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Application of Lagrange Mechanics for Analysis of the
Light-Like Particle Motion in Pseudo-Riemann Space
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Abstract We consider variation of energy of the light-like particle in the pseudo-Riemann space-time, find lagrangian,
canonical momenta and forces. Equations of the critical curve are obtained by the nonzero energy integral variation in ac-
cordance with principles of the calculus of variations in mechanics. This method is compared with the Fermat's principle
for the stationary gravity field. The produced equations are solved for the metrics of Schwarzschild, FLRW model for the
flat space and Godel. For these spaces effective mass of light-like particle is established. Relativistic analogue of inertial

mass for photon is determined in central gravity field in empty space.
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1. Introduction

One of postulates of general relativity is claim that in
gravity field in the absence of other forces the word lines of
the material particles and the light rays are geodesics. In
differential geometry a geodesic line in case of not null path
is defined as a curve, whose tangent vector is parallel
propagated along itself[1]. The differential equations of
geodesic can be found also by the variation method as a path
of extremal length with the aid of the virtual displacements
of coordinates X' on a small quantity @'. When we add
variation to coordinate of the material particle, the time-like
interval slow changes, though that leaves it time-like.

Finding of the differential equations of the null geodesic,
corresponding to the light ray motion, by calculus of
variations is described in[2]. In space-time with metrical
coefficients g; itis considered variation of the first integral
of these equations

dx' dx’

= & aaa (1)
where g is affine parameter. Deriving variation for
extremum determination we must admit arbitrary small
displacements of coordinates. The variation of integral of 7
expanded in multiple Taylor series is written as (see eq2)
where y,4, are values of the affine parameter in points,
which are linked by found geodesic. The sum of terms
containing variations ', de'/du in first power is equated
to null. Under condition o'(x4,)=w'(x)=0, this leads to the
geodesic equations in form
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where Fj are Christoffel symbols:
« s
F; = Eg y(giy,j +8,, _gij,y)- 4)

Here a comma denotes partial differentiation.

The other terms of series in (2), containing variations of
coordinates and their derivatives by x in more high powers
or their products and being able to have nonzero values, don't
take into account. Thus such method admits violation of the
condition 7 =0, which means that with certain coordinates
variations the interval a prior becomes time-like or
space-like. Since this interval accords with the light ray
motion, one leads to the Lorentz-invariance violation in
locality, namely, anisotropies.

It is shown for the massive particle[5] that a fundamental
space-time discreteness need not contradict Lorentz invari-
ance, and causal set's discreteness is in fact locally Lorentz
invariant. The possibility of Lorentz symmetry break for the
photon in vacuum by effects from the Plank scale is studied
in[3,4]. However, experiments[6] show exceptionally high
precision of constancy of the light speed confirmed a Lorentz
symmetry in locality, and astrophysical tests don't detect
isotropic Lorentz violation[4].

In the method of calculus of variations in the large[7] ones
are considered as possible paths along the manifold disre-
garding kind of interval, not as the trajectories of physical
particles. This approach exceeds the limits of classical
variational principle in mechanics, according as which vir-
tual motions of the system are compared with cinematically
possible motions.
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Approximating time-like interval conforming in general
relativity to the material particle motion between fixed points
to null leads in physical sense to unlimited increase of its
momentum, and the space-like interval doesn't conform to
move of any object. In this connection it should pay attention
on speculation that discreteness at the Planck scale reveals
maximum value of momentum for the fundamental particles
[8].

The geodesic line must be extremal[1], and the test parti-
cle moves along it only in the absence of non-gravity forces.
Should photon have some rest mass variations of its path
don't give different kinds of intervals, but this assumption
doesn't confirm by experiments[9]. We examine choosing of
energy so in order that application of variational principle to
its integral for deriving of the isotropic critical curves equa-
tions would not lead to considering non-null paths.

2. Definition of Energy and Its Variation

The interval in pseudo-Riemann space-time with metrical
coefficients g;:

ds* = gil.dxidxj (5)
after substitutions
g :ngll’glk :pglk’gkq =&y (0
is rewritten in form
ds* = p*g,dx'* + 2 pg,, dx'dx* +gkqukdxq. @)

Here, p is some quantity, which is assumed to be equal 1.

Putting down x' as time, coordinates with indexes

k,q=2,3,4 as space coordinates and considering , as
energy of light-like particle with ds=0[10] we present it as

1 -1 k k 1/2
3 dx dx dx® dx? 3
p= gna —gwEJfU (g]kglq_gllgkq)aa ,(8)

where o is 1.
Indexes except k,q take values 1 to 4. With denotation

of the velocity four-vector components as v'=dx'/du
energy variation will be
0p <4, 0P ¢ 3
=L 5x* + L ovt 9
v ox? ot ©)

After substitution

12 .
ol 0 g —ggy e | ad
81k81g ~ 8118kq du du & du

the partial derivatives withresect to coordinates are writtens
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This expression is reduced to
op 1 0gy i
—— =/, (12)
ox* 2v1v1 ox”

The partial derivatives with respect to components of the
velocity four-vector are

op 17}
— = (13)
vt wv!
For the particle, moving in empty space, lagrangian is
taken in form

and conforms to relation[11]:
oL
2
p=v' =1, (15)
ol

which is integral of the motion. Obtained derivatives give
the canonical momenta

_OL _ i (16)
P ot Wy
and forces
oL 1 Ogy
F,o=0 =~ OV i 17)
P et 2w v, ox?

Components of the associated vector of the canonical
momenta are

. (18)
A%

Units is chosen so that a light velocity constant is ¢=1.
Components of energy-momentum four-vector of photon in
Minkowski space are proportional to four-velocities:
P = meffv" with coefficient of proportionality m,, , which is
effective mass. It is represented as

My = hv, (19)

where h is Planck constant and v is frequency of photon.
Normalized effective mass of light-like particle in
pseudo-Riemannian space-time is defined as coefficient of
proportionality between components of the vectors of
canonical momenta and the four-velocities with raised
indices. It becomes

(20)

With coefficient of normalization m,;, it can be
expressed in terms of effective mass as

m .
—

miyy =—"—. (1))
Megro
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3. Equations of Isotropic Critical Curve

Motion equations are found from variation of energy
integral
Hy
S=[pdu. (22)
Ho
Energy o is non-zero, its variations leave interval to be
light-like, and application of standard variational procedure
yields Euler-Lagrange equations

(23)

Critical curve equations are obtained by substitution of
partial derivatives (12) and (13) in these equations. For
derivative of the first component of four-velocity vector we
have

dV Vl agl/
du y7; 2v] ox'!

For finding of other three equations of motion the second
term of (23) is presented in form

=Yyl =0, (24)

d dp _ ' 08ia 08 ij
( Lv)—( Ly ===y, WV |+
d,uav (){gu{; gk)ldﬂ aj] foﬂ
gllv Y, +gklv i dV (25)
v du

Replacement of derlvatlve av'/dy here on its expression,

obtained from (24), and substitution found terms in Euler-
Lagrange equations gives

vt 1 Og;
(& — g1k"/1)—+ l(gn"l"/l +gk4VkV1)'
du 2w ox
1%, .0 g, .
By By, Buy, i, (26)
2ot o/ ox’

These equations contain accelerations corresponded to the
space coordinates and describe coupled with (24) the motion
of the test light-like particle along critical curve. They don't
coincide to usual form (3) of the null geodesics equations.

Let us clear whether proposed variational method
conforms to Fermat's principle for stationary gravity field[1],
which is formulated as follows

1
5[ —(d1+ glkdxk) =0, 7)
&1
where dl is element of spatial distance along the ray
di*> = (g“”gl" - qudedxq. (28)
&
Denoting
1
df =—(di+ gy* ). (29)
811
and comparing this expression with (8) we write
/- pv. (30)
du

Therefore, variation (27) is equivalent to variation of
integral

H
= j rm (31)
)
The Euler-Lagrange equation, corresponded to the time
coordinate, will be
a—pvl _d_p =0.
ox! du
Since metrical coefficients in case of the stationary field
doesn't depend on the time, we have 8p/ox! =0. The value
of o isconstant. Thus, expression (32) is idential equation.
Equations for the space coordinates are follows:

617 ! —i( o%p jvl _8_pd_vl: 0.
v NG vk du

We condition by appropriate choice of the affine
parameter £/ the constant value of v' . Then, the third
term in the left part of equations will be vanishing and they
shall be identical to (23).

For the static gravity field the Fermat's principle gives
solution, which conforms to geodesics[12].

(32)

(33)

4. Photon's Dynamics in Schwarzschild
Space-Time

A centrally symmetric gravity field in the free space is
described by the Schwarzschild metric. At spherical coor-
dinates x'=(t,r,0,¢) its line element is

-1
ds® = (1 —“Jdﬁ - (1 - "‘j dr’ —
r r

—r*(d6* +sin” 0d¢”),
where « is constant.
For this space we find equations of the critical curve of the
integral energy o . The canonical momenta (16) for the
cyclic coordinates f,¢ are the constants of motion

(34

= (35)
du’
-1
C=r sinzeﬁ(l—gj . (36)
du r

Equations (26) for coordinates 7,6 give
d’r  «a a\( dt :
PR 1__ B

dus 2r d,u

2 2 2
I (ﬂ] —(r—a)l:[dgj +sin’ 9(d—¢j 1 =0,37)
2r(r—a)\ du du du

d? H 2r—3a dr d6 1 .
EEE—— +—sin

d 2
29(—¢j =0,(38)
du? r(r a)dydy 2 du

Metric (34) for the isotropic curve yields
(-5 20 () -
du r du
2 2
—r? 40 +sin” @ aé =0.
du du

(39)
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Assuming that 4=1 and considering motion in plane
0=nr/2 we write derivatives of the cyclic coordinates

==, 40
m (40)
9 _ %(1 —ﬁ) (1)
du r r
Substituting these values in equation (39) we find
2 2 372
£-{-ef(] e
du r r r

Found velocities coincide with solutions of the null geo-
desic equations for the Schwarzschild space-time[2] to
within parameter of differentiation

-1
dlu = dlus (l_gj > (43)
r
where u, corresponds to geodesic equations.
The canonical momenta (16) and forces (17) are
1 c? a
=L p=F— 1——2(1——}
-4 r g
%)
3 =0, py =G (44)
R=F=F =0,
2 2
F, = a c° aC (45)

—_— .
2( 05) s 254
roll—-—

r

Nonzero components of vector of the canonical momenta
with raised indices are

(46)

It follows from Eq. (20) that normalized effective mass of
photon in the central gravity field changes as
1

n
meﬁ = .
(1 - a)
r

A nonzero component of vector of the canonical forces
with raised indices is

(47

(43)

In so far as with gravitational constant G and mass M
the Newtonian limit of gravity theory requires «=2GM , the
first term of F* yields twice Newton gravity force. One
conforms to the light deflection in central gravity field [13],
which is twice value being given by the Newton gravity
theory.

Substituting components of the velocity four-vector in Eq.
(37) we obtain radial the acceleration

2

ﬂ=1(1—3)+c—2(1—3j (1—5—“} (49)
e ? r 3 r 2r

A second Newton Law states that massive body under
action of the force F experiences acceleration a=F/m,
where m is its inertial mass. By analogy normalized
inertial mass of photon is found as ratio of the canonical
force F* to the radial acceleration

mj, = —[1—%j_1{1—2c2 (1_%j(1_
2ferec(i-£)o-2)] ] oo

With roes>a®,C? , this yields m) ~—m” Thus,

e
excepting area, where signs of F> and dv?/dt are identical
or one of these quantities is equal to 0, inertial mass of
photon is negative, i. e. it experiences antigravirational
influence[ 14].

5. Extremal Isotropic Curves in FLRW
Space-Time

The FLRW cosmological model for the flat space with
rectangular coordinates x'=(t,x%) is described by metric

ds* = dr* —a* (t)dx??, (51)
where a is the length scale factor.
Equation (24) gives
2
d’t dx?
L2 —aa T | =0, (52)
du du

where overdot denotes derivative with respect to time. The
Euler-Lagrange equations for the cyclic coordinates x?
yield constants of motion

q 2
du \du

Having extracted derivatives with respect to the space-like
coordinates from this equation and substituting them in (52)
d*t

we obtain
. 4
2 a dt _
o),
du a \du
This equation has solution, which with denotation 11=p}
is written in form

(53)

(54

dt _ -1/2
RLa (Ha 24 B) ,
dp

where B is constant. Substitution found first component of
the four-velocity vector in equation (53) gives

(55)

-1

— -2 -2
_d,u =-p,a (Ha +B) (56)
The condition, following from Eq. (51):
ar Y dx? ?
= e 57
P [dﬂj ‘ (duj ’ 7



14 Wiladimir Belayev:

Application of Lagrange Mechanics for Analysis of the Light-Like

Particle Motion in Pseudo-Riemann Space

corresponds to isotropic curve. It yields B=0 and
components of the four-velocity vector turn out to
dt 1
E - Y2 4, (58)
dx?
ax’ __Pg (59)
du I1

They conform to solution of equations of the null ge-
odesics for the FLRW space-time[2].
The canonical momenta of the light-like particle are

p=1"a" (60)
and constant p_ . The canonical forces are
a
F=—IL F, =0. (61)
a
Their associated values is written as
p'=1"%a", pi=—pa” (62)
and
F'=4m, 1 =o. (63)
a

Normalized effective mass of the photon in the flat space
is
(64)
Assumed that at present time t, the length scale factor is

a(ty)=1 and m,; =m,, We obtain, taking into account Eq.
(21), follows:

2
eﬁ =Ila"".

n=1 (65)

and
mly =a’. (66)

6. Extremal Isotropic Curves in Godel
Space-Time

The stationary solution of the Einstein's field equation
with cosmological constant found by Godel describes
gravity field of the rotating uniform dust matter. With
coordinates x'=(t,r,y,z) the line element is written in form

ds® = di* —dr* — dz* +2¢2 drdy +%e2ﬁwdy2 . (67)

where @ is constant.
The canonical momenta (16) for cyclic coordinates
t,y,z are the constants of motion. They are written in form

.l
1 Vl’

1
eﬁwrvl + EeZ\Eazrv3

P3=

(v 1 e2er 3)

v4

—fwrs)

(68)
(v +e

Py =~

These equations with following from Eq. (67) condition

0= — (2} —(v*)? +2ef”’v1v3+2e2f“’ ) (69)
yield components of the four-velocity vector:
/A
< (70)
di p
12
dr [4}711736[ ~(pi + P} )eszr 2173?}
—== g » (71
du p]( d —2p; )
dy _ ps— e
—=2 , (72)
du el (pelter - 23
2or
dz _ Ds€ (73)

d/.l p(pefwz 2]?3).

With p,e¥? =2p, the singularity takes place.

The obtained equations differ from the solution of the null
geodesics equations in the Gddel 's space-time[15].

The canonical momentum corresponding to coordinate r»
is
\/7(1))"

pa = appe ™ 5} o203 | o)
Canonical forces have values
R=F=F~=0,
ps(ps- ™)
RPN, Pk Gl | 71%)
(P1@[W —2p; )
Associated canonical momentum and forces are
p'=-p +2pse Var
/2
p’= 1[417119367 * —(pi + i )—2p§e’2ﬁ”"} :
p _2ple V2ar 2p3e—2x/§wr’
Pt =—py (76)
F'=F=F*=0,
2or
P3 (P3 —pe )
SN ;7P SRS S )
(pl e\/—(ur 2p3 )

Normalized effective mass of the light-like particle in the
Godel space-time is

n _ P
mly, =—— P (78)
7 —pt 2P3e_ﬁm

7. Conclusions

The proposed form of energy allows applying of the
Lagrange's mechanics for analysis of the light-like particle
motion. Considered procedure of production of the motion
equations by variation of the energy integral conforms to
principles of the calculus of variations in the classic
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mechanics in accordance with which the motion variations
must be cinematically admissible for the system. The virtual
displacements of coordinates retain path of the light-like
particle to be null in the pseudo-Riemann space-time, i.e. not
lead to the Lorentz-invariance violation in locality. For the
stationary gravity field the equations, obtained by this
method, agrees with result given by the Fermat's principle.
Their solutions for the Schwarzschild metric being static and
for the Friedmann-Lemaitre-Robertson-Walker metric for
the flat space coincide with solutions of the null geodesics
equations to within appropriate parameter. For the Godel 's
space-time these solutions are different.

Normalized effective mass of light-like particle is defined
as coefficient of proportionality between canonical momenta
and components of four-velocity vector. Analog of Newton's
inertial mass for photon in Schwarzschild's space-time has
negative value for newtonian limit of gravity.
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