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Explicit Solutions of the Maxwell-Einstein Equations.II
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Abstract This article is a continuation of the previous author's article on the same problem[1]. Here choice of metrics
discusses in detail, so as another possible metrics, like generalization of the Schwarzschild metric of massive body due to
radiation of electromagnetic wave. A problem of lowering the initially spherical symmetry to axial one in solution’s level for
Einstein-Maxwell (or Maxwell) equations due to fixation of z-axis of coordinate system and its recovery with the help of
zero-modes is discussed. Localized solutions of the Einstein-Maxwell equations (geons) are discussed, too.
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1. Introduction

Present article is a continuation of previous author’s
work[1], devoted to treating of peculiarities of electromag-
netic wave’s (EMW) propagation in Universe under influ-
ence of its own gravitation field. For this purpose we take the
coupled Maxwell-Einstein equations as basic ones. Main
attention isn’t paid to discussion of the results of[1], but
investigation of some intelligent questions such as method-
ology of treating, etc. There are following questions:

- metric, used in[1] and other possible metrics;

- localized domains of electromagnetic and gravitation
energy — geons[2], and others.

Problem of angular dependence of spherical EMW
(SEMW) is discussed, too.

2. Metric, Used in|[1]

Let us remember a problem[1]. The initial basic equations
in[1] are the coupled Einstein’s equations of gravity and
Maxwell’s equations for EMW without the sources[3]:
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Here R — trace of Ricci’s tensor R',- R = R';, gix— metric
tensor; T and F"— tensor of energy-momentum and elec-
tromagnetic one; /"y, — Christoffel’s symbols; ¢ — light speed
in vacuum, K — gravitation constant; indices i, , / take values
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0, 1, 2, 3; repeated indices mean summation; comma means
usual, i.e. non-covariant derivative[1]. Let us find a solution
of (1) which corresponds to existence of spherical light wave
at » — oo. For this we use an expression for interval just as in
well-known Schwarzschild problem[1]:

ds* =e'c*dt* —e’dr* —r*(d6* +sin* 0-d¢*)  (2)

v=vytr 0), A=At 0), P =ct, t —time; x!= 7, ¥ = 0, =
¢ — spherical co-ordinates. SEMW is characterized by fre-
quency ® and moment momentum vector M. Let us choose z
- axis of the co-ordinate system in direction perpendicular to
M. Tt simplifies a treating because the dependence of azi-
muthal angle ¢ in (1) may be omitted.

For the variables’ splitting an additional condition was
used in[1]: A =a(r, t) + B(6), v = -a(r, t)+(0). After vari-
ables’ separation equations (1) were solved in a usual way,
i.e. energy-momentum tensor 7 was expressed through
Ricci’s one, or finally through metric tensor gj. From the
other hand, we used similar representation of T} through
components of electromagnetic field tensor Fy. If one strictly
follows this procedure he falls in contradiction — left and
right parts of resulting equations have different dependence
of polar angle . This contradiction could be partially
eliminated when T}, is averaging on time interval greater than
wave period. The whole elimination of this contradiction
could be achieved when one takes the differences of
abovementioned values.

After this procedure is completed than expressions for the
coefficients in (2) looks as follows:

& :exp[’_cj,,c:u,ﬁ:o (3)
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Here [ — is a whole nonnegative number which determines
orbital angular moment-momentum of SEMW, o — is a
frequency of SEMW at infinity.

3. Zero Modes
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Solutions of the Maxwell equation which was used in[1]"
obey degeneration, connecting with arbitrariness of z — axis’
direction of co-ordinate system. If direction of z — axis is
fixed the initial spherical symmetry of problem is lowered.
As was shown in quantum field theory2[4] if one tries to
fulfil quasi-classic quantization near these solutions then
so-called “zero modes” arise. They describe quantum tran-
sitions between degenerate states. Zero modes always arise
when static solution with continuous group of symmetry,
having translation invariance, for example, is quantized[4].

Zero modes in our problem are arising due to fact that all
directions of z — axis are equivalent: all solutions corre-
sponding to its different directions are possible and have the
same energy. In order to eliminate zero modes, one must
explicitly take into account the transitions between degen-
erate states. For the simplicity one can do this in quantum
description. A simplification of problem is connected with
fact that angular behavior of photon wave function is just the
same as for classical EMW. Let us calculate the probability
of transition from the state with orbital quantum number /,
which angular behavior is described by P, (cos(8)) in
co-ordinate system with given axis z, to the state with the
same quantum number in co-ordinate system with axis z’
deviating from z on angle 46. In this latter co-ordinate sys-
tem angular behavior of wave function describes as P,
(cos(6+40))°. Let us expand P, (cos(9+46)) in series on
Legendre polinoms P/*(cos(9)):

B (cos(0+A0)) = ZI: I,(AQ)P* (cos(8))

f=—
The amplitude of transition probability /; (46) one can find
with the help of adding theorem for spherical functions[6]:
B(cos(8+A0)) = P (cos(0))P(cos(AB)) +
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Due to orthogonality of joined Legendre polinoms[6], we
receive:
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+k)!
where J;; — Kroneker’s symbol. Interested probabilities look
as follows:

_ [B(cos(ra0)]

> [1, (cos(A)]

k=0
Denominator in (7) arises because joined Legendre poli-
noms are orthogonal, but not-orthonormal set of functions.
Quantity w; is a “fraction” of function P; (cos(0+46)) in
initial function P; (cos(8)). Figure 1 represents results of
calculation w; (46) for different /:

()

! So as all similar solutions, which can be found in scientific literature (see[5], for
example). As a consequence, field distribution in spheroidal electromagnetic
resonator has axial symmetry.

2 This effect takes place in classical electrodynamics, or mechanics, too, when
theory of perturbations is performing.

3 Pyare Legendre polinoms, P/- are joined Legendre polinoms.
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Figure 1. Plot of w(40).

Ordinata: points — (P, (cos(9)))’, solid curve — w, (46);

Abscissa: angles 6 and 46 from 0 to x;

a) [ = I (curves coincide),b) I =2,¢c) [ =3,d) [ = 4.

These results show that angle region 46, where fraction of
“shifted” harmonic P; (cos(6+468)) in the “basic” one P,
(cos(8)) is significant, is comparable with scale 6, of angular
dependence of P, (cos(8)), which has order of value ///. This
can be assigned to effect of zero modes, because both
abovementioned harmonics have the same energy. Of course,
this effect vanishes when direction of z axis is fixed physi-
cally, for instance, with the help of external field*.

4. Another Metrics

Abovementioned metric was received mainly with the
help of Maxwell equations only. Einstein equations play
minimal role which consists of assertion that R, = R;;, while
values of Ricci’s tensor do not have matter. This corresponds
to problem under consideration which is to find curvature of
space-time metric produced by EMW only without any
massive body. That is why final result does not depend on
EMW amplitude. Amplitude dependence arises in another
problem concerning with treating of metric produced by
massive irradiative body, i.e. additions to Schwarzschild
metric. We present this result below. Our treating is based on
results of[ 1].

Let us equal expressions for Ty, obtained from Einstein

* This result is self-interesting, because it explains abovementioned results of
classical electrodynamics (see footnote h.
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equations omitting part depending on polar angle #°, and that
one from Maxwell equations for SEMW of TM-type:
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We used here components of tensor of electromagnetic
field Fy; = ¥(r,t)-®(0). Last equation in (8) can be simplified
with the help of function f{7,#), which is described by equa-
tion[1]

fﬂ_(]%j ]'F’_T_l(lr_tl)fTVf:O;f:rz‘P~r2Er (9)

Signs + correspond to converging and diverging SEMW,
E, — radial component of electrical field of SEMW. If we put
flzt) = Gz)e™ | z | = wr/c, w — frequency, then we receive
equation for G(z) in complex plane z:
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GG'=0; G’ =d—G
dz

(10)

which will be used below. Resulting equation for metric
looks as follows:
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It is obvious from (11) that we meet discrepancy men-
tioned earlier which isn’t overwhelmed with the help of
subtracting procedure like in[ 1]. Perhaps, taking into account
results of Paragraph 2 we can implement averaging proce-
dure to energy-momentum tensor of EMW not only in time
as earlier, but in angle 8 too. Finally we find an equation for
metric which slightly differs from (11): ®°(6) in right hand
side of (11) will be absent. This equation has a solution
which defines metric differing from that which was received
in[1].

Equation which is leading from (11) if average on 6 is
completed looks as follows:

dy 1
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Herey=e “ t=1x=r./r, Q=G(I)" I'=4K/c'r’, tr
=r./R, R —radius of photosphere. Boundary condition for (12)
is y(t=0) = 1, i.e. metric at infinity (x — o0) is flat. In order to
receive (12) we use a solution of (10)[1]:

InG =i|exp [M}dz ,

z

which corresponds to spherical wave at infinity. Finally an
equation (12) looks as follows:

a 1] 2 2o . _ 't Sin(u) (13)
7 {y 1+[z y} |2, exp|: 21(1+1)J — du:l}

If EMW is absent equation (13) has well-known solution

° This part contains derivatives 4(6) only, which equal zero[1].

which is corresponding to Schwarzschild metric:
e 2Km
g CZ

Here m is a mass of body which plays role of source of
gravitation field. One can omits £ << 2/y in equation (13) at
large distance » >> r,

Let us evaluate order of magnitude of value |2,|°, which is
connected with energy flow density of radiation from mas-
sive stellar body. Note that electromagnetic field of star
treated as field of spherical radiator can be replaced by field
of elementary electrical dipole at large distance[7]. Taking it
into account one can connect radial component £, of EMW
and star luminosity L and find an expression for 2|’

,|" = G(RNT = R'EX(R)- ak 3 K

'l zligen)] €

Substitution values for L = 4(10°° = 10°) J/s ® (in visible
and roentgen parts of spectrum) in (14) leads to evaluation
for |Qy)° = (107" = 1077 )/[l(1+1)]°. If we put R = 30R,’,
where R, = 6.96:10° m is radius of the Sun then we receive
value for tz=~ 7.631 (I+1)-(10°"° = 107’) in different parts of
spectral diapason.

It is hard to receive any valuable quantitative result due to
variation in values for different parts in equation (13). But
one can treat an asymptotic behavior of (13) in limit ¢ <<
1(r >> r.). Expanding integrand in (13) on u, one can turn
this equation to known form[9]. Final expression for metric
looks as follows:

2 21(1+1
e zl_r_g_ﬂ[ij T as)
ro 2+ —-1\r

It is obvious from (15) that corrections to Schwarzschild
metric, which is described by first two members in (15) due
to stellar radiation, are extremely small in the frame of
known Universe. Nonetheless, this result has principal sig-
nificance®.

To receive space-time metric at the vicinity of massive
dipole (multi-pole in general case) radiator one have to re-
place in (14) star luminosity L to intensity / of dipole
(multi-pole) radiation[3].

(14)

5. Geons

Einstein-Maxwell equations predict possibility of geons,
which were described as “meta-stable complexes of energy
of electromagnetic or gravitation waves, tightly binding by
their own gravitation attraction”[2].

Geon is essentially non-linear object whose existence is
obliged to nonlinearity of Einstein, or Maxwell-Einstein
equations. Meaning of Ty used in[1] eliminating its self-
nonlinearity doesn’t influence on intrinsic non-linearity of
Einstein’s equations. Thus there exist their solutions of this

® For stars in main sequence L=]()6L(,, L(,=4~]026JAV ~ Sun’s luminosity. For
supernova L=10°L, [8].

7 For stats in main sequence.

8 So as, for instance, Nordstrom-Reissner metric.
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type amongst others. To find them explicitly let us remember
some results of[ 1].

Solution of the equation (1) for TM-type wave in plane of
complex variable z looks as follows ° f{z,t) = G(z)e™' | z | =
wr/c, o — frequency; f = Y1), For = Y(rt) D0), d(0)
describes angle part of solution. Behavior of G(z) is de-
scribed by equation (10). Rigorous solution G for boundary

condition G ~ € at infinity looks as follows:
il(1+1) il(1+1)
—il(l+1)-Ei(il(l+l)j+ cz} (16)
zZ

: dz=C, {ze :
Ei(x) — integral exponent, C; =i and C,— are constants.
For localized solutions of equation (1) one have to put
constant C;<0 in (16). Then asymptotic behavior of this
solution will be:

lnGzClj.e

(amn

Metric for solutions of this type is just the same as one
received in[ 1] for solutions of wave type (3). It follows from
(17) that electrical charge of geon is equal zero.

f ~exp(—iot+C,p),p = 2,
C

6. Conclusions

At present time a lot of explicit solutions of Einstein’s
equations was found and its number is still growing'®. There
are many catalogues of these solutions[10]. It is very prob-
lematic task to find unknown solution. Nevertheless, let us
quote[ 10] with reference to W. Kinnersley[11]:

“Back in 1975 Kinnersley wrote: “Most of the known
exact solutions'' describe situations which are frankly un-
physical, and these do have a tendency to distract attention
from the more useful ones. But the situation is also partially
the fault of those of us who work in this field. We toss in null
currents, macroscopic neutrino fields and tachyons for the
sake of greater ‘generality’; we seem to take delight at the
invention of confusing anti-intuitive notation; and when all is
done we leave our newborn metric wobbling on its vierbein
without any visible means of interpretation'?.” Not much has
changed since then”.

In the present article quite different physical approach is
used. Those solutions which have no physical interpretation
probably have minimal interest not due to their mistakenness
but senselessness. Thus, solutions of Rainich type[12],

probably do not realize for reasons which were outlined by L.

Witten[13,14]".

Methods used in this article are not so rigorous as those
which are used in[10], for instance. But this is not a reason to
reject them. We hope that further treating of problems out-
lined in the present article will lead to their improvement.

° Equation (9) for f{z, ) is presented earlier.

10 Approximately with rate 100 per year[10].

' Of Einstein equations

'2 In spite of this was sentenced in 1975 present situation unlikely be changed
because it has its origin in human nature which stay permanent during millen-
niums.

'3 Another reason of Rainich’s solutions absence in reality is that gravitation
field in Einstein equation is not self-produced[14].

Results obtained in present article permit to fill gaps in
applications of general relativity, such as corrections to the
Schwarzschild metric due to radiation of massive body. It
was shown that averaging of energy-momentum tensor Ty in
right-hand side of the Maxwell-Einstein equations can be
ground due to taking into account restrictions imposed on
these ones.

Let us speak some words about geons, which were de-
scribed previously by J.A. Wheeler[2], as irradiative objects
with huge amount of mass (~ 10 g[15]). Radiation of
geons is corresponding to complex value of constant C/
(see Paragraph 5) with Im (C1) # 0. This condition leads to
vanishing such irradiative objects, due to loss of their en-
ergy-mass, so only non-irradiative objects with Im (C1) = 0
can be observed after long period of existence. These ob-
jects can be detected by scattering light, or other particles,
only due to its gravitation field'* In all other aspects geons
stay “invisible”. This permits to consider geons as potential
candidates for sources of so-called “dark mass” in the Uni-
verse.
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