( ) ( ) ( )
2 222

0
2 3/2 1/2 2 2 3/23 2 2 3 2

43 1 3 1 .
41 1 1

p p

pp

е еUc
mm c c c c

ω
τ ωβ β β

 
+ 

≤ + ≤  − − − −
 

 

Lemma 2.1 is thus proved. 

2.2. Preliminary Assertions, Formulation of Main Periodic Problem and Lemmas 

Our main purpose is to obtain an existence-uniqueness of 0T -periodic solution of the equations of motion (1.p).  
We consider (1.p) jointly with functional equations  

23 ( ) ( )

1

1( ) ( ) ( ( )) , ( , ), ( ) (12), (21)p q
pq pqt x t x t t t pq

c γ γ
γ

τ τ∑
=

 = − − ∈ −∞ ∞ = 
                (2.2) 

and the initial value problem 

),3,2,1()( )()( == ααα
pp Utu ),0[ ∞∈t                                 (2.3) 

],0,[),()(,)()( 0
)(

0
)()(

0
)( Tttutututu pppp −∈== αααα   

if { } { }],0[:)(max;,max 0
00

21
0
12

0
0 TttT pqpq ∈==≥ τττττ . 

Otherwise we take the initial interval ]0,[ 0τ− . 
We have however already proved in [15], [16] that (2.2) has a unique continuous solution for every Lipschitz continuous 

trajectories. That is why we can consider only (2.3). 

Remark 2.1 Here instead of inequality 
c
tr

pq 2
)(

≥τ  from [15], [16] we can use
c
trtpq
)()( =τ . It follows immediately from 

3 ( ) ( ) 2

1

1( ) ( ) ( ( )p q
pq pqt x t x t t

c γ γ
γ

τ τ∑
=

 = − − 
. 

Indeed, considering J. Kepler problem we put 0)( =qxγ  which implies the relation required. We prove some additional 
properties of )(tpqτ . 

Lemma 2.2 If ( ))(),(),( )(
3

)(
2

)(
1 txtxtx ppp  are smooth 0T - periodic trajectories with velocities ( ))(),(),( )(

3
)(

2
)(

1 tututu ppp  

satisfying ( )23 ( )

1
( )pu t c cγ

γ
∑
=

≤ < , then: 

1) (3.1) has a unique smooth 0T -periodic solution.  

2) The derivative 
)()()()(

)()()()(

,_,

,,1)(
qpqpqpq

qpqppq

pq
u

uu

c
t

ξξξ

ξξ
τ

−
=

 satisfies inequalities 1)( <tpqτ ; 
β
β

τ −
+

≤
− 1

1
)(1

1
tpq

. 
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Proof:  
1. The proof can be accomplished as in [15], [16]. 
2. Differentiating  

23 ( ) ( )

1

1( ) ( ) ( ( )p q
pq pqt x t x t t

c γ γ
γ

τ τ∑
=

 = − − 
 

and solving with respect to )(tpqτ  we obtain 

)()()()(

)()()()(

,,

,,
)(

qpqpqpq

qpqppq

pq
uc

uu
t

ξξξ

ξξ
τ

−

−
= . 

Using that (2.2) has a unique solution we have 
( ) ( ) ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( )

2 ( ) ( ) 2 ( ) ( )

, , ( ) , , ,
1 ( ) 1

( ) , ( ) ,

pq p pq q pq q pq p pq q
pq

pq pq q pq q
pq pq

u u c t u u u
t

c t u c t u

ξ ξ τ ξ ξ ξ
τ

τ ξ τ ξ

− − − +
− = − =

− −
  

.0
1
1

)()(
)()(

,)(

,)(
2

2

)()(2

)()(2

>
+
−

=
+

−
≥

−

−
=

β
β

ττ

ττ

ξτ

ξτ

ctctc
ctctc

utc

utc

pqpq

pqpq
qpq

pq

ppq
pq

 

Obviously 0)(1 ≠− tpqτ  and besides 

β
β

τβ
βτ

−
+

≤
−

⇒
+
−

≥−
1
1

)(1
1

1
1)(1

t
t

pq
pq




. 

Lemma 2.2 is thus proved.  
The main difficulty is to define a suitable operator whose fixed points are solutions sought.  
Assuming that the initial point is 00 =t  we introduce the function set: 

,...),3,2,1,0(0)(:(.)
0)1(

0
0













==∈= ∫
+ Tk

kT
kdttuMuM                        (2.4) 

.,...);2,1,0(...),,2,1,0(,0..,, 0
000 cceUmkconstTU T ≤≤==>= µωµ  

Introduce a family of pseudo-metrics  

( )

{ }0

( ) ( )
,

( ) ( ) ( )
0 0

( , )

max ( ) ( ) : [ , ( 1) ] ,

( 0,1, 2,... ; 0,1, 2,... ).

n n
k n

t kT n n n

u u

e u t u t t kT k T

n k

µ

ρ

ω− − −

=

= − ∈ +

= =

              (2.5) 

It follows that the terms are uniformly bounded 

.22

)()(

00
)0()0(

)()()0(

∞<=≤

≤−

−−−−

−−−

UUee

tutue
kTtnnkTt

nnnkTt

µµ

µ

ωω

ω
 

Therefore ( ){ } ∞<= ,...2,1,0:),(sup )()(
, nuu nn
nkρ  and we put ( ) ( ){ },...2,1,0:),(sup),( )()(

,, ==∞ nuuuu nn
nkk ρρ . 

Further on we put 

( ) {
}

( , ) 1 2 3 4 5 6 1 2 3 4 5 6 ( , ) 1 1 ( , ) 2 2 ( , ) 3 3

( , ) 4 4 ( , ) 5 5 ( , ) 6 6

( , , , , , ), ( , , , , , ) max ( , ), ( , ), ( , ),

( , ), ( , ), ( , )

k n k n k n k n

k n k n k n

u u u u u u u u u u u u u u u u u u

u u u u u u

ρ ρ ρ ρ

ρ ρ ρ

=
 

and 

( ) {( , ) 1 2 3 4 5 6 1 2 3 4 5 6 ( , ) 1 1 ( , ) 2 2 ( , ) 3 3( , , , , , ), ( , , , , , ) max ( , ), ( , ), ( , ),k k k ku u u u u u u u u u u u u u u u u uρ ρ ρ ρ∞ ∞ ∞ ∞=  
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}.),(),,(),,( 66),(55),(44),( uuuuuu kkk ∞∞∞ ρρρ  

In fact  

( ))2(
3

)2(
2

)2(
1

)1(
3

)1(
2

)1(
1654321 ,,,,,),,,,,( uuuuuuuuuuuu = . 

Assuming ( )0)(0)0( 0
)()( =⇒= kTuu pp

αα  introduce the operator B as a 6-tuple 

( )))((),)((),)((),)((),)((),)(()( )2(
3

)2(
2

)2(
1

)1(
3

)1(
2

)1(
1 tkBtkBtkBtkBtkBtkBtB = , 

where 

0 0

0 0 0 0

0

( 1) ( 1)(1) (1) (1) (2) (2) (2)(1) (1) (1) (1)0
1 2 3 1 2 3

0 0

(1) (1) (1) (2) (2) (2)(2) (2)
1 2 3 1 2 3

1 1( )( , , , , , )( ): ( ) ( ) ( )
2

( )( , , , , , )( ): ( )

k T k Tt t

kT kT kT kT

t

kT

t kTB k u u u u u u t U s ds U s ds U s dsdt
T T

B k u u u u u u t U s ds

α α α α

α α

+ +
∫ ∫ ∫ ∫

∫

 −
= − − − 

 

=

( )

0 0

0 0 0

( 1) ( 1)(2) (2)0

0 0

0 0

1 1( ) ( )
2

1,2,3; 0,1,2,... [ , ( 1) ].

k T k T t

kT kT kT

t kT U s ds U s dsdt
T T

k t kT k T

α α

α

+ +
∫ ∫ ∫

 −
− − − 

 
= = ∈ +

 (2.6) 

In the right-hand-sides  
( ) )(

32

)(
3

)(
1)(

22

)(
2

)(
1)(

12

2)(
1

2
)(

1
)()()()()( p

pp
p

pp
p

p
p G

c
tutu

G
c

tutu
G

c
tuc

U −−
−

=
 

( ) )(
32

)(
3

)(
2)(

22

2)(
2

2
)(

12

)(
2

)(
1)(

2
)()()()()( p

pp
p

p
p

pp
p G

c
tutuG

c
tucG

c
tutuU −

−
+−=  

( ) )(
32

2)(
3

2
)(

22

)(
3

)(
2)(

12

)(
3

)(
1)(

3
)()()()()( p

p
p

pp
p

pp
p G

c
tuc

G
c

tutu
G

c
tutu

U
−

+−−=  

(p = 1, 2) we substitute the functions with retarded arguments  
)()),((),()),(( )()()()( ττττ αααα −−−− tuttututtu p

pq
pp

pq
p

  

by the initial functions )()(
0 tu p

α  translated to the right on the interval ),0[ ∞ . By necessity we assume that )()(
0 tu p

α  are such 
that their translated image on ),0[ ∞  belong to 0M . 

We recall some assertions from [17]: 
Lemma 2.3 [17] If 0

)( (.) Mu p ∈α  then  

∫+=
t

kT

ppp duxtx

0

)()(
0

)( )()( ττααα  is a 0T -periodic function. 

Lemma 2.4 [17] If the translated function ),,[(.) 00
)(

0 ∞−∈ TCu T
p

α  on ),0[ ∞  satisfies  

0)(
0)1(

0

)( =∫
+

dttu
Tk

kT

p
α  ,...)2,1,0( =k  and 0

)( Mu p ∈α  then )()( tU p
α  are 0T -periodic functions. 

Lemma 2.5 [17] For every 0
)( Mu p ∈α  it follows 

).,...2,1,0()()(
0)2(

0)1( 0)1(

)(
0)1(

0 0

)( == ∫ ∫∫ ∫
+

+ +

+

kdsdUdsdU
Tk

Tk

s

Tk

p
Tk

kT

s

kT

p θθθθ αα

 

Lemma 2.6 [17] The function )(.)()(
, tB p
kα  belongs to 0M . 

Lemma 2.7 The following inequalities are fulfilled:  

1) ( ) ;01), 0
)()(2 >−>− βξτ cruc qpq

pq  

2) ( ) 0
10

)()()( /2)()( Uetxtx n
pq

qppq −≤−−= µω
µ

τξ
µ

ααα  for arbitrary n; 
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3) ( ) ( )( ) 0
0)(

0
0)( /1)(;1)( UetuUetu n

pq
q

n

pq
q µωτ

µ
ωτ µ

α
µ

α +≤−







+≤− 

 for arbitrary n. 

Proof: 

( ) ( ) ( ) ( )
2 23 32 ( ) ( ) 2 ( ) ( ) 2

0
1 1

1) , ( ) 1 1 0;pq q pq q
pq pq pq pqc u c u c c c cr t crα α

α α
τ ξ τ ξ τ τ β β∑ ∑

= =
− ≥ − ≥ − = − > − >  

0 0 0 0

( ) ( ) ( ) ( ) ( ) ( ) ( )2) ( ) ( ) ( ) ( ) ( ) ( )
pq pqt tt tpq p q p q p q

pq
kT kT kT kT

x t x t u s ds u s ds u s ds u s ds
τ τ

α α α α α α αξ τ
− −

∫ ∫ ∫ ∫= − − = − ≤ + ≤  

( ) ( )
001 11 1

0 0 0 0 0 0

( )( )( 1) ( 1)( ) ( ) 1 1
0 0

1 1... ( ) ... ( )
pqpqn n

t kTt kTts ss st n np p n n
n n n n n nkT kT kT kT kT kT

e eu s ds u s ds U U
µ τµτ

α α ω ω
µ µ

− −
− −−−− − − −

∫ ∫ ∫ ∫ ∫ ∫
− −

≤ + ≤ +  

( )
00 0 0 0( )( ) ( ) ( )

11 1 1
0 0 0 0

1 1 1 1 2 / ;
pqt kTt kT t kT t kT

nn n n
n n n

e e e e eU U U U
µ τµ µ µ µ

ω ω ω ω µ
µµ µ µ

− −− − −
−− − −− + − + +

≤ + ≤ =  

11 1
1 0

0 0 0 0 0 0 0

0

( )( ) 0
1 1 2 2 1 1 11

( )
(0 0

1

3) ( ) ( ) ( ) ... ... ( ) ... .

1.

pq pq pq pqn

pq

nt t t tss s s kTn
pq n n nkT kT kT kT kT kT kT

t kTn n
t

n n

Uu t u s ds u s ds ds u s ds ds e ds

U Ue e

τ τ τ τ
µ

µ τ
µ τ

ω
τ

µ

ω ω
µµ µ

−− − − −
−

−

− −
−

−

∫ ∫ ∫ ∫ ∫ ∫ ∫− = = = = ≤

−
                       = ≤

 

( )( )0 0)
01 1 / .pq kT ne Uµ ω µ− + ≤ +

 

Lemma 2.7 is thus proved. 
Lemma 2.8 The following inequalities are fulfilled: 

( )
( )

0 0 00 0 0

0 0 0

( 1) ( 1) ( 1)3 3 1( ) ( ) ( )
02 3 2 31 1 0 0

4 2 2 1( ) 3 / .
1

k T k T k T np pq p rad
p

kT kT kT

e e eU s ds G ds G ds Q U
r cr

µ µ µ

γ α α
α α

ω µ
µ µ β

+ + + −
∑ ∑∫ ∫ ∫
= =

 + −
≤ + ≤ +   − 

 

Proof: We use the inequality  

)()()(max)()()()( agbgsfsdgsfdssgsf
b

a

b

a
−≤≤ ∫∫  . 

In the first summand of ∫
+ 0)1(

0

)(
Tk

kT

pq
pq dsA αξ  we use the estimate ( ) 0

10
)( /2 Ue npq −≤ µω

µ
ξ

µ

α , while in the second and third ones 

– pq
pqpqpq cτξξξα =≤ )()()( , : 

( ) ( ) ( )

( )

00 0 0 0

0 0 0 0

0 0
0

0

( ) ( )14 2 ( ) ( )( 1) ( 1) ( 1) ( 1)( )
03 3 23 3 6 3 4 2

1 ( 1) ( )
0 3 3

0

,2 2 2 ,

1 ( ) 1 1

2 2

1

p qn pq qk T k T k T k Tpq
pq pq pq

kT kT kT kTpq pq

n k T s kT

kT

u uc e c uA ds U ds c ds c ds
c r t c c

e cU e ds
r

µ

α

µ
µ

ω ξξ τ τ
µ µβ β τ β τ

ω
µ µ β

−+ + + +

− +
−

∫ ∫ ∫ ∫

∫

  〈 〉
≤ + + 

 − − −

 
≤  

  −





+

 

( ) ( )

( ) ( )

0 0

0 0
0

0 0 0

0

( ) ( )( 1) ( 1)3 3 ( )
3 21 10

1 ( 1)3 ( )
0 3 33 10 0

( ) ( )2 3 2 3
1 11 1

2 2 1 2 3 1 ( )
11 1

q qk T k Tpq pqp

kT kTpq pq

n k T q
pq

kT

du s du s
u

c r c r

e c eU du s
r c r

γ γ
γ

γ γ

µ µ

γ
γ

τ τ
τ τβ β

ω β τ
µ µ µ ββ β

+ +

− +

∑ ∑∫ ∫
= =

∑ ∫
=

− −
+ + ≤

− −− −

  − +
≤ + − +  −  − −

 
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( )
( )

( )
( )

( )
( )

( )
( )

0 0
0

0
0

0 0

( 1)3 1( )
02 32 31 0

3 1( ) ( )
0 0 03 32 310 0

4 12 3 1 ( ) /
11 1

4 14 3 1 (( 1) ) ( ) / .
11 1

k T nq
pq

kT

nq q
pq pq

ce e
du s U

c r r

ce e
u k T u kT U

c r r

µ µ

γ
γ

µ µ

γ γ
γ

β τ ω µ
ββ µ β

β τ τ ω µ
ββ µ β

+ −

−

∑ ∫
=

∑
=

−+
+ − = +

−− −

−+
+ + − − − =

−− −

 

In ∫
+ 0)1(

0

)(
Tk

kT

q
pq dsuB α  we estimate the first summand via ( ) ( )nq Ueu µωµ

α /1 0
0)( +≤ , while in the second one  ̶ cu q ≤)(

α :  

( )
( ) ( )

0 0

0 0

2 2 ( ) ( ) ( ) ( )( 1) ( 1)( ) ( ) ( )
3 22 ( ) ( ) 2 ( ) ( )

, ,

, ,

pq p pq qk T k T pq pqq q q
pq

kT kT pq q pq q
pq pq

c u uB u ds u u ds
c u c u

α α α

τ ξ ξ

τ ξ τ ξ

+ +
∫ ∫

 
∆ − 〈 〉

≤ + 
 − −
 



 

 

( )
( ) ( )

( )
( )

( )

( )
( )

( )
( )

0
0 0

0 0

0 0

0
00

0

0

0

( ) ( )( 1) ( 1) ( )
0 03 2 32 4 2 2

0 0

( 1)3 ( )
03 3 210 0

( 1) ( )

2 12 ,1 /
1 1 1

2 14 1( ) / ;
1 1

npq qk T k Tn s kT

kT kTpq

k T nq
pq

kT

k T q
pq

kT

ec ue U ds U e ds
r c r

eedu s U
c r r

C u ds

µ
µ µ

µµ

γ
γ

α

ξ ωω µ
µβ β τ β

τ ω µ
µβ β

+ +
−

+

+

∫ ∫

∑ ∫
=

  +  〈 〉 ≤ + + ≤ +    − − − 

+−
+ − =

− −





( )
0

0

( 1) ( )

0

1 1 0.
1

k T q

kT
du

c c r α
β
β

+
∫ ∫

+
= =

− −

 

Therefore 

0 0 0 0

0 0 0 0

( 1) ( 1) ( 1) ( 1)3 3( ) ( ) ( ) ( )

1 1

k T k T k T k Tppq pq q q
pq pq pq

kT kT kT kT

Q
G ds A ds B u ds C u ds

cα α α α
α α

ξ
+ + + +

= =
∑ ∑∫ ∫ ∫ ∫

 
≤ + + ≤  

 
  

( )
( )

( )
( ) ( )

( )
0 0 0

0 0 0 0
1

1
0 03 3 2 3 2 32 3 2

0 00 0

4 1 2 11 4 2 2 13 3 / .
1 1 1

n n
n

p p

e e ee e e eQ U Q U
r crr c r

µ µ µµ µ µ µω ω ω µ
µ µ µ µ µµ β β β

−
−

 − +     − + − ≤ + ≤ +          − − −   

 

For the radiation part we obtain 

( )
0 0

0 0

0

0

2 ( ) ( )( 1) ( 1)3( ) ( )
2 3/22 2 1

( ) ( )( 1) ( )

( ) ( )
( )

2

( ) ( )( )
2

p pk T k Tpp rad p

kT kTp

p pk T p

kT

е u t u tcG dt u t dt
m c c c

u t u tu t dt

γ γ
α γ

γ

α α
α

τ τ
τ

τ τ
τ

+ +

=

+

∑∫ ∫

∫

 + − −
≤ +
− 

+ − −
+ ≤



 

 

 

( )
0 0

0 0

2 ( ) ( ) ( ) ( )2 ( 1) ( 1)3

2 3/22 2 1

( ) ( ) ( ) ( ) 0.
2 2

p p p pk T k Tp

kT kTp

е u t u t u t u tc dt dt
m c c c

γ γ α α

γ

τ τ τ τ
τ τ

+ +
∑ ∫ ∫
=

 + − − + − − ≤ + =
− 

 

   

Lemma 2.8 is thus proved. 
Lemma 2.9 (Main Lemma) The periodic problem (2.3) has a unique solution ),,,,,( )2(

3
)2(

2
)2(

1
)1(

3
)1(

2
)1(

1 uuuuuu  iff  

the operator B has a fixed point, belonging to ( )6
0M . 

Proof: Let ),,,,,( )2(
3

)2(
2

)2(
1

)1(
3

)1(
2

)1(
1 uuuuuu  be a 0T - periodic solution of (2.3). Then after integration in view of 

,..)2,1,0(0)( 0
)( == kkTu p

α  we obtain 

0 0

0 0 0

( 1) ( 1)( ) ( ) ( ) ( ) ( )
0( ) ( )( ) (( 1) ) ( ) ( ) 0.

k T k Ttp p p p p

kT kT kT
u t U t t dt u k T U t dt U t dtα α α α α

+ +
∫ ∫ ∫= ⇒ + = ⇒ =  
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Therefore operator ))(,...,( )2(
3

)1(
1

)(
, tuuB p
kα  becomes 

∫∫
+









−

−
−=

0)1(

0

)(

0

0

0

)()2(
3

)1(
1

)(
, )(

2
1)())(,...,(

Tk

kT

p
t

kT

pp
k dssU

T
kTtdssUtuuB ααα . 

We have supposed that the system has a periodic solution. Then changing the order of integration we obtain 

[ ]0 0

0 0 0

( 1) ( 1)( ) ( )
0( ) ( 1) ( )

k T k Tt p p

kT kT kT
U s dsdt k T s U s dsα α

+ +
∫ ∫ ∫= + −  

.)()()()1(
0)1(

0

)(
0)1(

0

)(
0)1(

0

)(
0 ∫∫∫

+++

−=−+=
Tk

kT

p
Tk

kT

p
Tk

kT

p dsssUdsssUdssUTk ααα  

But 

0 0 0

0 0 0

( )( 1) ( 1) ( 1)( ) ( ) ( ) ( ) ( )
0 0 0 0

( ) ( ) ( ) ( ) ( 1) (( 1) ) ( ) 0
pk T k T k Tp p p p p

kT kT kT

du ss ds sdu s su s u s ds k T u k T kT u kT
ds

α
α α α α α

+ + +
∫ ∫ ∫  = = − = + + − =   

Therefore the following equality is satisfied 

0 0

0 0 0 0

( 1) ( 1)( ) (1) (2) ( ) ( ) ( )0
1 3,

0 0

1 1( ,..., )( ) ( ) ( ) ( ) .
2

k T k Tt tp p p p
k

kT kT kT kT

t kTB u u t U s ds U s ds U s dsdt
T Tα α αα

+ +
∫ ∫ ∫ ∫

 −
= − − − 

 
.

 
Conversely, let B has a fixed point  

( )60
)2(

3
)2(

2
)2(

1
)1(

3
)1(

2
)1(

1 ),,,,,( Muuuuuu ∈ , 

that is, ( ).3,2,1;2,1),,...,( )2(
3

)1(
1

)(
,

)( === ααα puuBu p
k

p  

Therefore ))(,...,()( 0
)2(

3
)1(

1
)(

,0
)( kTuuBkTu p

k
p

αα =  or 

0

0

0 0

0 0 0

0 0

0 0 0

( ) (1) (2)( ) ( )
0 01 3,

( 1) ( 1)( ) ( )0 0

0 0
( 1) ( 1)( ) ( )

0

0 ( ) ( ,..., )( ) ( )

1 1( ) ( )
2

1 1( ) ( ) .
2

kTpp p
k

kT

k T k T sp p

kT kT kT

k T k T sp p

kT kT kT

u kT B u u kT U s ds

kT kT U s ds U d ds
T T

U s ds U d ds
T

α αα

α α

α α

θ θ

θ θ

+ +

+ +

∫

∫ ∫ ∫

∫ ∫ ∫

= = = −

 −
      − − − = 

 

   = −

 

It follows ∫∫ ∫
++

=
0)1(

0

)(
0)1(

0 0

)(

0
)(

2
1)(1 Tk

kT

p
Tk

kT

s

kT

p dssUdsdU
T αα θθ .We show that 0)(

0)1(

0

)( =∫
+ Tk

kT

p dssUα . Indeed, if 0)(
0)1(

0

)( ≠∫
+ Tk

kT

p dssUα  for 

sufficiently large µ  the inequality of Lemma 2.8 might be violated. 
Therefore the operator 

0 0

0 0 0 0

( 1) ( 1)( ) (1) (2) ( ) ( ) ( )0
1 3,

0 0

1 1( ,..., )( ): ( ) ( ) ( )
2

k T k Tt tp p p p
k

kT kT kT kT

t kTB u u t U s ds U s ds U s dsdt
T Tα α αα

+ +
∫ ∫ ∫ ∫

 −
= − − − 

 
 

becomes ∫=
t

kT

pp
k dssUtuuB

0

)()2(
3

)1(
1

)(
, )())(,...,( αα . Differentiating the last equalities we obtain that the fixed point of the operator is a 

periodic solution of (2.3). 
Lemma 2.9 is thus proved.  
Remark 2.2 We use the equality  

∫∫ ∫
++

=
0)1(

0

)(
0)1(

0 0

)(

0
)(

2
1)(1 Tk

kT

p
Tk

kT

s

kT

p dssUdsdU
T αα θθ

 
for further estimations.  
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2.3. Existence-Uniqueness of a Periodic Solution of the Two-Body System 

Here we prove the main result: 
Theorem 2.1 (Main result) Let the following conditions be fulfilled: 
IN-1) the initial velocities ]0;[),( 0

)(
0 Tttu p −∈α  are 0T -periodic infinitely differentiable functions and initial trajectories 

are such that  

( )3 ( ) ( )
0 0 0

1
0 ( ) ( ) ( )p qr r t x t x tγ γ

γ
∑
=

< ≤ = − ]0;[ 0Tt −∈ . 

IN-2) the translations (to the right) of )()(
0 tu p

α  on ];0[ 0T are restrictions of some functions from 0M . 
Besides the following inequalities are satisfied:  

( ) ( )
( )

( )
( ) ( )

0

0 0

0

2
1 0

02 3 2 2 3 2 2 4
0 0 0

2
2

0 02 3 2 2 3 3/2 2 23
0 0 0

8 4 104 1 41) 3 1 / ;
4 1

1 4 2 3 3 2 1 1 42) 3 1 / ;
41 1

n
p

n
p

UQ e U
r cr c r c

e eQ U U
r cr c r c

µ

µ µ

µ

ω ω µ
µ µ µ µ τ ω β

ωω µ ω ω
µ µ µ τ ωβ µ β

−

−

 
+ + + + × ≤  − − 

   − + + + × + + + ≤      −− −    

 

( )
( )

( )
( )

.112
1

19
)4

;1
1

118
4

413)3

0
23

0

3

0

23
0

2

<








−

+
=

<








−

+











−
+=

n
p

n

p

rc

eQ
K

e
crc

QK

µ
ω

β

µ
ω

βτ
µ

µ



. 

Then there exists a unique 0T -periodic solution  

( ))2(
3

)2(
2

)2(
1

)1(
3

)1(
2

)1(
1 ,,,,, uuuuuu  of (2.3) for 0≥t . 

Proof: With accordance of the Main lemma 2.9 we have to prove that operator defined by (2.6) possesses a unique fixed 
point which means that (2.3) has a unique periodic solution. 

We use function spaces M and M0 defined by (2.1) and (2.4), respectively, and family of pseudo-metrics ( ) ),( )()(
,

nn
nk uuρ  

defined by (2.5). 
The set 0M  is endowed with a countable family of pseudo-metrics  

( ) ( ) ( ) ( ) ( ){
( ) ( ) ( ) }

1 2 3 4 5 6 1 2 3 4 5 6 1 1 2 2 3 3, , , ,

4 4 5 5 6 6, , ,

( , , , , , ), ( , , , , , ) max ( , ), ( , ), ( , ),

( , ), ( , ), ( , )

k n k n k n k n

k n k n k n

u u u u u u u u u u u u u u u u u u

u u u u u u

ρ ρ ρ ρ

ρ ρ ρ

=
 

whose index set is ( ) ( ){ }, 0 0
, ,

k n k
A k n k

∞ ∞

= =

 
= ∪ ∞ 

 
 

. 

The lemmas from Subsection 2.2 imply that the function 

0 0

0 0 0 0

( 1) ( 1)(1) (1) (1) (2) (2) (2)( ) ( ) ( ) ( )0
1 2 3 1 2 3

0 0

1 1( )( , , , , , )( ): ( ) ( ) ( )
2

k T k Tt tp p p p

kT kT kT kT

t kTB k u u u u u u t U s ds U s ds U s dsdt
T Tα α α α

+ +
∫ ∫ ∫ ∫

 −
= − − − 

 
 

( )2,1;3,2,1 == pα , ])1(,[ 00 TkkTt +∈ ),...2,1,0( =k  
is 0T -periodic one. 

Estimates from Supplement 1.1 and condition 1) of the Main theorem imply 

( )
( )

0 0 0

1 2
( ) ( )(1) (2)( ) 0

01 3 4 2 3 2 2 3 2 2
0 0 0

8 4 104 1 4( )( ,..., )( ) 3 1 .
41

n
t kT t kTp

p
UB k u u t e Q e e U

r cr c r c
µ µ µ

α
ω ω
µ µ µ µ µ τ ωβ

−
− −  

≤ + × + + + ≤    −  −  
 

Estimates from Supplement 1.2 and condition 2) of the Main theorem imply 
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( )
( )

0
0

0

0 0

2
( )(1) (2)( )

1 3

2
( )0

02 3 2 2 3 2 2 3
0 0 0

1( )( ,..., )( ) 3 1

4 2 3 3 2 1 41 .
4 1

n
t kTp

p

t kT

eB k u u t e Q

Ue U e
r cr c r c

µ
µ

α µ

µ µ

ω
µ

ωω ω
µ µ µ µ τ ω β

−
−

−

  −
≤ + ×     

  +
× + + + + ≤    −  −  



 

In a similar way we obtain for derivatives 

( ) ),...2,1,0(],)1(,[,))(( 00
)0(

0
)()( =+∈≤ − nTkkTteUtkB kTtnnp µ

α ω  

that is, the operator B maps the set 0M  into itself. 
It remains to show that operator B is a contractive one. Indeed, in view of the inequalities obtained in Supplement 2 we 

have 

≤− ))(,...,)(())(,...,)(( )2(
3

)1(
1

)()2(
3

)1(
1

)( tuukBtuukB pp
αα  

( )
( )

( ) ( ) ( )( ) .,,,,,,,,,,,
1

118
4

413

654321654321,

3

0

23
0

2
)0(

uuuuuuuuuuuu

e
crc

Qe

k

n

p
kTt

∞

−

×

×








−
+












−
+≤

ρ

µ
ω

βτ

µ
µ

 

Multiplying by )0( kTte −−µ  and taking the supremum in t we obtain 

( ) ( ) ( ) ( )( )( ) ( )
( ,0) 1 2 3 4 5 6 1 2 3 4 5 6,( ), ( ) , , , , , , , , , , ,p p
k kB k B k K u u u u u u u u u u u uα αρ ρ ∞≤  

where ( )
( )

1
1

118
4

413
3

0

23
0

2 <








−

+











−
+=

n

p
e

crc
QK

µ
ω

βτ

µ
. 

For the derivatives we obtain 

( )
( )

( ) ( ) ( )( )

0
(1) (2) (1) (2)( ) ( )
1 3 1 3 3 2

0

1 2 3 4 5 6 1 2 3 4 5 6,

9 1 12( )( ,..., )( ) ( )( ,..., )( )
1

, , , , , , , , , , ,

n
pp p

k

Q e
B k u u t B k u u t

c r

u u u u u u u u u u u u

µ

α α
ω
µβ

ρ ∞

+  
− ≤ × 

 −

×

 

 

and therefore 

( ) ( ) ( ) ( )( )( ) ( )
( ,1) 1 1 2 3 4 5 6 1 2 3 4 5 6,( ), ( ) , , , , , , , , , , ,p p
k kB k B k K u u u u u u u u u u u uα αρ ρ ∞≤

  

where 
( )

( )
112

1

19

0
23

0

1 <








−

+
=

n
p

rc

eQ
K

µ
ω

β

µ

. 

Analogously we have  

( ) ( ) ( ) ( ) ( )( )( ) ( )( ) ( )
( , ) 1 2 3 4 5 6 1 2 3 4 5 6,( ) , ( ) , , , , , , , , , , , .

n np p
k n n kB k B k K u u u u u u u u u u u uα αρ ρ ∞

  ≤ 
 

 

Taking the supremum in n we obtain 

( ) ( )( ) ( ) ( ) ( )( )( ) ( )
( , ) 1 2 3 4 5 6 1 2 3 4 5 6,( ) , ( ) , , , , , , , , , , ,p p
k kB k B k K u u u u u u u u u u u uα αρ ρ∞ ∞ ∞≤ , 

where { } 1,....,...,,,max 21 <≤ ∞KKKKK n . This means B is a contractive operator in the sense of definition given in [5]. Its 
unique fixed point is a periodic solution of two-body system of equations. 

Theorem 2.1 is thus proved. 

2.4. Numerical Test Results 

Let us show that the inequalities of Theorem 2.1 are satisfied: 

 



 International Journal of Theoretical and Mathematical Physics 2016, 6(1): 1-25 15 
 

( )
( )

;1
4

4110448
1

13
)1

1

22

2

3
0

22
0

3
0

4

0

≤


















−
+++

−

+ −n
p

crccrr

eQ

µ
ω

ωτ
ω

µβµ

µ

 

( )
1

1
123324113)2

1

3

0

3

2

0
22

0
3
0

0

0
≤









−

+












+

+
++









 −
+

−n

p
e

crccrr
eQ

µ
ω

βµ
ω

µ

µ

µ

µ

; 

( )
;1

1
18113)3 33

0
2

0
<

−

















+

+
=

βµ
ωµ n

p crc
eQK

 
( )
( )

112
1

19)4
0

23

0
<









−

+
=

n

p rc
eQK

µ
ω

β

µ
 . 

We recall that  

;
1836

10.8,2;10.8,2
8

2

21
2

8

1

21
1

−
− ≈=≈=

m
ee

Q
m
ee

Q sec;/10.3 8mc = sec10.4,910.94,0
10.3

10.82,2 2423
8

15
0

−−
−

=≈==
c
reτ . 

Since the radius of first Bohr orbit is mr 10
0 10.53,0 −=   

and its velocity is 000 137
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In the above inequalities n could be chosen arbitrarily large because the solution belongs to the space of infinitely 
differentiable functions. Our estimates require 00 µµ =T  to be a constant. Here 0ωω =  and we have to take 0ωµ > , for 

instance .10.6 16=µ  Then  
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We notice that the initial conditions of Theorem 2.1 exclude the condition from [16] for escape trajectories.  

3. Conclusions 
It is easy to see that the inequalities are satisfied for every radius of “larger” orbit 0rrn > . 
Following [18] and [19] we would like to recall some difficulties of planetary model of the atom. 
Difficulty (1): It is known that the properties of an atom are determined by its electric field. The identity of their properties 

means that all of the hydrogen atoms possess identical electrical fields. In other words the electrons of all these atoms move in 
strictly identical orbits (for instance, circles or ellipses and so on). The shape of electron orbits must depend on the initial 
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conditions of formation of the atom. It is clear that these initial conditions can be very different. Completely 
incomprehensible is why at various initial conditions the electron attaches the same orbit. 

Difficulty (2): In the planetary model of the hydrogen atom the electron moves in a stable orbit. This contradicts 
electrodynamics because the radiation of the electron leads to decreasing of its radius as a result it should be collided to the 
nucleus. This time is sec10 8−  [18], [19]. 

Our conclusion: It is not natural to expect that the applying of the methods of classical mechanics to relativistic objects 
will give adequate results. Namely: 

1) The orbits in question [18], [19] are obtained in the frame of classical mechanics, while we consider two-body problem 
in the relativistic case; 

2) We have found initial conditions (these are the conditions of our main Theorem 2.1) which guarantee an 
existence-uniqueness of a closed orbit;  

3) We have considered equations with radiation terms and nevertheless there is unique periodic orbit for every stationary 
state without radiation. In other words the radiation is so small that it does not affect the stability of the atom. This fact is 
confirmed experimentally. In our model the hydrogen atom exists infinitely long.  

Finally, we would like to say that basic difficulties of the planetary model are overcome provided the considerations to be 
relativistic ones. 
Supplement 1. The Operator Maps Solution Set into Itself  
1.1. Estimates of the Right-Hand Sides  
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Therefore the integral of the radiation term is bounded. 
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1.2. Estimates of the Derivatives  
For the derivative 

( )0

0

( 1)( ) (1) (2) ( ) ( )
1 3,

0

1( ,..., )( ): ( ) ( ) 1,2,3; 1,2
k Tp p p

k
kT

B u u t U t U s ds p
Tα αα α

+
∫= − = =  

We use the above estimates and for )( pq
pqA αξ  we obtain 

( ) ( ) ( )
0

( ) ( )14 2 ( ) ( )
( )

03 3 26 3 6 3 4 2

,2 2 2 ,

1 1 1

p qn pq q
pq

pq pq pq
pq pq pq

u uc e c uA U c c
c c c

µ

α
ω ξξ τ τ

µ µβ τ β τ β τ

−
  〈 〉

≤ + + ≤ 
 − − −





 

( ) ( )
( )

( )
( )

( )
( )

0
0 0

0

1 2
0

0 03 3 23 6 3 4 2
0

1
0

3 3
00

2 32 2 31 1
1 1 1

14 3 3 .
1

n n n
pq

pq pq
pq pq

n

c ccU e cc e U c e U
r c c

e Uc
crr

µ
µ µ

µ

τω ω ωτ τ
µ µ µ µβ β τ β τ

ω
µµ β

−

−

     
≤ + + + +     

     − − −

+   
≤ +       − 

 

In a similar way in the first summand of )(q
pquB α  we use  

( ) ( ) 0
0)( /1...)( Uetu n

pq
q µωτ µ

α +≤≤− , while in the second one ̶̶ ctu pq
q ≤− )()( τα  and have  

 



20 Vasil G. Angelov:  Two-Body Problem of Classical Electrodynamics with Radiation Terms - Periodic Solution (II)  
 

( )
( ) ( )
2 2 ( ) ( ) ( ) ( )

( ) ( ) ( )
2 ( ) ( ) 3 2 ( ) ( ) 2

, ,

, ,

pq p pq qpq pqq q q
pq pq q pq q

pq pq

c u uB u u u
c u c u

α α α

τ ξ ξ

τ ξ τ ξ

∆ − 〈 〉
≤ +

− −

  

( )
( ) ( )

( )
( ) ( ) ( )

( )
( )

0

0 0
00 0

3 2 2 32
000 0

12 3 2 11 / 1 / / .
1 1 1

n n n e UU Ue e
crrr c r

µ
µ µω µ ω µ ω µ

β β β

+ 
≤ + + + ≤ +  − − − 

 

For )(q
pquC α  we have ( ) 0

0
2

0
)( /

)1(
1 U
rc

euC nq
pq µω

β

µ

α −
+

≤
. 

Therefore 

3 3 31 2 1 2 1 2( ) ( ) ( ) ( )

1 1 1

pq pq q q
pq pq pq

p p p

e e e e e e
G A B u C u

m c m c m cα α α α
α α α

ξ
= = =

∑ ∑ ∑≤ + + ≤  

( )
( )

( )
( )

( )0 0 01
0 0 0

3 2 3 2 2 3 2 2
0 0 0 0 0

1 1 14 3 3 2 1
(1 )1 1

n n n

p

e U e U e U
Q

r c r cr c r c r

µ µ µ
ω ω ω
µ µ µµ ββ β

− + + +         ≤ + + + + ≤            −      − −    

 

( ) 0

1

3

0

0
22

0
3
0 1

123324 U
e

rccrr
Q

n

p

−










−






 +













 +
++≤

µ
ω

βµ

µ

 

and 

( )
( )

( )
( )

0
0 0

0

0 0

0
0

1( 1) ( 1) ( )( )
03 2 2 3

0 00 0 0

1

03 2 2 3
0 0 0 0

11 4 2 3 3 2 1

1

11 4 2 3 3 2 .
1

nk T k T t kTpq
p

kT kT

n

p

e
G ds Q U e dt

T Tr cr c r

ee Q U
r cr c r

µ
µ

α

µµ

ω
µµ β

ω
µ µµ β

−+ +
−

−

∫ ∫
+   +

≤ + + ×      − 

+   − +
≤ + +      − 
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Supplement 2. Lipschitz Estimate 
2.1. Lipschitz Estimates of the Right-Hand Sides  

Prior to obtain Lipschitz estimates we notice 

( ) ( )1 11 1

0 0 0 0 0 0 0 0

1

0 0

( ) ( )
1 1 1 1 1 1( ) ( ) ( ) ( ) ... ( ) ... ... ( ) ...

...

pq pq pq pqn n

pq

t t t ts ss sn n
pq pq n n n n

kT kT kT kT kT kT kT kT

t s

kT kT

u t u t u s ds u s ds u s ds ds u s ds ds
τ τ τ τ

τ

τ τ
− −− − − −

−

∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫

∫ ∫

− − − = − = −

                                      ≤





1
0

0

( ) ( ) ( )
1 ( , )... ( , )

n
n

s s kT n n n
n k n

kT
e ds ds u uµ ω ρ

− −
∫ ≤

 

( ) ( ) ( )

0
1 0

0

0 0

( )
( ) ( ) ( ) ( ) ( )

1 ( , )1 1

( ) ( ) ( )
( , ) ( , ) 1 6 1 6

1( , ) ( , )

1 ( , ) / 1 ( ,..., ), ( ,..., )

pqpq

pq

t kTn nt
s kT n n n n

k k nn nkT

n
t kT nn n

k n kn

ee ds u u u u

e u u e u u u u

µ ττ
µ

µ τ µ

ω ωρ ρ
µµ µ

ω ρ ω µ ρ
µ

− −−
−

− −

− −
∞

∫
−

≤ =

≤ + ≤ +

 

and for the derivatives we have the similar inequalities.  

Therefore we can obtain Lipschitz estimates only for derivatives )()( pqpq tutu ττ −−− 
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For the radiation term we obtain 
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2.2. Lipschitz Estimates of the Derivatives 

In view of 
2
0T

pq <τ  we obtain the following inequality: 
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