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Lebesgue—Chebyshev Synergism for the Bounds
of Measurable Random Variables
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Abstract The attainment of a near-faultless optimal estimate is always the chief goal in the application of measures.
Boundedness is always an ‘essential commodity’ if optimality is desired. A function is Lebesgue integrable if theLebesgue
integral does not ‘explode’; as well the existence of Chebyshev bound assures that the estimates of certain random variables
or those of certain functionals, as the case may be, do not ‘explode’. The realization of the latter has the underpinning of
Lebesgue measure applied on the set functions under consideration. Therefore, this work treated a veritable way of estimating
the (maximal and minimal) bounds of Chebyshev-type inequalities, with the functions presupposed Lebesgue measurable.
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1. Introduction

The central limit theorem in mathematical probability
theory reckons that, often, the addition of independent
random variables to the original variables causes the
normalized sum of such variables to tend toward a normal
distribution even though they are not normally distributed.
However, the central theorem affords simply an asymptotic
distribution, and it requires several observations to stretch
into the tails of a normal distribution. Chebyshev’s
Inequality is widely used in probability theory, and; it
furnishes probability bounds on wide-ranging aspects of
probability distributions. The central importance of the
inequality is the use in limiting the distance between the
mean and a random variable, Amaresh [1]. As precious as the
inequality is in doing the said work, its drawback is the
inability to employ it in setting confidence intervals in
estimation problems. However, the propitiation of this
Chebyshev’s shortcoming is the use of concentration
inequalities (see [2], [3], [4]). Besides, Roos et al. [5]
provided alternative tight lower and upper bounds on the tail
probability under certain conditions. Such bounds were
obtained as exact solutions to semi-infinite linear programs.

Chebyshev’s inequality is, fundamentally, a consequence
of the measure theory, as any resulting bounding value is
to be prescribed in a “measurable set”. In the light of
this, Stepaniants [6] and Billingsley [7] showed that
Chebyshev’s inequality can be subsumed in the theory of
Lebesgue measure. Besides the qualitative use of the generic
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Chebyshev’s inequality in probability measures, numerous
applications of Chebyshev-type inequalities furnish suitable
bounds for the estimation of some class of functions. One
of such celebrated functions is depicted in the abiding
maximal theorem by Hardy and Littlewood [8] - a work that
has engaged the attention of Flett [9], Keith [10], among
numerous others found in literature. In recent times
numerous Chebyshev-type inequalities are ‘crafted’ to attend
to varying needs (see Teimourian and Ghazanfari [11], Nisar
et al. [12])).

Another salient class of inequality is the type that is
obtainable from the Chebyshev functionals of functions of
bounded variation. While numerous identities that relate to
the Chebyshev functional were considered by Mitrinovi'c
et al. [13,14], the quest for the bounds for the functional was
done by Cerone [15,16] and Dragomir [17].

This work supplied the combined outcome of (Lebesgue)
measure theory and Chebyshev’s inequality in furnishing
the method of obtaining estimates (bounds) of functions
and Chebyshev-type functionals. The linear combinations
of independent random variables, their control, and the
maximal averages over some parameters are desired for
purposes of empirical risk minimization. In effect, this line
of study is quite graceful, for purposes of optimization.

2. Preliminaries

Some basic tools for the development of the content of this
paper are supplied in this section.
2.1. The Measure Space

Definition 1. Let (X, o) be a measurable space. A set
function x is a measure on the space if:
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(i) (M) e[0,] forAea(X);
(i) w@= 0
(iii) Given a sequence of disjoint A;, A,, .

and if | u(A) o, then

ﬂ[UArj=§:/J(Ar)- 1)
r=1

r=1

.. of o -sets,

The triple (X, o, 1) is called a measure space.

2.1.1. Probability Space

Definition 2. Let (@, F) and (2', F’) be two measurable
spaces. The function X - Q—S is measurable a function and

XA ={w: X(0) e Ayc F VAEF". )

X is called a random variable if Q'= R and F' is the
Borel s-algebra.

If Q is any state space that is not endowed with o-algebra,
and X - Q—Q'is a function that has value in a measurable
space (2, F"), then the smallest o-algebra for which X is a
measurable function is

o(X)=c({X 1(A):Ac F'}). ©)
The triplet (Q,F,P) is a probability space, in which:

(i) Q denotes the sample space describing a non-empty
set of all possible outcomes of some model being
performed.

(if) F denotes an c-algebra on the sample space (Q €F).

(iii) P:F—[0,1], P(Q) =1 is a probability measure if it
as well satisfies the countably additive property
specified in 2.1 (iii).

Probability measures has been largely used in
optimization problems as seen in Saito and Takahashi [18]
and Yu [19].

If X4, X,,... is a sequence of real-valued random variables
defined on (Q,F,P), then the supremum

X :1Q— Ru{w},
X (@) =sup X, (w)

is measurable (see Lowther [20]).

2.2. Excerpts from Lebesgue Integral

Let X € R be a random variable. It has a Gaussian
distribution if it has a Lebesgue measurable density p on R
such that

2
p(X)=;l,zeXp —(X !;) , XeR
27102 20

where g =E(X) and o® = var(X) > 0 are the mean and
variance of X.

Let (X, S, 1) be a measure space:
(i) If f:X —[0,] is an S-summable function, and

Sp is an S-partition By, B,,..., By, of X, then the lower
Lebesgue sum L (f, Sp) is defined by

m
L (f,Sp) =D u(B))inff.
j=1 Bj

(i) If DeSand yp isthe characteristic function of D,
we get (see Axler [21])

jzodu=u(D)-
(iii) f f:X —[oo,00] is S-summable,
Lebesgue space L* (w) reads,
is an S-measurable function from X to R

then the

{r:f
and |[f[, = [|f] du <o}
(iv) Lemmal.If le ! (1) , then (Markov’s inequality)

1
u{xe X :|I(x)| >c}) = E"IHl vl>0 4)
Proof. Assume ¢ > 0. Therefore
1
u({xe X ()] =c})= EIICdﬂ;

1 .
§EL|I|dy, since[l(x)|=c  (5)

1
<Xy,
where I={xe X :|I(x)| > c}.

2.3. Chebyshev’s Inequality from Lebesgue Integral

The generic (probability) statement of Chebyshev’s
Inequality reads:

Theorem 1. (Chebyshev’s Inequality). Let X : Q—R be a
random variable on a probability space (Q, _F P). Suppose
X has a finite expected value m and finite nonzero variance
o”. Then, for any real number k > 0

P(|X—m|zka)ski2. (6)

Note that X above is integrable.
Theorem 2. Suppose (X, S, @) is a measure space with
wX) =1 and | €.* ), then

y({xe X :‘I(x)—fldy‘ 2c})sci2[JI2dy—(Ildy)2) ve>0(7)

The proof may easily derive from the proof of Markov
inequality (4) already presented here.

Compare the inequality (7) above to Markov’s inequality
(4). Consider the left-hand side of the inequality (7). We see
that

‘I(x)—jBldy‘ §|I(x)|—UBId,u‘ . BeS.
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Let yg be the characteristic function of B. Then,
o~ e
<|[ zel|du < [sup)| zedus (@)
B

=su(B),

let ‘I(x)—IBldy‘ = where s=sup|l| . The above shows
B

that the integral measure I Idz in (7) encodes the mean

value. Therefore, |X—y| ; ¢=ko , we recognize the

integral in the rightmost expression of (7) as equal to Var(X)
= ¢ If P is the probability measure, one finds that the
inequality (6) is equivalent to the inequality (7). Under some
condition(s), the tail estimate of a given measurable function
may be obtained using Chebyshev’s inequality. Let f be a
non-negative measurable function. Define a set {x €E: f(x) >
® > 0}. The property

Olyeefozoy < 9)

holds. On integration, one gets Chebyshev’s inequality in the
form

OULx €E: 1) > 0} = u(f ). (10)

Suppose g is any measurable function. The representative

inequalities for g may be obtained by choosing some

non-negative measurable function ¢(x) and applying
Chebyshev’s inequality to /= geg. Thus,

ﬂ(|g|p > w) = #(|g|p > w") < w'pu(lgl”) <o, (11)
The required tail estimate is [21]

,u(|g|2a)):0(w'1], asw — oo (12)

Still from the measure-theoretic point, let (X Qu) be
a measure space and let f be an extended real-valued
measurable function defined on X. Then for any real number
t>0and 0 <p <o [22],

1
u({xe X Zlf(X)lZt})St—pJ.‘f‘Ztlflpd,u.

In general, if g is an extended real-valued measurable
function, nonnegative and nondecreasing, with g(t) # 0 then:

1
xeX:f(x)>2t}) <— o fds.
u{ (0=t g(t)fxg u
Chebyshev’s inequality may be expressed in the sense of
Lebesgue integration (see Stepaniants [5]) in the theorem
that follows:
Theorem 3. (Generalized Chebyshev’s Inequality). Let (Y,
o, 1) be a measure space and let f be a real-valued
measurable function defined on Y. Suppose u is the Lebesgue
measure and let h be a non-negative and non-decreasing
real-valued measurable function on the range of f. Then,
for any positive real number n and 0 < t < o,

pReY 2 < L [ )00 (9

Proof: For a fixed number, n, Let G, be a set and let
G, ={xeY : f(x)=n}. Denote the characteristic function

of the set G, by G, By the theorem, h is non-decreasing and
it is non-negative on the range of f, therefore

0<h(n) G, < h(f (X)) 4Gy,
Apply Lebesgue integration and integrate over Y, to get
h(n)(Gy) =h(M) [, 7Gnd = [ h(M) 2Grd e (15)
Now,
jY h(n) G, d u < jY h(f (X)) 2Gpd
= jGn h(f (x))d u < jY h( f (x))d .

(14)

(16)

In (13) above the last inequality holds since h is
nonnegative everywhere. In conclusion, we have

h(f (x))du (17)

1
1(Gp) Sm v

2.4. Equi-measurable Functions

So far, the emphasis had been on non-decreasing functions.
What happens if a function is decreasing in an interval? The
relationship between the above two types of functions is well
articulated in the seminal and yet abiding work by Hardy and
Littlewood [8].

Assume that f(x) is a positive, bounded, and measurable in
(a0, a1); let B(y) be a measure such that f(x) >y, therefore A(y)
is a decreasing function of y which vanishes for sufficiently
large y. The function *(x) is defined for x € [a,, a1] by

LB} =Y BY) € [0, a1]. (18)
It is constant in some interval (i, i,) if p(y) has a
discontinuity, with a jump from i; to i,. It is known as the
rearrangement of f(x) in decreasing order. The effective
upper bound of f(x) corresponds to the upper bound of *(x)
excluding in a null set, as sets of zero measure do not count
in the definition of f*(x). The functions f(x) and f*(x) are
equimeasurable when the measures of the sets wherein they
take up values lying in a prescribed interval are equal. In the
interval (ay, a;) if o(x) is a function, then

a a
[o()dx = [o(f)dx, (19)
0 0

whenever each integral exists. If A € [ag, X) is a function, the
functional F is such that

F(x,A) =F(x, 4, f) :ﬁj f)dt, F(x x) = f(x).(20)
T

Define M(x, f), the maximum average of f(x) about a point
X by
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(x, f)= max F(x, /1)

ielag,x] (21)

Lemma 2. If a function ¢(x) is positive, continuous, and

non-decreasing with x, and A = A (x) is any measurable
function such that 1 € (ao, X), then [8]

jlgo{F(x,ﬂ, f))dx < Ilq){F(X,aO, f)Jdx.

(22)
ag ag
Note that we may, in most cases, take ag=o a;=1.
Lemma 3. If M(x) is the upper bound of
1 X
FuA f)=——[f@®)dt 2elx, %], (23)
X—A
2
Then
X2 1
j (M (x)} x<2j —j fx(t)dt [dx. (24)
X1 X

The proofs of Lemma 2 and Lemma 3 are available
in Hardy and Littlewood [8]). The consequence of
Hardy-Littlewood maximal theorem is that for a decreasing
function, f*(x), that is equi-measurable with f on (0, «), and
for a measurable set, U, with a measure, , if t is a positive
real number, then

Jo foa= [ f*dp=[ " u(Ug[f])t.

It was shown in Phillips [9] that inequality of the form

L. fdﬂSI:(E)f*

holds well for all Lebesgue measurable set =.

(25)

(26)

3. Estimation of Bounds

The estimation of the bounds of measurable functions is
of much importance in applicable phenomena. Inequality
measures contribute much to near guileless estimates.
Extensive energies that have so far been expended on the
theory of maximal inequalities for several decades have
produced a sumptuous result. As expected, such inequalities
must be rigged in the Lebesgue (£°-) function space if the
bounds are to be sought. This section is devoted to inequality
bounds that are consequences of Chebyshev’s inequality and
with the underpinning of £” measures.

3.1. Bounds in Function (£ ) Spaces

3.1.1. Probability Bound

Many a time the linear combinations of independent
random variables, their control, and the maximal averages
over some parameters are desired for purposes of empirical
risk minimization.

Let P be a probability distribution over some set X.
An g-net for a class H c 2" of subsets X is any subset G ¢ X

such that for any ge H
P@z2e=Gngq=g¢.

The subset G approximates the probability distribution.
An g-approximation for class H is such that [23]

|G|
G

<é&.

P(q)-

The following argument derives from [24].

Let Xy,..., X, be n independent and random variables such
that E[X;] = « and var(X;) < ¢* . Let § € (0, 1) and assume
that n can be factored into n = KW where W = 8 log(1/0)
is a positive integer. For w = 1, ..., W, let X,, denote the

average over the w-th group of k variables. Then, this
average takes the form

wk

XW:% S X
i=(w—1)k+1

Forany w=1,...,W, it can be shown [24] that

2_0}3
K|Tw
Moreover, define g as the median of {X1,...,

20 Wl
Pla-u>— |<P|B>—|.
{” “ H [ 2 |

P[)?W—yz (27)

XW}. Then

where B ~ Bin(W, 1/4). Evidently,

1/2
P{ﬂ_#z%[zmga/mj
n

Definition 3. The space of functions L ? (Q), p €[1, ),
for which the p-th power is Lebesgue integrable over Q is
defined by

<. (28)

p
LP(Q) = { "W"LP(Q) (_[ |W|pd,u) <o };(29)

and the space of functions L™ with finite essential supremum
is
LP(©Q) ={w

=esssupq (W< },  (30)

: ||W|||_°0(Q)
where
ess supq, |w| = inf{C > 0:|w(x)| < C fora.e. x e O3} .

Consider the L? ball. Let H c R? be fixed and let & > 0. A
set G is called an g-net of 4 with respect to a distance d(-, 9
on RY, if G ¢ 7 and for any z € 7, there exists x €G such
that d(x, z) < &. The unit L? ball of R is the set of vectors u
that have Euclidean norm |u|, at most 1, usually defined by

d
B, :{XeRd :inzsl}.
=

The upper bound on the magnitude of the smallest g-net of
B, is given below.
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Lemma 4. [24] Let ¢ € (0, 1). Then the unit Euclidean ball
B, has an e-net JH with respect to the Euclidean distance of
cardinality | H] < (3/c)"

Proof. Going by [24], construct an iteration of the e-net.
Choose x; =0. For a given i>2, let x; be any x € B, such that
|x—x;l, > € for all j <. If there is no such x, stop the process.
Thus, an e-net is generated. Then, the size of the g-net has to
be controlled.

The Euclidean balls centred at x € # and with radius &/2
are disjoint as [x—y|, > ¢ for all x, y € #. Besides,

ZEL;{{Z+SXBZ }c(l+%j2§2

where {z + eB,}= {z + ex, X €B,}. Thus, measuring volumes,
one finds

> vol(z +§2~}2) :VOI(zg‘/{Z +§Bz}j < vol[(l+g)1§2j .(32)

(31)

eH
Equivalently,
& d & d
|+ |(—j s(1+—j . (33)
2 2
Thus, the following bound holds
£ d 3 d
#1s(1e) <(3) (34)
2 £

Let B(x, r):= {y € R" |x —y| < r}, r > 0, denote the open
ball of radius r centred at x for any x € R®. The averaging
operators i, on R® for a locally integrable function f read:

f(y)dy. (35)

lI’rf::—1 J'
[B(x,r)| /BN
On every A(RY, p € [l,©], the operators y, are
contractions for which Young’s inequality

[l (36)

L
LP(RY) LP(RY)
holds.

For an £*-measurable function, f, the maximal function is
of the form

1
W, f)(x)= sup fldLP, (37)
(¥n') BeBy LF’(B)‘[BI |
with the weak L'-estimate
Y f >t}s%||f||L1,Vt>0 (38)

The averages y.f are uniformly bounded in magnitude and
in shape as r varies. From the foregoing, we state:
Proposition 1. (Hardy-Littlewood maximal inequality)

sup|¥, f|

r>0

< || f "Lp(Rd) vp € (1, ],
LP(RY)

(39a)
forany f e LP(RY)

and

sup|W f|

r>0

<[flage, foranyf eL'(RY). (39b)
Ll,oo(R )

Consider the equations describing the Borel-measurable
maximal averages of f in some prescribed interval:
¥ f(x)=sup ij fdu:z e (x,00)

L p()1=x21

_ 1 : 40
‘I’rlf(x)_sup{y(l)jlz[”] fdy.Ze(—oo,X)} (40)

Yf(x) = sup{(ll) _[I fd 1 is a closed interval that contains x }
)i

In equations (40) above,

W =Max(¥, . \¥, f) (41)

is the sublinear operator encoding the Hardy-Littlewood
maximal operator. The proof of (41) above may be found in
Keith [10].

Suppose t is a positive real number and w is an extended
real-valued positive function. Let

B [w]={xeR:w(x)>t} (42)
Lemma 5. For every k €(0, 1) and every t > 0:
. 1 : .
RGN Bl AL Gl ALY
(43)

y 2
(i) y(Bt[‘Pf])gijkt[f]fd,u.

Proof. Following Philip [9], define the distribution
function w(x) by

f if f kt
W(x) = x) i (x)_> . (44)
0 otherwise
So Wy, f < wrkt and we have
By [‘Pro f}c Bkt [‘Prow] Since the equality
1
Y fl)== fd 45
A(B¥it]) =3 [y gy 04 (45)
holds for every t > 0, we have
1
Y, f||<——— du. (46
,Ll(Bt|: o :|) @-k)t '[B(l_k)t[‘{—’rof]w # (46)

The function w(x) was assumed to be nonnegative so

(W) =0on By [¥]
since w = 0 there.
Thus

B[ Wr f W94 < T £]Tdu- (47)
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A similar approach may be used to prove (i) for i = ry,
and (ii) may be proved by using the property that
2
Yfl)<= fdu VvVt>0 48
w(B¥H]) < [y g T (48)
The following relations on the maximal operator are often
used in estimations

Lemma 6. If f € LP, then for p >1 the following
inequalities

0 il < Pl (=) @09
and

. 2Py

) ey <=1l (490)
apply.

The proof to the above theorem is readily found in Flett [9]
and Keith [10].

3.2. Chebyshev Functional

The bounding of the Chebyshev functional has extensive
applicability in probability problems and the bounding of
special functions in applied mathematics. Some theories and
identities that relate to the Chebyshev functional are treated
in Mitrinovi ¢ et al. [13,14] while Fink [25] looked at an
applicable aspect of such inequalities. Elegant and enduring
work in the quest to bound the Chebyshev functional was
done by Cerone [15].

As usual, letf, g: [a,b] > R be two measurable functions.
The weighted Chebyshev functional W(f, g) is defined by

W(F, g;0) := M(f g;0) - M(f;q)M(g;a),  (50)
with the weighted integral mean given by

Q. M(t:a) = [ a()f (dax,

where O<Q:j:q(x)dx<oo and the above integral is

assumed to exist. The following equivalences hold [22],
Q(f;g;1) = Q(f, 9), M(f;1)=M(f). (51)
It is conventional to present the Chebyshev functional
W(f, g) as Korkine’s identity. If f, g: [a,b]— R are two
equi-monotonic functions, then
W(f, g)
1

" £ (99090 —— [ £ (e ——

d
bh-a‘a bh-a‘a b-a 90dx

1
2(b-a)’
provided the integrals exist. If f (x) and g(y) are synchronous

functions i.e. (f (X) — f (¥))(9(x) —g(y)) = 0, a.e. X, y €[a, b],
the classical Chebyshev functional inequality is satisfied by

W(f, g) > 0. (53)

[ 1 (F0- £ ()@t~ (y) iy,

As usual, let the triple (X, o, ) be a measure space, with

4 as a countably additive and positive measure on ¢ with
values in R U {0}

Given a pu-measurable function v: X — R, with v(x) > 0
for u, a.e. x € X, define a Lebesgue space L (X, a, &) :=

{f:X— R,fisu-measurable and .[x v(X)| f (x)[d (x) <o}
Assume _[Xv(x)d,u(x)>0. If f, g- X — R are

p-measurable functions and f, g, f g € L, (X, o, ), then the
Chebyshev functional that admits v(x) may be written as

W, (f, 9) = W, (f, g:X)

1
= [ VOO T 0)90d 10 - v 1,901+ (B4
[ vx)dux)
where
Lw), £ (0,000) =
IO F OO () [ V() g () () -
by V000 0 g

In Cerone [15], remarkable work was done in using the
above to furnish some bounds. As well, the bounds for the
modulus of complex Chebyshev functionals engaged the
attention of Dragomir [17]. In Griss [26], the Chebyshev
functional was evaluated as

|W(f,g)|£%(r -7)(v-u), (55)

provided 7,7y, v,0; are real numbers such that

—0<7<f <7<, —w<v<g<Ly <o aeonfab]

The constant % is assumed sharp, as there would be no
smaller number in its stead. The proof of this inequality is
available in Mitrinovi c et al. [13].

3.3. Bound for the Generalized Prime Numbers

Beurling [27] conducted an extensive and enduring study
on the asymptotic distribution of prime numbers. The
distribution function N(x) for the generalized prime numbers
satisfies the inequality

dx < oo, (56)

N(y)-C
Ilx L sup‘ ) -CW)|
y
X<y
with C > 0.
More general is the case in which the counting function of
the integer satisfies

N(x) = C(x) +0o(xlog™” x) (57)

for some positive C and y. The prime number theorem holds
if y > 3/2, else it may fail to hold. The Chebyshev prime
counting estimate

timing Y0199% 5 200, timsup 219X < A L (58)
X—>0 X X—300 X
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is known to hold if y >1 but it may fail if y <1 (see Hall [28]).
It was shown (see Hall [29]) that if the distribution function
N(x) is of the form

N(x) =C(x)+0(x), (59)

then the Chebyshev’s lower and upper bounds are satisfied

by
liming Z0109X 1 jimsup 099X 1 (60)

X—»0 X

Following Diamond [30,31]

Let some function F: [1, co) —R be of bounded variation
on each interval [1, x], with an accompanying Borel-Stieltjes
measure, dF, on [1, «). Define an operator T on the measures
in the form

X—>0 X

[ETdF = LGE logtdF (t) . (61)

The convolution

d&=dN =TdN, (62)

was seen to hold well for Beurling generalized numbers (see
Diamond [31] and Zhang [32]).
Let

My (X) = jlde ®(S—at “dt)®(loget) 7dt  (63)

be the convoluted sides of (59) by (6—at ?dt)(loget)™,
where ¢ encodes the Dirac measure at 1, dt is the
Borel-Lebesgue measure on [1,00) and a is a positive number.
Then we state, without proof, the following lemma whose
proof furnishes Chebyshev’s upper and lower bounds.

Lemma 6. Suppose that (36) holds with C > 0 and
v >1. Then there exists a positive number o depending on
N(x) that satisfies the conditions: (i) 7, (x)=0 Vx=1 (ii)
N, (X) >0asx >

The proof of the above lemma is available in Diamond
[31]. As a result, the upper bound is satisfied by

w(x/D)< leﬂa (x/t)dw(t) =0o(x) = lim sup y(x)/ x <, (64)
X—>00
where D is a number for which given a number n such that
n,(N)=20vnx>1, n,(n)>1Vvn=D. The lower bound is
satisfied by

L. C
liminfy(x)/x>——>0, K>0. 65
Jlim w(X) 3KQ (65)

4. Summary and Conclusions

The achievement of a near-flawless optimal estimate is
always a desirable end. Boundedness is always a sine qua
non to the achievement optimality. The linear combinations
of independent random variables, their control, and the
maximal averages over some parameters are desired for
purposes of empirical risk minimization. This work supplied
the (Lebesgue) measure theory and Chebyshev’s inequality

synergism in providing the method of obtaining estimates
(bounds) of functions and Chebyshev-type functionals which
may be applicable in such risk minimizations.

Chebyshev’s inequality in the main is a consequence
of the measure theory, as any resulting bounding value
is embedded in a “measurable set”. It was shown in this
work that Chebyshev’s inequality and Chebyshev-type
inequalities can be subsumed in the theory of (Lebesgue)
measures. Besides the qualitative use of the generic
Chebyshev’s inequality in probability measures, numerous
applications of Chebyshev-type inequalities provide
appropriate bounds for the estimation of some class of
functions. This reasoning calls for an in-depth study of
measure theory as it acts as a catalyst to the resolution of
optimization problems.
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