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Mixture of Hot Systems

Ohochuku N. Stephen

Department of Chemistry, Rivers State University of Education, PM.B 5047, Port Harcourt Nigeria

Abstract Illustrations and questions based on the equation “heat gained equals heat lost” have always been restricted to
mixing systems at two different temperatures. This article shows how to extend the above equation to systems with more
than two different temperatures. Using the current formula the following procedures are generated. The method of mixing
two systems at a time (pair mixing) is illustrated. The technique of taking any of the systems (preferably the one with the
lowest temperature) as the only heat gainer is also illustrated. A new formula based on constancy of heat content i
introduced. The various methods are tested and found to be perfect and should be incorporated into the teaching and

learning in this aspect of heat study.
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1. Introduction

Heat is a form of energy commonly associated with other
forms of energy and processes especially those involving
motion. In most cases there is always a temperature change
when a body absorbs or dissipates heat!'.

Heat has been variously described as energy that
increases or decreases the temperature of a body absorbing
or dissipating it. Anyakoha?) describes heat as energy
associated with a temperature difference. These show the
inter relationship of heat and temperature. However, not
always does a body’s temperature change on absorption or
dissipation of heat’®! as is the case when a body is
undergoing a phase change (e.g. at melting point, boiling
point or transition point). The energy absorbed by the body
at this point does not lead to increase in the temperature of
the body because the energy is used to free the atoms and
molecules from strong inter atomic and intermolecular
forces leading to gain in potential energy that result to
change in phase~!. For a body undergoing phase change at
the transition temperature, specific heat capacity is zero but
heat capacity is not zero, so specific heat capacity is a
characteristic of a phase. The heat absorbed at this transition
temperature is called the latent heat. With the above facts,
heat is more appropriately defined as the energy that
increases the total internal energy of a body absorbing
it!' ], Temperature which has been described as a measure
of degree of hotness or coldness”~*! is an intensive
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property, and properly defined, is a measure of the average
kinetic energy of the atoms and molecules of a body!.

When two bodies at different temperatures are in contact
and conduct heat, heat flows from the body at high
temperature to the one at low temperature until the two
bodies attain a constant temperature. Such constant or
resulting temperature has always been calculated using the
law of conservation of heat energy and for mixtures the law
is expressed in the form of the equation, ‘Heat gained = heat
lost’. The law is of general application so also should be the
equation but the illustrations and examples have always
been restricted to mixing of bodies at only two different
temperatures where the heat gainer or loser is obvious from
the temperature values. No attempt has been made to show
how to apply the law or the equation to a mixture resulting
from mixing many bodies at different temperatures. One
obvious reason could be that with more than two bodies, the
bodies with temperatures in between the lowest and highest
temperatures cannot be categorically classified as heat
gainers or losers before mixing not until the temperature of
the mixture is determined. Also when the systems to be
mixed are of different materials and at same temperature,
the heat loser or gainer is not discernable. So there is need
to seek other methods that are applicable to mixing any
number of systems at same or different temperatures. As of
now only the existing formula is in use and only for systems
at two different temperatures. It is the aim of this article to
show how the existing formula “Heat gained equals Heat
lost” can be extended to mixing two or more different
systems with dissimilar temperatures and to use the
existing formula to generate other formulas applicable to
mixing two or more bodies at two or more different
temperatures.
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2. Methodology

2.1. Gener ating Equations for the New Methods

In many text books!??#% to mention a few, illustrative

examples and exercises in the calorimetric study of heat
have always been restricted to mixing bodies at only two
different temperatures applying the equation “heat gained =
heat lost”. This procedure can be applied to mixing bodies
at more than two different temperatures via the pair mixing
method that utilizes the method in vogue as follows.
Consider n bodies each of mass my, mp, ms, ... my,
specific heat capacity (sp ht) s, s, s3, ...s, and at
temperature ty, t, t3, ... t, being mixed in the sequence (m;+
my); (my +my) + mg; (my +my +mg) + my; (M + my + m3 +
my) + ms; and so on (i.e. pair mixing). Lett; <t, <t3.... <t,.
By the equation “heat gained = heat lost”, let t, be the
temperature of this first mixture.
mysy(ta - t1) = mpsa(ty — ta) ormys; t, + musy t,
=mys;t + mpsotror (mys) +mpsy) ty = mysit+ nusaty (1)
This first mixture of heat capacity (mys; + nmyps;) at

temperature t, is mixed with m; to get a second mixture at ty.

Hence (mys; + mps2)(t — ta) = mss3(ts — ) or
(mys; + mpso)ty + mssst, = (mys) + mpsy)ty + massty (2)
From (1) (mys; + mps)t, = mys ity + mys,ty, hence
mys ity + mpsoty +myS3t =mys ity + mpsot, +myssty, (3)
In general if tris the final temperature of the mixture
my s tet mpsytet mysstet ----- + mpSpte=
mys ity + Moty + mas3ty + - + MySyty (4)
Equation (4) will be used to generate various general
methods applicable to mixing bodies at two or more
different temperatures as follows. For simp licity let n = 3.

2.1.1. One Body Heat Gainer or Looser Method

For a mixture of three bodies, n = 3. So (4) reduces to
(4a).
my Sty + mpSyty + mMyS3ty = mys ity + mpsyty + 1’1’13S3t3..(4a)
Assuming my is the only heat gainer i.e. make mys;(ts -t;)
the subject of the equation in (4a) to get (4b).
my S te- myS ity = MpSoty +Mys3ty - MySyHte- MySste or
mlsl(tf—tl) =n1252(t2*tf)+m353(t3*tf) (4b)
In the same equation, in the same manner, if m; is the
only heat loser, then make mysi(t; — tp the subject of
equation (4a) to obtain equation (4c)
mys(t -t) = mpsa(te— t) + myss(tr—t3)  (4¢)
Equations (4b) or (4c) is used in the “one body heat
gainer or loser” method and affords a means of extending
the current method to any number of bodies being mixed by
assuming that any one body (preferably the body at the
lowest temperature) gains heat and the rest loose heat and
the general heat gained equals heat lost is applied. This
method is illustrated by solution A(i) and B(i) in figure 1.

2.1.2. Heat Content Method

In equation (4), the left hand side (LHS) is the sum of the
various final heat contents making up the total heat content
of the resulting mixture and the right hand side (RHS) the

sum of the initial heat contents of the bodies. This
introduces a new method based on heat content method
with the equation ‘sumof final heat content = sum of initial
heat content’ where heat content of any body is the product
of its mass, sp ht capacity and its temperature i.e. heat
content = mst or heat capacity times t, where heat capacity
of a body is ms. This process involves calculating the sum
of final heat content at t,,, (hereafter the mixture temperature)
and equating it to the sum of initial heat content as the
equation stipulates. This is illustrated in solutions C(i) in
figure 2.

2.1.3. Heat Content Method with Assumed Mixture
Temperature T,

For a wider application of the heat content procedure, the
resulting mixture temperature t;, is replaced with an
assumed mixture temperature t, which can be any
temperature from the low to the high phase change
temperature of the liquid body of the mixture. The
replacement of t,, with t, in equation (4) gives equation (4d)
forn=3.

my Sty + MpSat, + M3ty = mys ity + mpsoty +myssts. (4d)

Since all the terms in equation (4d) are known, ifthe sum
of the initial heat contents minus the sum of the heat
contents at t, is zero, t, is same as t,, if not the difference
(positive or negative) is divided by the sum of the heat
capacities of the systems at the assumed mixture
temperature and the quotient (is in temperature units) added
to the assumed mixture temperature to obtain the actual
mixture temperature.

The detailed method follows the steps: (a) Choose an
assumed mixture temperature t, as stated above. (b)
Calculate the sum of (i) the heat capacities of the bodies at
t, (i) initial heat contents of the bodies (iii) the heat
contents at t,. (¢) Subtract the sum of the heat contents at t,
from the sum of the initial heat contents of the systems. (d)
Divide the difference by the sum of the heat capacities and
add the quotient (temperature) to t, to obtain the required
mixture temperature as illustrated in solutions D(i) and E(i)
to questions in figure 3.

2.1.4. Heat Content Method with Assumed Mixture
Temperature T, Equals Upper or Lower Phase
Temperature of The Liquid Content of the Mixture

It is possible that the final mixture temperature from step
(d) above is higher than the upper transition temperature (of
vaporization) or below the lower transition temperature (of
fusion) of the liquid content of the mixture, this shows that
part of the liquid has evaporated (higher temperature) or
still in solid state (lower temperature). The amount of liquid
evaporated or still in solid state needs be known and this
involves a recalculation. To avoid this recalculation, t, will
be taken as any of the phase change temperatures and this
introduces the heat content method which utilizes the
assumed mixture temperature t, as the same as the upper or
the lower phase change temperature of the liquid content of
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the mixture. In the heat content method with assumed
mixture temperature t, equals upper or lower phase
temperature of the liquid content of the mixture; the
procedure is followed as in 2.1.3 up to step d. If the
operation in step d is negative ( for t, = 0°C say for ice to
water) the mixture temperature is 0°C and the mass of ice
not melted is the absolute value of the difference from step
¢ above divided by the appropriate latent heat of fusion. If
the operation in step d is positive (for t, = 100°Csay for
water to steam) the mixture temperature is 100 Cand the
mass of water evaporated is the positive value of the
difference from step ¢ above divided by the appropriate
latent heat of evaporation. The whole procedure is
illustrated in the solutions F(i) and G(i) of sample questions
in figure 4. Table 1 summarizes the various new methods.

Table 1. Summary of new methods for estimating temperature of mixed
hot bodies at two or more different temperatures

New Method Formula and briefs
Utilizes the formula in vogue by mixing
any two bodies first, mixes this first
mixture with a third body and continues
Pair mixing so till the last body is utilized.

Mathematical handling of this method
generated the equation from which other
methods are hinged.

Heat gained (or lost) by any one body =
Heat lost (or gained) by the other bodies
Sum of initial heat content of bodies =
Heat content of mixture.

Sum of initial heat content = sum of
heat content at t, f LHS— RHS =0, ty
=t. fLHS— RHS==%ve, tm=t. *
(LHS — RHS)/sum ht capacity of
mixture.

One body heat gainer or
loser

Heat content

Heat content with
assumed temperature t,

Formula is as above.

If tm is +ve, tm =t, and mass of liquid
evaporated is (LHS — RHS)/sp latent ht
capacity of evaporation ofthe liquid in
the mixture.

Heat content with
assumed temperature
(i) ta= upper transition
temp of the liquid in the
mixture (e.g. 100°C for

water). Iftm is-ve,tm =t, and mass of ice not
(ii) ta= lower transition melted isabsolute value of (LHS —

temp of the liquid in the RHS) + sp latent ht capacity of fusion of
mixture (e.g. 0°C for the solidmeltingto liquid in the

water). mixture.

3. Results and Discussion

Same and or different sample questions (A to G) have
been solved using the new methods introduced above as
illustrations. Figure 1 shows the use of one body heat gainer
or loser method, figure 2 heat content procedure, figure 3
heat content with assumed mixture temperature and figure 4
heat content method but with assumed appropriate
transition temperature.

3.1. Generating Equations for the New Methods

Equation (4) which is the base on which the new methods
or formulas are derived is based on the method in vogue

and therefore the new methods are correct. This process of
mixing the bodies in steps of two (here called “Pair mixing
procedure”) mixes bodies at more than two different
temperatures. It is lengthy but is a suitable check method
for authenticating answers from any of the other methods
hence its inclusion in some of the figures e.g. A(ii) and B(ii)
of figure 1.

3.1.1. One Body Heat Gainer or Loser Method

Figure 1 below shows the application of one body heat
gainer or loser method. This procedure is proven correct by
solutions A(i) in figure 1. The mixture temperature ty, is
60.8°C showing ice at 0°C and copper at 50°C as heat
gainers instead of only ice. Also solution B(ii) of figure 1
buttresses the method because all the bodies are of equal
temperatures but the method assumed one of them as the
heat loser.

A, Determine the resulting temperature t, of the mixture
1kg ice zt 0°C + 3kg water at 90°C + 3kg copper at 30°C.
Specific latent heat capacity of ice iz 3360007 kg, specific
heat capacity of water iz 42007 kg 'K and for copper 4007
ke lKH

Solution by

A(i): One body heat gainer or loser method

Lstice be the only heat gamer

Heat gamed by 1kg ice to attzin the mixture temperature t,
iz 336000 + 42001,

Heat lost by 3kg water and 3kg copper is water: 54200020
— 1) + copper:3(4000(30 — ) = 1900000 — 230001,

Hence 336000 + 4200t = 1990000 — 23000t of ty
60.8°C.

A(ii): Pair mixing

Mix the first two and caleulate the resulting temperature t;

Heat gain is Iee:1(3.36 x10°) + water: 1(4200)(t) = 4200t
3.36x10°1.

Heat lost is Water:3(42000(%0 — t;) = 189000 - 21000,

Evheat gamed = heat lost.

4200t; + 336000 = 189000 — 21000t; or t; = 6125°C.

Heat capacity of this first mixture iz 1(4200) + 3(4200)
6(4200) at 61.67C.

Wi this with 3kg Copper at 30°C.

Heat gaimed by copper is 5(4000ty, -300 = 2000t + 10000

Hezt lost by first mixture = G(42000(61.67-1,) = 23200061
-t} = 1554000 — 2524001,

Hence 2000t — 10000 =1534000 — 252400t ie. 27200, =
1634000, t, = 60.8°C.

Sample question

B. What is the resulting temperaturs t, of 2 mixture of 10kg
water, 10kg copper and 10kg zlummum each at 30°C. Specific
heat capacity of lummum s 900 Jkg KL

Solution by

B(i): Assuming only one system gained heat.

Let water pain heat.

10042000ty -300 = 10(4000(30- ;) + 10(P00XI0- t,) ie.
35000t =2750000 1. ty = 30°C.

B(ii): Pair mixing

This methed can’t be zpplied because the temperatures are
the same. The answer t, = 50°C can only be mnferred from the
fact that only temperature difference mduces heat flow

+

Figure 1. Solutionsof sample questions by one body heat gainer or loser
method
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3.1.2. Heat content Method

Heat content equation is a thermodynamic law. Just as
the principle of heat gained equals heat lost, the total final
heat content will be equal to the total initial heat content
which is also expressed mathematically in the expanded
formas in equations (1) or (2) or (3) or (4). The principle of
mixing that utilizes the equation heat gained equal heat lost
is based on the assumption that the mixing is done
adiabatically in which case no heat or matter leaves or
enters the system. This being the case the final heat content
of the mixture is equal to the sumofthe initial heat contents
(that is the law of conservation of heat). Figure 2 below
shows the application of the heat content method.

C: Detenmmine the resulting temperature tg of the
mixture of 1 kg ice at 0°C, 3 kg water at 90°C and 5 Kg
copper at 30°C. Latent heat capacity ofice i= 3. 36 x 107
Tkgl, specific heat capacity of water is 4200 Jkg! K1
and for copper 400 J kgl KL

Solutions by Heat content Methods

C(i) Sum final Heat contert = swm initial heat
content.

Total initial Heat content is Tee:0 +water:3{4200%00 +
Copper:3(400)30=0+1820000+10000=1990000.

Total final Heat content at tp 15 1ce to water: 336000 +
4200ty + water: 3(42000ty, + copper: 3400, = 336000
+ 27200t

ile. 336000+ 27200ty = 1990000 orty = 60.8°C.

Figure 2. Solution of sample question by the Heat content method

3.1.3. Heat content method with assumed mixture
temperature t,

The heat content method with assumed mixture
temperature t, is not much different from the simple heat
content method only that it has the advantage of detecting
liquid eg water evaporated or residual ice in the mixture
when t, is either of the transition temperatures. The method
of solution using an assumed mixture temperature is
illustrated in figure 3 below.

The choice of an assumed mixture temperature t, in the
region where specific heat capacity is not zero is because
sum of heat capacities will be needed in the calculation of
mixture temperature t, and the liquid body is the one to
evaporate or be produced from its solid. A positive heat
difference from sum of the initial heat contents of the
systems minus the sum of the heat contents of the bodies at
the assumed temperature indicates a surplus heat for raising
the temperature of the mixture above t, by an amount equal
to the positive heat difference divided by the sum of heat
capacity of the mixture and this quotient is added to t, to get
the mixture temperature t;, A negative heat difference
treated similarly gives the mixture temperature t, as
illustrated in solutions D(i) and E(i) in figure 3.

D. What iz the resulting temperature ty of a mixture
of 10kg water, 10kg copper and 10kg alumimmm each at
50°C. Specific heat capacity of aluminum is 900 Jkg K-
1

Solution by

INi): Heat content Procedure with assumed
mixture temperature.

a. Take assumed temperature t; as 40°C.

b{i). Swm heat capacitiez of systems iz water:
104200y + copper: 10{400) + alwmiman10(900) =
55000TK 1.

b(i). Sumheat content of systems is

water: 10(4200)30 + copper:10{400730 + ahumnimen:
10(900)530=2730000T.

biu). Swm heat content of systems at40°C is

water: 10(420040 + copper:10{40040 + ahumnimen:
1090040 =22000007.

c. Sum initial Heat contents - Sum Heat contents at
40%C=2750000-2200000=33000017

d. Difference in ¢ divided by b(i) = 330000/533000 =
10°C.Final temperature of mixture = 40 + 10 =50°C.

The above caleulations show that only temperature
difference mduces heat flow.

E. Calculate the temperature of the mixture 30kg
waterat25°C + 0.3kg copperat 930°C.

Solution by

E(i). Heat content method with assumed mixture
temperature

a. Assumed mixture temperature ty = 100°C.

b{i). Swm heat capacitiez of systems iz water:
50(4200)+ copper: 0.30(400)= 210120JKL.

b{ii). Swm heat content of systems iz watern
50{4200)23 +copper: 0.30{400930 = 33640001

b{ii). Swm heat content of systems at 1007C is water:
50{4200)100 + copper-0.30{4003100=210120001T.

¢ Sum initial Heat conterts - Sum Heat contents at
10°C is 536400007—-210120007=-156420001.

d. Difference m ¢ divided by bl = -
15642000/210120 = - 74 5°C. Final temperature of
mixture =100 + {- 74.5)=25.5°C.

Figure 3. Solutions of sample question by heat content method using an
assumed mixturetemperature Sample questions

3.1.4. Heat content method with assumed mixture
temperature ta as the upper or lower phase transition
temperature of the liquid content of the mixture

In continuation of 3.1.3 above, where t, equals the upper
transition temperature e.g. 100°C for water or the lower
transition temperature e.g. 0°C for water, a positive heat
difference (for t, = 100° water) evaporates mass of water
equal to the positive heat difference divided by the specific
latent heat of evaporation of water and a negative heat
difference indicates that heat is still needed to melt more ice
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of mass equal to the absolute value of the negative heat
difference divided by the specific latent heat of fusion of ice,
see F(i) and G(i) in figure 4. The use of any of the phase
change temperatures (e.g. 0 ‘C or 100 ‘C for water, the
mixture has water as the liquid with the least phase change
temperatures) as t,eliminates a recourse to fresh calculation
as is the case with any other method.

F: Calculate the temperature of the mixture 1.3kg ice at (°C
+ 1kg water at 90°C + 1kg copper at 30°C.

Solution by

F(i). Heat content Procedure with 0°C aszumed mixture
temperature.

2 Assume mixture temperzmre t, of 0°C (water).

B(i). Sum of heat capacities of systems at (°C is ce: Water
from Iee: 1.5(4200) + water :1(4200) + copper: 1(400) = 10800
JKL

b(i). Sum of mitial hext comtents i3 ice: 0 + water
104200090+ copper: 1(400)30 = 393000 J.

b(iti). Sum of heat contents at 0°C (1,) 15 ice: 1.3(336000) +
water: 0 + copper:0 = 504000 T

c. Sum mitial Heat contents - Sum Heat contents at 0°C 13
308000 - 504000 = -10:6000 J.

d.e = blD) =-106000/10000 = - 9_83C.

e. Hence temperature of mixture t,=t, +(-9.3)=0-98=-
9.8°C below transition temperature of water. So ice not melted
= ¢'sp ht of fusion of ice = 106000336000 = 0315ks. So
temperature of mixture is 0°C znd ice remaining is = 0.315kg
at(PC.

G: What is the resultng temperzture t, of 2 mixture of
0.25kg water 2t 23°C + 0.3kg copper 2t 930°C.

Solution by

{i). Heat content Procedure with an assumed mixture
temperature.

2 Assume mixtire temperature t, as 100°C.

B(i). Sum heat capacities of systems 15 water: 0.23(4200) +
copper: 0.30(400) = 1170 KL

b{ii). Sum heat content of systems iz water: 0.235(4200025 +
copper: 0. 3004000030 = 1402301

b{iii). Sum heat content of systems at 100°C iz water:

025042000100 + copper: 0.30(4000100 = 1170007.

c. Sum mitial Hezt contents - Sum Heat contents i 140230
—117000=2323017

d. Differsnce i ¢ divided by b(1) = 23230/1170 = 19 87°C.
Final temperature of mixmre = 100 + 19, 87 =112.87°C which
iz mote than transition temperature of water so some mass of
water equal to 232302260000 = 10.3g is evaporated with
the temperature still at 100°C,

Figure 4. Solutions of sample questions by heat content with assumed
appropriatetransition temperature Sample questions

4. Conclusions

The three procedures viz the one body heat gainer or
loser method, the heat content method (with its variants)
and pair mixing, have been applied in solving common
examples and the same answer obtained shows that the new
methods are faultless and of general application. The
versatility of the two new methods is shown by their use in
solving sample questions. Solution B(i) of figure 1 and D(i)
of figure 3 prove that difference in temperature determines
the direction of heat flow. It is recommended that the
various formulas be incorporated in the teaching and
learning of this aspect of heat study.
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