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Abstract The paper is devoted to the investigation of periodic regimes of a ring of a large number mutually coupled
oscillators with active elements characterized by a simple symmetric cubic nonlinearity. In contrast to the usually accepted
approach leading to Van der Pol equations we reduce the original system describing the ring oscillator to a first order
integro-differential one. Introducing a suitable function space we define an operator acting in this space and by fixed point
method we prove the basic result: an existence-uniqueness of Ty-periodic solution of the obtained integro-differential

system. Finally we give a numerical example.
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1. Introduction

Oscillatory behavior is ubiquitous in all physical systems
in different disciplines ranging from biology and chemistry
to engineering and physics, especially in electronic and
optical systems. In radio frequency and lightwave
communication systems, oscillators are used for
transformation signals and channel selection. Oscillators are
also present in all digital electronic systems, which require a
time reference. Coupled oscillators are oscillators connected
in such a way that energy can be transferred between them.
Since about 1960, mathematical biologists have been
studying simplified models of coupled oscillators that retain
the essence of their biological prototypes: pacemaker cells in
the heart, insulin-secreting cells in the pancreas; and neural
networks in the brain and spinal cord that control such
rhythmic behavior as breathing, running and chewing. Ring
of coupled oscillators is cascaded combination of delay
stages, connected in a close loop chain and it has a number of
applications in communication systems, especially in
anatomic — organs such as the heart, intestine and ureter
consist of many cellular oscillators coupled together. An
ideal oscillator would provide a perfect time reference, i.e., a
periodic signal. However all physical oscillators are
corrupted by undesired perturbation noise. Hence signals,
generated by physical oscillators, are not perfectly periodic.

Mathematical basis of coupled oscillators has been
established in [1], [2] and mutual synchronization of a large
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number of oscillators has been investigated in [3]. Very
interesting applications can be found in [4] and [5]. In [6] the
authors have investigated a ring array of van der Pol
oscillators and clarified each mode structure. Their results
are based on the method of equivalent linearization of the
nonlinear terms using Krylov-Bogoliubov method. An active
element is characterized by a simple symmetric cubic
nonlinearity, that is, with V- characteristic

1 () ==g{ "V, + 25"
( (n) () o )(n=1,...,N).

’g3
A ring oscillator is described by

integro-differential system:

the following
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The usually accepted approach (cf. [6]) is to exclude the
current functions after differentiation and to obtain a second
order system of van der Pol differential equations
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Here we consider the original integro-differential system  we reach the following first order (instead of second order)
(1) and exclude current functions without differentiation. So  integro-differential system:

t
LLI (t-1 () = 214, () + 11,1 () )ds = C @ —ju (s)ds — g{"u, () + g ur(0), 20
0 o t

(n=12,...,N) or

du, (1) 1] 1 ¢ 2 1)) 1 ). 3
=—| — | —+—= s)ds + ds + t t
4= Logun_ﬂs)ds L {unu L0£n+1(S)S gMu, (6 - g\ (1)
= U(un—l sUy s Uyt )(t)
(n=1,2,...,N).

In view of the boundary conditions for the ring connection
un () =ug (1), up 1 (1) =u(2).

the above system yields the following system of N equations for N unknown functions.

d 11" > 1)
u;,t(t) ZE LO i[l/l]\]( )dS—(Z'i‘zjz[ul(S)dS‘i‘—juz(S)dS+g ul(t) g(l) 3(t)

du,(t) 1 1}
= un_

2 1) 1 ¢ - 3] @
& oL ((s)ds - I gun(s)dHL [1t11(5)dls + g, (0) — g5y (1)

09
= U(un—l sUpsUpl )

duy@ _1) 1 juN (o)ds—| 241 juN(s)ds+—Iu1(s)ds+g(N)uN(t) M3 (o)
dt  ClLy Ly L),
EU(UN_I,UN,UI)
satisfying the initial conditions
1y (0) = (0) = ... = u (0) = 0.

We define an operator acting on suitable function space and its fixed point is a periodic solution of the above system. The
advantages of our method is its simpler technique and obtaining of successive approximations beginning with simple initial
functions.

We formulate a periodic problem: to find a periodic solution (”l (#),..., uy(t )) on [0,7] of the system (2). To solve

the periodic problem we use the method from [7].

By C}'o [0,7] we mean the space of all differentiable 7y -periodic functions with continuous derivatives.

First we introduce the sets (assuming 1" = m1):

(k+1)Ty
My ={u() e Cy,[0,T]: j u()dt =0 (k=0,1,2,3,...,m-1)},
kT,
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M} = { u(.) € My :|u(0)| < Uge" ) 1 e [kTy, (k +1)T, ] }
(k=0,1,2,3,...m~1)

Theset M*=M (*] x M (*] X.. XM Z} turns out into a complete metric space with respect to the metric:

N times

py((ulau]:---auNaL‘lN)J(L_llJLT]:---,ZTNau;N)) = maX{p,Etk)(ulaul) p’u )(ulaul) ap/,[ )(uNauN) p’u (uNauN)
k=0,1,2,3,...,m—1}
where
PO i7,) = max{ KT |y ()~ (1) € [KTy, (k+ 1)T0]},
PP (i i) = max{ HOKTO g ()~ (0| - £ € [KTy, Gk + l)TO]}.
pu it
It is easy to see p(k)(u,LT) < eﬂop!(lk)(u,b_t) <efd £ -
Introduce the operator B as a n-tuple
B(ula'“auN)(t) = (Bl(ula'“auN)(t)a BZ(ula"-auN)(t)a-'-aBn(ula'-'auN)(t))
= (By (g, uy,up )(1), By (uy, 1, u3)(1), ., B (up_y, iy, 1))
tel0,T](uy =ugy, uy, =up)
defined on every interval [kTy, (k+1)Ty], (k=0,1,...,m—1) by the expressions u,, (0)=u,(kT;)=0;

t

—-kT, 1
B Wttty )O:= | UGty n+1)(S)dS_[ 0 __J

o T 2
(k+DT, | DTy ¢
X j U(un_l,un,un+1)(s)ds—T— j I Uu,_y,u, ,u,,)(s)dsdt,
kT, 0 &1y k1

te[kTO, (k+1)T0], (k=0,1,...m-1), (n=12,....N),
where

U(un—l sUp s Upi )

T un_l(s)ds—E(L—+Z] j u (s)ds+C— j n+1(s)ds+ u (t)— u (7).
0 kT, 0 kT, 0 k13

2. Preliminary Results
Now we formulate some useful preliminary assertions for our investigation.
Lemma 1. If (uy,...,up ) € M * then F(t)= jul (r)dz,..., Fy(t)= juN(T)dT are T -periodic functions.

0 0
Proof: Indeed, we have
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t+1y t t+1y
F(t+Ty)= [ u,()dr= [ u,(dr+ [ u,(r)dr
kT, kT, t
kT (k+1)T, t+T5
=F,0O+ [u,@dr+ [ w,@dr+ [ w,(0)dr
t kT, (k+1)T;,
kT, t
=F,()+ j u, (7)dT+ j u,(0)d6 = F, (t).
1 kT,

Lemma 1 is thus proved.

Lemma 2. If (uy,...,up ) €M * then U(u,_;,u,,u,,)(t) are T -periodic functions.
The proof is straightforward based on the previous Lemma 1.

Lemma 3. For every

(Uyyeentiy ) € My x M x..x M,

N—times
it follows
(kDT s k+2)Ty s
[ [ U@t )0)d0ds = [ [ Ul,tyou,,0)(0)d0ds (k=0,1,2,..).
kTO kTO (k+l)T0 (k+1)TO
Proof:
We notice that in view of Lemma 2 the functions U (u,,_y,u,,,u,.1)(t) are Tj -periodic. Let us define the functions
S S
Ti($)= [ UGypstty,1,2)(0)d0 and Tyyy(s) = [ Ulthyy,ty14,41)(0)d0O
kT, (k+D)Ty
and rewrite them in the form
n+kTy n+(k+1)T,
Te = | UGyttt XOAO Ty ()= [ Uy, st0,0)(0)dO.
kTO (k+1)T0

Changing the variable 7 =60 —T; o We obtain

(k+)Ty+n kTy+n
T = [ Uty 1,:)(0d0 = [ Ulty g1, 0,41)(x +Ty)d7
(k+1)T0 kTO
kTo-H]
= [ Uy tty,1,0)@)d7 = Ty (1),
o
(k+1)T;, (k+2)T;
Consequently J. 'y (n)dn = I Iy (mdn (k=0,1,2,...).
kTO (k+1)T0

Lemma 3 is thus proved.
Lemma 3 shows that operator function

B(uy,...,up )(t) is Ty - periodic one.
Lemma 4. The initial value problem (2) has a solution (uy,...,uy )€ M * iff the operator B has a fixed point
(ty,....,up ) € M *  that is,
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(u],...,uN) = (B] (M],...,HN),Bz(Z/l],...,MN),...,Bn (U],...,UN)).

Proof: Let (uy,...,up ) € M * be aperiodic solution of (2). Then integrating (2) we have:

t
t, ()= [ Uty g0, (Ot =

kT,
(kDT
0=1,(k+DT)= [ Uty sty )0)t =
kT,
(k+1)T,
U(uy,tty,u,)(0)dt =0.
kT,
But
(k)T ¢ (k+1)T
I U(u,_y,u,,u,.,1)(s)dsdt = J. u,(t)dt =0.
KTy kT, kT,

t
Therefore u,,(t) = I U(u,_y,u,,u,,1)(s)ds is equivalent to
T+kTy

! t—kT, 1)% 0
Uy (1) = J. U(un—launs”nH )(S)ds_[ g __j J. U(un—l’uwunﬂ )(s)ds

kT, To 2 kT,
| G o
I I IU(un—l’umunH)(S)det
0 kT, kT,

and then the solution (¢,...,u ) of (2) is a fixed point of B.

Conversely, let (Uy,...,up) € M * be a fixed point B, that is, U, ZB,Sk)(ul,...,uN) , te[kTy,(k+DT}].

Therefore by definition of B we obtain

u, (kTy) = B (uy,...,up V(KT |

or
kTO (k+1)T0
kTy—kT, 1
0=u,(kTy)= j U(u,_yu,,u,,,)(s)ds —[%—EJ j Uty thy sty )($)ds
kT, 0 kT,
1(k+1)T0 t (k+D)Ty
o | Ut )0dsdi=— [ UG, u0,0)()ds
0 kI, T+kT, kT,
1 (k+1)Ty ¢
- [ ] UGyt )s)dsdt.
0 1y kI
(k+1)T;,

We show I Uu,_i,u,,u,,1)(s)ds=0
kT,
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which implies

(kDT ¢
[ UGosty10,10)(5)dsdt =0
kI, kI

Indeed, put 7 = p4, = const. and then we have

(k+1)T, | kT (2 (k+D)Ty ¢
Uu,_y,u,,u,.)(t)dt <E J. J. |un 1(s)|dsdt+E(L—+—j J. I |u (s)|dsdt
kT, 0 &1y KTy 0 kTy KT,
s k+DTy ¢ ‘ QI A ‘ (M| k1)1, .
o | j|un+1(s)|dsdt+ [ fn@|de+ == [ |, (] dt
0 k1 k1 kT, kT,
[ ®D I
<—| — .[ .[ Uoe S 0 ggdr +| =+ — I Uyt =5T0) gs gt
C|L 0 L 0
0 k1 kT kTy kT
1 (k+1)T0 t ( +1)T0 3
[ M T P R S L
LO kTy kT, kT, kT,
(kDo u(t-kTy) (K+DTo  u(t—kTy) (K+DTo  u(t—kTy)
1% e_ldt+[i+LJ vy [ e Vet 1
Cllo 47, H L KT, H 0 47, H
T
‘g(n) ‘g(”) )3 2110 e”;—lJ
(k)T (k+D)T,
L 2U ey(r-kfo)d,{gip [ ettt
Cllo # Lo *
uly _
‘g(n) ‘g(m Uy 2T © p 1]

#To
e -1U, ([ 4 (n) (n) 2 2ul;
< bV | ‘ ‘ U, ) 2470
poC {[Lo j & &"|(t)
e —1U, ([ 4 ‘ () ‘ (n) 2 2
_ Yoll 2, Un > &40 | = M ().
- C([LO ] g"1+g3"|(Up) (1)

(k+1)T,
Obviously M (1) >0 as gt —> 00 thatimplies [ U(tyy,thy,thy)(O)dt =0
kT,
Therefore the operator equation

u, =B (uy,....uy) , t €[kTy, (k+1)T,]
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t
becomes u,,(t) = I U(u,_y,u,,u,,,)(Ss)ds.
kT,
Differentiating the last equalities we obtain (2).
Lemma 4 is thus proved.

3. Main Result

Theorem 1. Let the following assumptions be valid:
1) 4(0)=...=uy(0)=0;
2) For sufficiently large >0

i Ho _ eto
L o €2 21 L(i+lj+ oMo . € (‘g(n) ‘ (v, )2 2#0) <1;
uc| Ho Ju Ly L
- 2
11, e=1)(4 1) [ . el &(”|+305 0 |
— | 2+ —+— [+ e+ <1
ﬂc_ﬂ Ho Ly L Ho H
eo-11111(4 1 () (n) 2
1+ —| = —+= +(g1 ‘g 3Uje “0) <1,
o JuHC|u\Ly L

Then there exists a unique 7, -periodic solution of (2).
Proof: First we show that
(Bl (Uysesupy ), By(uy,.cstipy), ... By (1 ,...,uN)(t)) eM
Indeed
(k+D)T;

t
Bty 1t 0y )O| | [ UGty sttt ))s|+ 2| [ Uty 0y.10,0)(5)ds
KTy, kT

1 (k+1)TO t
| | Ugttyu)s)dsdl| =V + 7, + 75,
0| kry &7y

We have

t t s
1 1
H=| [ Uttty )5\ Sl [ [ ey (Ofd0ds
kT, 0 k1 kT,

I |un (s)| ds + ‘g(")

+(Li _J | j u, (H)|d9ds+— j Ilun+1(9)|dﬁds+‘ " j|”n(k‘>‘)|3 ds
KT,

L KTy kT, kT kT,

1|1
< |
Cl L,

t t t s t s

_ 2 1 . 1 .
[ ] Uge? kTO)des+[—+—j [ [ Ut aods+— [ [ Upe " Vagas
KTy kT, Ly L kTy kT, L kTy kT,
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+ gl(") j (er

KTy

t
J. er”(s_kTO)der‘gg")
KTy

t
2 1
+—+—UO_[
Ly L

—kT
e#(s 0) _ lds UO

7

—kT;

e L i+ ‘gm
H ¢\ Lo
t—kT,

LMV ((4 1 i+‘gl<n>
u  C\\Ly L)p

Using the estimates from Lemma 3 we obtain

+ed”|

(k+1)TO
Vy=—
27
kT,

e
Uu,_y,u,,u, )(@)dt| <

(k+D)Ty ¢
0 k1 KTy

(U

+ ‘ gé”)

e -1Uy (LLJl gt
Mo mC\\Ly L)p

Therefore for sufficiently large 4 we have

u(e-kTy) Yo

n—lﬁun>un+l)(1)‘ <e

+(e”0 —I)Z—Z(E%+

] ‘ e+

Lo kT,

(Uy)’ %0

(N

10,

J ' [ Ut asdsat|<— [

1
0)2 ezﬂo)FO I
k

‘g(n)

Goff4, 1)L ‘g(n)
uC\\Ly L)u

+led|(

t
ﬂ(S—kTo))3 g |< 1| Yo I
Lo kT

t e,u(s—kTO) 1

I .

=

SHKTy)

U

t
Yo [ eutstngs +[ 2 +lon [ erts-Hg,

H i

SHUKTy) _ 1]

)2 eZ,uTO J

) 62#0)
4.0 ‘g(n)
LO L M

(k)T | ¢

y7i

‘ g(n)

(n)

7N

0 k1,

(k+1)TO

KTy

Ty

om)

‘ (n)
3

(n)

ey

w(s—kTy)

M) gy

U

‘ (n)
3

J U, )s)ds
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" -1Ug (i+ J e Uy ) 244
Ho  HC(\ Ly

7 7
uc Mo Ju\Ly L Ho

< Uyt =KT0)

‘ g<n)

bt

(Uy )2 2o )}

*
It remains to show that B = (B}, B5,...By) is a contractive operator on M .
Indeed,

Bty 1.ty 1)) = B 1.8, ,0))0)

t

| [ (Ut t110)(8) = U @118, 1 )(5)) s
kT,

(kT 1 (k+1)T,
+ ( - _] J- (U(un—l sUp s Up i )(S) - U(l’Tn—l :I’Tn > I’Tn+l )(S)) ds

L 2) g
DTy ¢
1 — — _
oo [ ] (Ut 400)(6) = U 1,00 )(5)) s
0 k1) T+kT
=R+h+h5.
Then

t
B [ (Ultyrsttystyg)() = U@y 1,701 )(5) ) ds

T+kT,
1 1 t s )
<clz ] Jhn@-x 1<9>|d9ds+(L—+—jJ [ 4(0) -7, @)ld0 ds
KTy kT, 0 KTy KTy

J [ oy (®)- Ty (O)d0ds + gl [ [ ) -, ()]s

KTy kT,

J |u (s)—1, (s)|ds+‘g(”)

LO T

1] A gty [ I u(6- kTO)deds+(2 +L]p<k) )I I H#(O-KT0) g9 s
l’l’ }’l
“C Ly - Ly L KT KT,

PO, n)f H(s—KTp) g
kTy kT, kT,

B gy L
Ly

t
(k) (u,,u,) '[ (|un (S)|2 +|1’_ln (S)|2 +|un (S)Hﬁn (S)|) e,u(s—kTo)dS

kT

‘ g(n)
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(k) u oH(s—kIp) _ L oH(s—kTp) _
Si ( 1’ - 1) j 1dS+(i+ljp(k) na n) J. ds
O, L H(s—kTp) _ u(t=kTp) _
+Pﬂ (U115 t41) J- e lds+‘g(”) (k)(un,u )e 1
LO kT, H H
w1, L oH(s=kTp) _
13Uz g™ (k)(un’un)j uis—kT) g | < L :O,u )ty 1,1, 1) I -1
kT, c HLy kT, H
k _ k _
+(i l] ( )(un’un) t ,u(s kTy) _ldS ( )(un+1’ n+l) J_ y(s kTy) _lds
Ly L Iz KT JZ HLg ¥y U

pflk)(un,ﬂn) eﬂ(l_kTO) _1 pflk)(un’l”_’n) eﬂ([—kTo) _1

+‘gl(n) +3UZe*H0 ‘g§”)
u H a #
—k . . T Un U
< €'u(t TO)p/l((ulaulr--:uN:uN)’(ul’ul""’uN’uN))
22
11 12 ‘g(n) Woe™ ‘gg'”
X— 2—+_2 _+ + ’

kT 1 (k+1)Ty
P2 B { o _j I (U(un—l sUp s Upy] )(s) — U(l’Tn—l ,L_ln ’1’711+1 )(S))dS

L2 g
e DTy s ) 5 1 (k+D)Ty s _
5l [ ] |un_1(9)—un_1(0)|dl9ds+(L—+—J [ [ @~ @aods
kI kT KTy KTy
q (k+D)Ty s
v [ [ a1 (@)~ 17,100 ds
0 k1 kT
(k+DT, (k +1)To
e [ o) -, ) ds +g8] [ )=, )]s
T KTy

By 7 DT s (k)Ty s
Sl Py (g, 1) J‘ J‘ HO-KT0) g0 ds + 2 Bl 1 (k)(”n’”n) I I 00 g9 gy

C LO LO L
kTO kTO kTO kTO

NGRLE
_[ Ieﬂ(g_kTO)des
KTy KT,

| Pu ) (U114
Ly
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S e e
(k+1)T0
J. (|u (s)| +|u (s)| +|u (S)Hu (s)|) H#s=kTo) g
KT,
1 (k)(un L, 1)(k+1)T0 H(s—kTp) _4 2’ (k)(un’ )(k+1)To HMKTY) _q
< g LB et e
c uLy T H Ly M KTy H

)(”n+1’ n+1)(k+1)TO u(s—kTy) lds

:uLO kT, H

6 3y oo
+‘gl(n) Py (i) e 1+3U§e2"0 ‘ggn)

H JZ

nglk)(un’ n)e’UTO -1
U u

< P (i syt Sy ), (i 0y ooy S Uy )
1[ | M) 1(2 1]#“‘”0)—1

X_

c\ w2, u w\Ly L H
W) uly uty _
T g[S UG ol 8—21]
WLy, K H
KT, ; in), (0, 1y, Uy
<Ml O)Py((ul,ul,...,uzv>uN),(”1>”1a---’”N’“N))

2
1| 4 1 ‘gf”) (6”0—1) UG e ‘g§”) (@”0—1)
X Tt +
uCl wLy  poL 7 )7
and
(kDT ¢

1

Bz [ | | (Ut 30)5) = U g, 8y T (5)) sl
0 &1y (kT

Sp,u((ub”l"”N’”N):(EIJLTI”ENJ’_‘N))

(k+1)T, ‘ (n) 3U2 240 | g(m)
XL '[ e:u(t_kTO)dt 1 4 g 3
2 2
To 4z, HC| w*Ly L u H

< pﬂ((ul,ul,,uN,uN) (1/71,17], L_IN,I/TN))X

()

3UZ 0 ‘ggn)

M1 1| 4 ‘g
2 + 2 +
o  HC| 7L, ﬂL U M

It follows
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k k)~ - = —kT, . . — - — -
B}S )(un—lsunaun-kl)(t)_Br(z )(un—laun’un+l)(t)‘ Seﬂ(t O)p,u((ulaula---auNauN)a(ul’ula---auNauN))

3U§ezﬂ0 ggn)

(n)
1 4 ‘g
X > + 2 +
uCl w Ly u L u u

1 4 1 ‘gl(”) (e”o —1) 3Ugez/l° g
+ Tt +
HC| u°Ly  p°L 7 M

(n)
3

o

3Ugezﬂ‘) ‘ggn)

M1 1] 4 ‘g(n)
2 + 2 +
Mo HC| w"Ly u L U u

< ,0#((ul,ul,...,UN,LZN),(EI,b;ll,...,b_lN,L;lN))X

MAKTY) |4 JM_1Y 4 1 o ‘g(n) Uzez'uo ggn)
X | — | 2 ——— || —+— |+ "0+ -
uC | Ho NLo L Ho u u

t—T—-kT . . — = —_ =
=M O)KUpﬂ((ul,u],...,uN,uN),(ul,ul,...,uN,uN)) .
Thus

k . . k) — — — - . . — = — =
p(B’g )(ul,ul,...,uN,uN),B,g )(ul,ul,...,uN,uN))SKUpﬂ((ul,ul,...,uN,uN),(ul,ul,...,uN,uN)).
For the derivative we obtain

. k _ _ _ _ _ _ — _ _
ettty O = B @18 T s )NO| S U T8y YO ~U @183y 110

| DTy

+ F J. (U(un—l’un’un-i—l)(s)_U(ﬁn—laﬁn’ﬁnﬂ)(s))ds = Ql +Q2 .
0 i1y

We have

o <— j |un 1(8)—u,_ 1(s)|ds +(%+—] j |u (s)—1u, (s)|ds+— J |”n+1(S) “n+1(5)|ds

c LO kT, kT, 0 kT,

1 N e
+lg (I’l) u, (t) i, (t)‘)SE ; ka)( n—l’un—l)Ieﬂ(S kTo)ds
0

kT,

MO AGEES

2 1)« t KT, By T KT}
0 kT, kT,

ARG U320 HIHT) p(k)(u = ))

&1

P8 (17, ) HHT0) 4 ‘ g
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1[4 (a, 1,ﬁn_1)eﬂ("kTo)—1+£i+ 1]ka)( i, ) M)

<
C MLy H Ly L u M
(k) (t—kTp) k) (i 7= k) (i 7=
py ( UpioU n+1)e'u 0 —l+‘g1n) Pu (un’u”)e,u(t—kTo) +‘g§") 3U(%62,uoey(t—kT0) Pu (unau}’l)
MLy H H M
Seﬂ(t_kTO)pﬂ((ulaula---:“N’uN)a(ﬁla’jla---aﬁNaﬁN))XL i+ ‘g(n) ‘g(n) U2 219
HC Ly
1 (k+1)TO
Q2 < T_ J. (U(un—l’un >un+1)(s)_U(L_’n—laﬁn’z’_‘nﬂ)(s))ds
0 &1,

)

M*J_%i+j‘w
Mo HC{ ul Ly

X0y (Wt 1ty 5oyt 1 ), (0 1y s Ty S T ).

Thus

B,gk) (un_l SUy Uy )(t) - Br(zk) (En—l ’ ﬁn 97’7n+1 ))(t)‘
kT, - in ) (T 0 s T I

<eHl O)IOu((Ml,Mla-..,”Na”N)a(”l,ulr“’uN’uN))

o

Ho _
et -1 1(4 +_) (‘g(n)
Hy | uC

t—kTy) p . . — = — -
= ¢l O)KUpﬂ((ul,ul,...,uN,uN),(ul,ul,...,uN,uN)).

?«)Ugezﬂ0 )}

The above inequalities imply
P (By (st ), By (#hy. iy ) ) < Ky 0, (1t 88yt s 1y ), (8, 2y s By Uy ))
and then

p}u ((BI’Bl""BN’BN)’(EI’EI"“’§N’§N)) < Kpﬂ((ul,ul,...,MN,I/.lN),(L_ll,L;ll,...,LTN,L;lN))

where K = maX{KU,KU}.

Theorem 1 is thus proved.

4. Numerical Example

The inequalities guaranteeing an existence-uniqueness
of a periodic solution are

_Le%ﬁW4LFﬁ%+M+i_GW)
uc Mo Ju\Ly L H

o

(Uo)ze%)}ﬁl;
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2
L, e 4 1) (., ‘g(")+3U2 “0 g
—| | 2+—— AR N <1
uC| u Ho NLo L Ho U

Ho _
L= ( 4 +_j (‘g(n)
o JuC| ul L

Let us consider the case when L=44mH, Ly=111mH, C=1 uF . We assume the active elements have

characteristics 1, (1) = —0,12u+0,4u°(n=1,2,..., N) . Then

Ho _ 3 Mo _
! 3 et &0 71 g(i+i)+ et &1 (O 12+0, 4U§ez“0) <1;;
1107 o ) p \111 44 Lo
Hy Ho _
ﬁ 1y el 103(i+ij+ ot & 71 (o,12+1,2U§e2“0) <1
uo 107 A Ho 11 44 Ho

Ho _
Lt l103(i+ij+0,12+1,2U§e2”"}<1.
1.10” My LU 111 44

1 1
If for instance Ty =— =

£ 10%Hz

‘g(n)

3Ude 2*‘0)}1.

~10®sec, and Uy =0,1. Then we have to choose = 10® and the second

44
inequality can be disregarded. Then g4y = pT; =1 that implies 3 0,06+4,44.0,15<1 and hence

K =2[ 107 ((4/111)+(1/44))+0,12+1,2U5¢> | 0,42 <1.

5. Conclusions

Successive approximations to the solution can be obtained beginning with the following initial functions

0) L2 . L . .
Uy, (t)=U, 0 SlnT—t =Ujsin @yt . It is easy to calculate the next approximation from the right-hand side of the above
0
system:

(1)(1«) B(k)(u(o) (0) (0) )t):= IU(M(O) (0) (0) )(s)ds

nl’fl’n+1 nl’ﬂ’n+1
kTy

g 1)\ | D70

- 0 0 0 0

_[ 0__] | vk adn@ds= oo [ [ UG s)dsd
T, 2

kT, kTy KTy

I j sin ( a)OH)des—[L—zo—i-%j% .t[ j sin (@6 )d 0ds

CLO kTO kTO kTO kTO
(n) ¢ 3 ,(n) 1t
é]LOO I I sin ( a)oﬁ)dﬁds+U 08} '[ sin(a)os)ds—UOi J sin3(a)0s)ds

kT, kT, kT, kT,
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J. sin (@ps ) ds ——223—
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1 U (k)T ¢
— 122 [ ] sin(w0)d0ds
L ¢ KTy kT,

sin” (wys ) ds
¢ kT,

(k+1)T0 t s

— J. J. Ism w0 )dOdsdt

KTy KTy kT,

J. sin® (ays ) dsdt |.

(kDT ¢t
—kT;
1=k 1) Yo J I sin (@6 )d Ods —
T 2 CLO Wy KT
(k+1)TO t (n) (k+1)TO
U,
o I I sin (@o@)dOds +—221—
CLO KTy kT kT,
kDTy ¢ s
11 Uy j j J.sm a)OH)dé?det i+—
To| L kTy kT kT Lo
(k+1)T0 ¢ s
I I jsm w0)d Odsdt
kT, KTy kT,
U (n) (k)T ¢ U3 (n) (k+D)Iy ¢
081 jsin(wos)dsdt—& J
C C
KTy kT, kT,

kT,

Principal Remark. Once we have found the voltages in view of (1) we solve the equations with respect to I, (1):

1 diy(0)
L, dt

where u,, (¢),u,,,(t) are already known functions.

The currents are periodic functions too:

t+1y
B+ T) =Ly [ [, () =104 (0)] = Lof
0 0

w (O =ty 0]+ Lo |

t
=10, () =111 ()= 1,(0) = Lo [ [0, () =11, ()]
0

t+TO

Uy (t) “Up (t)]

t

t Ty t
= LOJ.[un (t)_un+l(t)]+[’0 I [un (t)_unH(t)] = LOJ.[un(t)_un+l(t)] = ln (t) .
0 0 0
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