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Abstract  The paper deals with an analysis of transmission line terminated by in series connected RL-loads parallel to 
C-load. The mixed problem for Telegrapher equations to a periodic problem on the boundary is reduced. The obtained 
neutral system of equations in an operator form is presented. The fixed points of the operator in question are solutions of 
the periodic problem. 
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1. Introduction 
The main purpose of the present paper is to consider a 

lossless transmission line loaded by in series connected 
nonlinear RL-loads parallel to C-load. Such a configuration 
arises not only in radio frequencies devices but in various 
geophysical studies as well (cf.[1]). Our goal is to 
demonstrate the advantages of our method[2] used in 
analogous problems. So we came up with an approach to 
solve this set of problems (cf.[3]-[7]). 

The primary purpose of the present paper is twofold. First, 
to formulate the mixed problem for hyperbolic Telegrapher 
equations corresponding to the nonlinear circu its on Figure 1. 
The boundary conditions are nonlinear ones in view of the 
nonlinear characteristics of the loads. Important first step on 
the base of Kirchoff’s law is to derive the boundary 
conditions in the form of differential equations on the 
boundary. This is done in 2.1. Reducing the mixed problem 
to a neutral system on the boundary is made in 2.2 following 
the technique from[2],[5] and[6].  

Second, to present a method for solving neutral equations 
with “bad” (non-Lipschitz) nonlinearit ies. In  2.3 the domains 
of the nonlinear characteristics are defined. They have to 
possess strictly positive lower bounds and namely 
Assumption (C) for capacitive functions and (L) for 
inductive functions ensure that. In 2.3 the choice of 
functional spaces and a family of pseudo-metrics is directly 
related to the operator representation of the periodic 
problem in 2.4. Let us point out that the extension of 
Bielecki norm allows to overcome the difficult ies caused 
by nonlinearity of the characteristic functions.  

The key role plays Lemma 3. It  guaranties that the fixed  
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points of the operator defined in 2.4 are periodic solutions 
of the neutral system  and conversely. The main result is 
Theorem 1 (cf. 2.5) and its proof consists of two parts. The 
first one is to show that operator B maps the set 

IU MMMM ××× 10  into itself. The second one is to show 
that B is contractive operator. The fixed point of B is the 
required periodic solution. The numerical example in 2.6 
shows that for applications are required  only inequalities 
obtained in the proof of the main theorem.  

2. Main Results 
2.1. Formulation of the Problem 

Let Λ  be the length of the transmission line and 
CLZLCLCvT /,)/1/(/ 0 =Λ=Λ=Λ= , where L is 

per unit length inductance and C – per unit-length 
capacitance. In accordance of Kirchoff’s voltage-law (Figure 
1) we have to add the voltages of the elements 0R  and 0L  
after that to define the current of 00LR  and finally to add it 
with the current of 0C . In the real cases parallel to 00LR  

and 0C  is connected an input voltage )(tUg inm


, where 

mg  is the amplificat ion coefficient. Since we have to add the 

currents one can replaced )(tUg inm


 by an equivalent 

current source )(tI in


. We assume that the second end is 
terminated by the same configuration. 

Assume that 00 , LR  and 0C  are nonlinear elements, 
that is, )(,)( 0000 iLLiRR ==  and )(00 uCC =  are 
nonlinear functions. So we have  
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Figure 1.  Lossless transmission line terminated at both ends by in series 
connected RL-loads parallel to C-load 

Since current )(tIinput  is connected parallel to 
RL-elements then Kirchoff’s current-law yields  

.)(),0( 000 CLRinput iitIti ++=−             (1) 

Since 
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But ),0( tu  is unknown too and then from (1) we have 

dt
tutuCdtitIti LRinput
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or one more differential equation: 
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Analogously for the right end we have  
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Now we are able to formulate the initial-boundary value 
(mixed) problem for the t ransmission line equations: to find 
a solution )),(),,(( txitxu  of the first order partial 
differential system of hyperbolic type  
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for  
}0,0:),{(),( 2 ≥Λ≤≤∈=Π∈ txRtxtx  

satisfying the initial conditions 
][0,for )()0,(),()0,( 00 Λ∈== xxixixuxu     (3) 

and the boundary conditions for 0=x  
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and for Λ=x  
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2.2. Reducing the Mixed Problem to an Initial Value Problem on the Boundary 

We proceed from the lossless transmission line equations  
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Rewrite system (6) in the form 
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Adding and subtracting (6) and (7) in view of  we get: CLZ /0 =
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It follows  
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Replace them in (4) and (5) we obtain
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But 
).,(),0(),,(),0( tITtITtUtU Λ=++Λ=  

We assume that the unknown functions are 
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solve with respect to the derivatives we reach the system 
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So we have obtained a neutral system of differential 
equations with retarded arguments. 

2.3. Estimates of the Arising Nonlinearities and 
Introducing Metrics  

We consider C-V characteristics  
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For the I-V characteristics we assume  
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Assumptions (C): ( ) ;2/),0( 000
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The set IU MMMM ××× 10  turns out into a complete 

metric space with respect to the metric: 
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2.4. Operator Presentation of the Periodic Problem 
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Remark 1. As in[3] one can shift  the in itial function of the 
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It remains to obtain the Lipschitz estimates for the 
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For the last component of the derivative we obtain 

 

( )

;

))(,,,())(,,,(1

21

0)1(

0
11001100

0

KK

dssIiUiJsIiUiJ
T

TkT

kTT
LRLRLRLR

 +≡

≡−+ ∫
++

+

 

 

 

 

 

 

 

 

 

and 

( ).),,,(),,,,(ˆ

)),,(),,,((

11001100

00
)(

00
)()(

IiUiIiUiK

IUiBIUiB

LRLRLRLRU

LR
k

ULR
k

U
k

µ

µ

ρ

ρ




≤

≤

;

))(,,())(,,(1

))(,,())(,,(

))(,,())(,,(

21

0)1(

0
111111

0

111111

11
)(

111
)(

1

JJ

dssIiUIsIiUI
T

tIiUItIiUI

tIiUBtIiUB

TkT

kTT
LRRLRR

LRRLRR

LR
k

LR
k





+≡

≡−+

+−≤

≤−

∫
++

+

;ˆ2
1)1(

11

0)1(1
1

)1(

0
1

1

)1(0
0

0
0







+





+×

×









+++

∑

∑

=

−−

=

−

L
eIlnn

eIreeIeU

m

n

nn
Rn

nn
R

m

n
n

T

µ

µµµµ

≡






+





+×

×









+++

∑

∑

=

−−

=

−

11

0)1(1
1

)1(

0
1

1

)1(0
0

0
0

ˆ2
1)1(
L

eIlnn

eIreeIeU

m

n

nn
Rn

nn
R

m

n
n

T

µ

µµµµ

( )),,,(),,,,(ˆ
110011001

)0( IiUiIiUiKe LRLRLRLR
kTTt

µ
µ ρ−−≡

( )
( )

).1,...,2,1,0(

),,,(),,,,(ˆ

),,(),,,(

110011001

11
)(

111
)(

1
)(

−=

≤

≤

mk

IiUiIiUiK

IiUBIiUB

LRLRLRLR

LR
k

LR
kk

µ

µ

ρ

ρ




+−≤

≤−

))(,,,())(,,,(

))(,,,())(,,,(

11001100

1100
)(

1100
)(

tIiUiJtIiUiJ

tIiUiBtIiUiB

LRLRLRLR

LRLR
k

ILRLR
k

I


+≤ −− ),(ˆ
2

1111
)(

1

)0(
1 LRLR

kkTTt ii
C

eK µ
µ ρ

( )
( )







+

++Φ

−Φ

Φ
+

+

−−

h
hc

CZ
e

h h

h
kTTt 00

21
01

11
2
10

)0( )/1(22
ˆ

1 φ

φ

µ

( ) ( )( )[ ]
( )

≤







−Φ

+++−ΦΦ
×

×
++

+

+

−

−

),(
12

2
2

)(
21

01
2

0
0

0
00111

0
10

0
0

0
0

II
h

heIeeUhc

eIZeIeeU

k

h h

Th

R
T

µ

µµµ

µµµµ

ρ
φ

φ







+≤ −− ),(ˆ
21

1111
)(

1

)0(
LRLR

kkTTt ii
C

e 



µ
µ ρ

µ

( )
( )

×
++

+







+

++Φ

−Φ

Φ
+

−

+

2
2

)/1(22
ˆ

1

0
10

0
0

0
0

00
21

01

11
2
10

µµµµ

φ

φ

eIZeIeeU

h
hc

CZ

R
T

h h

h

( ) ( )( )[ ]
( )

≤













−Φ

+++−ΦΦ
×

+

−

),(
2

122 )(
21

01
2

00
0

0111 II
h

hIeUehc k

h h

Th




µ

µµ

ρ
φ

φ

( )×≤ −− ),,,(),,,,(ˆ
11001100

)0( IiUiIiUie LRLRLRLR
kTTt

µ
µ ρ

( )
( )

( ) ( )( )[ ]
( ) 












−Φ

+++−ΦΦ
×

×
++

+







+

++Φ

−Φ

Φ







+×

+

−

−

+

h h

Th

R
T

h h

h

h

hIeUehc

eIZeIeeU

h
hc

CZC

21
01

2

00
0

0111

0
10

0
0

0
0

00
21

01

11
2
101

2

122

2
2

)/1(22
ˆ

1
ˆ
21

φ

φ

φ

φµ

µµ

µµµµ



24 Vasil G. Angelov:  Lossless Transmission Lines Terminated by in-Series Connected RL-Loads Parallel to C-Load   
 

 

( )

( )
( )

( ) ( )( )

( )

0
0 0 1 1 0 0 1 1

0

1

0 0
1

0

0

( )
2

1 1 0 0
2 1 20 1 0 1 0

0 0 0

1 1 1 0 0 0

1 22
1 0

ˆ ( , , , ), ( , , , )

2 2 (1/ )1 1 2 1
ˆ ˆ

2
2

2 2 1

2

t T kT
R L R L R L R L

h

hh

T
R

Th

hh

K e i U i I i U i I

c he
hC Z C

U e e I e Z I e

c h e U e I h

h

µ
µ

µ

µ µµ

µ µ

µ

ρ

ϕ
µ µ ϕ

ϕ

ϕ

− −

+

−

−

+

≤ ×

 Φ Φ + +−  × + +  Φ −

+ +
+ ×

 Φ Φ − + + +   × 
Φ − 



.




 

On the other hand 
 

 

 

 
. 

Consequently 

( )),,,(),,,,(ˆ

)),,,(),,,,((

11001100

1100
)(

1100
)()(

IiUiIiUiK

IiUiBIiUiB

LRLRLRLRI

LRLR
k

ILRLR
k

I
k

µ

µ

ρ

ρ




≤

≤
. 

Finally we have  
(

)≤),,,(),,,,(

),,,,(),,,,(

),,,,(),,,,(

),,,,(),,,,(ˆ

110011001

110011000

110011001

110011000

IiUiBIiUiB

IiUiBIiUiB

IiUiBIiUiB

IiUiBIiUiB

LRLRILRLR

LRLRULRLR

LRLRILRLR

LRLRULRLRµρ

 
( ) ,),,,(),,,,(ˆ

11001100 IiUiIiUiK LRLRLRLRµρ≤  

where 
{ } 1,,,,,,,max 10

0
1

00
0

0 <= IUIU KKKKKeKeKeKeK 

µµµµ . 
Then B has a unique fixed  point which is a periodic 

solution of (10). 
Theorem 1 is thus proved.  

2.6. Numerical Example 

For a transmission line with length ,1m=Λ  
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3. Conclusions 
We consider transmission lines neglecting the lossies. 

This makes it possible to find conditions for the existence 
and uniqueness of periodic regimes. Th is natural physical 
fact is confirmed by the mathematical method we apply.  

• In  order to prove an existence-uniqueness theorem we 
introduce an operator (unknown in the literature up to now) 
whose fixed points are periodic solutions of the problem 
stated. We apply contractive fixed point theorems in metric 
spaces. By extended Bielecki metrics we overcome the 
difficult ies caused by polynomial and transcendental 
nonlinearities. 

• The numerical example demonstrates a frame of 
applicability of the theory exposed (for instance to design of 
circuits) and shows that the method could be applied 
checking few simple inequalities between the basic specific 
parameter of the lines and loads. 

• We show a unified approach for solving problems for 
analysis of transmission lines terminated various 
configurations of nonlinear loads. In contrast to various 
results devoted to numerical methods[8]-[14] we obtain an 
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explicit approximated solution.  
• We emphasize on the fact that first we prove not only an 

existence but and uniqueness of the solution as well. So  our 
successive approximations tend to this solution. All other 
methods need such a uniqueness result. Unfortunately in 
most papers the uniqueness is not ensured.  
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