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Abstract It is well-known that the confidence intervals of g and g(-) in partially linear regression model lie in the
limit distributions of their estimators. However the accuracy of the confidence intervals depends on how fast the theoretical
distributions of the estimators converge to their limits. As a results, Berry-Esseen type bounds can be used to assess the
accuracy. The aim of this paper is to study the Barry-Esseen type bounds for the estimators of £ and g(;) in the partially

linear regression model with ¢ satisfying ¢ = Z Vieioj with Z jl<o and {g} being stationary (e,pf)

j=—0

-mixing random variables. By choosing suitable weighted functions, the Berry-Esseen type bounds for the estimators S and

j=—0

g() can achieve O(n’ll 4) and O(n’ﬂg) respectively. Simulation studies are conducted to demonstrate the performance

of the proposed procedure.
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1. Introduction

Partially linear regression model is a combination of linear
and nonparametric parts in which the relationship between
the response and some explanatory variables are linear
whereas the other predictors are emerged in the model in
unspecified association form. Opsomer and Ruppert (1999)
argued for the advantage of partially linear regression model,
including that there is less worry of overfitting, that they are
more easily interpretable, and that the estimator is more
efficient for the parametric components. Also, various
estimation and variable selection methods for the partially
linear regression model have been developed which we refer
to, Horowitz (2009), Liu et al. (2011), Roozbeh et al. (2012),
Amini and Roozbeh (2016), Roozbeh and Arashi (2016),
Roozbeh (2018) and Amini and Roozbeh (2019) to mention
a few.

Since its introduction by Engle et al. (1986), partially
linear regression models have been studied by many authors.
For example, Heckman (1986), Rice (1986), Chen (1988)
and Speckman (1988) studied the consistency properties of
the estimator of S under different assumptions. Schick

(1996) and Liang and Hardle (1997) extended the root n
consistency and asymptotic results for the case of
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heteroscedasticity. Hérdle et al. (2000) provided a good
comprehensive reference of the partially linear model. Chen
et al. (1998) and Gao et al. (1994) established the strong
consistency and asymptotic normality, respectively, for the
least squares estimators and weighted least-squares estimator
(WLSE, for short) of £ based on nonparametric estimates
g() and f(). You etal. (2007) further studied the model

and developed an inferential procedure which includes a test
of heteroscedasticity, a two-step estimator of f(-), mean

square errors of S and g(-) and a bootstrap goodness of

fit test. If g(t) =0,O‘i2 = f(u;), then the model boils down
to the heteroscedastic linear model, whose asymptotic
properties of the WLSE of S were studied by Carroll
(1982), Robinson (1987) and Carroll and Hardle (1989),
respectively.

In this paper, we will further study the limit behaviors of
the estimators in the partially linear regression model under
(e, ) -mixing random variables, the concept of which was
first introduced by Bradley (1985) as follows.

Let {X,,n>1} be a sequence of random variables

defined on a fixed probability space (€, F,P) . Denote

n
Sp=> Xj,n=1,and Sy=0.Let n and m be positive
i=1
integers. Write /" = o(X;,n<i<m). Given o -algebras
A and B in F, let
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| EXY — EXEY |
sup —_

A(A,B) = ,
XL/ (A)Y ety 5(8) 1| Xlhyell Ylhy 5

where O<a,f<lLa+p=1 and | XIl,=(E|X[P)YP.
Define the («, ) -mixing coefficients by

A(n) = sup A(FX, F&n), n=0.
k>1

Definition 1.1. A sequence {X,,n>1} of random

variable is said to be (@, /) -mixing if A(n)40 as
n — oo,

Since the concept of (e, ) -mixing was introduced by
Bradley (1985), many limit theorems were established.
Bradley (1985) discussed central limit theorems under
absolute regularity for («,f) -mixing sequences. Shao
(1993) established limit theorems of («,f) -mixing
sequences; Cai (1991) obtained strong consistency and rates
for recursive nonparametric conditional probability density
estimators under («,f3) -mixing conditions; Lu and Lin
(1997) gave the bounds of covariance of («, /) -mixing
sequences; Shen and Zhang (2011) studied some
convergence theorems for (e, £) -mixing random variables,
and obtained some new strong laws of large numbers for
weighted sums of (a, ) -mixing random variables; Gao
(2016) investigated the (a, ) -mixing sequences which
are stochastically dominated, and presented some strong
stability; Yu (2016) showed the Resenthal-type inequality of
the (e, ) -mixing sequences, and investigated the strong
convergence theorems.

The aim of this paper is to further study the Barry-Esseen
type bounds for the estimators of £ and g(-) in the

partially linear regression model (2.1) with & satisfying

&= wigj with > pjlo and {g} being
j=—0 j=—0

stationary (a, ) -mixing random variables. By choosing

suitable weighted functions, the Berry-Esseen type bounds

for the estimators S and g(-) can achieve O(n_w') and

O(n‘ll 8) respectively.

This work is organised as follows: In Section 2, we recall
the partially linear regression model and construct the partial
least squares estimator for both the parametric and
non-parametric components. The main results and numerical
analysis (simulations and real data) are presented in Section
3. The proofs of the main results are provided in Section 4.

Throughout this paper, the symbols C, ¢;, ¢,, ... denote
positive constants whose values may be different in different
places. Let logx =Inmax(x,e) and I(A) be the indicator

function of the set A. Let aAb=min{a,b}.

2. Model and Estimation

Consider the following partially linear regression model:

yi=Xi,B+g(ti)+gi,1£iSn, (21)

where B is an unknown parameter of interest, (x;,t;) are
nonrandom design points, y; are the response variables, ¢;
are random errors, g(-) is an unknown functions defined on

closed interval [0,1].
If g is the true parameter, then model (2.1) is reduced

to a nonparametric regression model y; =X =g(t;)+¢.

n
Since Ee; =0, we have g, (t,8) =Y Wni(X)(yi =% /) -
i=1
Using the least squares method, we obtain ﬂl of g by
minimizing
n

SS(B) =D Wi (X)(yi =%~ gn (t. £))?

The minimizer is found to be

n n
Bo=2 2 %% 1SE, (2.2)
i=1i=1
n n
where  ST="%% .,  K=x->Wy(t)x; and
i=1 i=1

n

Vi =Yi— > Wy (t)yj 1<i<n. Then based on fi, we
i=1

defined the nonparametric function g(-) by

Gn(®) =D > Wi ()(Y; =% 3L),

j=li=1

(2.3)

To derive the Berry-Esseen bounds for the estimators, we
make the following assumptions:
Al. There exist a functions h() on [0,1] such that

Xj = h(ti ) +V;, and

(i) lim n‘lzn:viz =27(0<Zg <o);

N—o0 i=1
n
(i) lim sup(v/nlogn) ™ maxycpen | D Vj: I< 0.
nN—o n i=1
A2. g() and h() are defined on [0,1] and satisfy

Lipschitz condition of order 1.
A3. The probability weight function W, are defined on

[0,1] and satisfy

(1) maxy<j<n Z\Nni () =0Q);
i=1

n
(if) sup maxyj<n D Wi () = Oay);
0<t<1 i=1



International Journal of Probability and Statistics 2021, 10(2): 27-45 29

n

(i) maxicn D Woy ()1t —tj [=O(D).

A4, MaXycicp | Vi [=O(n%) for some 0<@1/2

A5. There exist positive integers p=p(n)
g=q(n) such that p+qg<n, p — oo, g — o,

1,1

q/p—0,np 2w 4(q)%* 28 0.

A6. The spectral density f,(.) of e satisfies that
0<C £ fi(w)<Cy <o for we(-x,x].

Remark 2.1 Conditions (Al1)-(A3) have been used
frequently by many authors. For example, Gao et al. [1996],

and

[2002], You et al. [2005], Liang et al. [2006], Liang and
Fan [2009] and so forth. Moreover, if functions g(-) and

h(-) satisfy a Lipschitz condition of order 1 on [0,1],
then (A3) (iii) implies that maxi<,|g; |=O(b,) and
maXy<j<n | by [= O(by).

3. Main Results and Numerical Analysis

3.1. Main Results

In this subsection, we present the Berry-Esseen type
bounds for the estimators £, g(-) . We first introduce some

Sun et al. [2002], You et al. [2005], Liang et al. [2006], You hotations which will be used in the theorem below.

and Chen [2007] and so on. (A4) is adopted in Sun et al.

1 1
r =Var(2ui5i], u@@) => 2% 24 (i), @2 () =Va{2wm(t)gi},

i=1 i=q i=1
2
q ,

in =Nap anv Yon = P2y, 73n =Oq (t){Zh//J

[il>n

¢ln:q/p: ¢2n:p/n, %n:n[zh”j

[j>n

]2
(ns_T@n"’ l+r)1/(3+22') +(ne— bon + 1+r)1/(3+27)

N2 4 g+ A5 +u(q) + (p a4,

Lon = br(]2+2‘l')/(3+22') + (neaﬁT-Fl |092T+2 n+ an+l |0g22'+2 n)l/(3+2‘l') + b |Og n+ n]JZbZ,

Vin = 7422 + (0 pnah + 7 W2 1y M2 1 (n gl + e V) 148 1 (n? plan aa)4,
(n1/2®—1(t) + 1/2 |Og n)(2+6)/(3+5)
1 1

o0 A
Theorem 3.1. Let {g,1<i<n} be a mean zero (z,f) -mixing sequence, with > (A(n)%* %/ <w |
n=1

where O<a,f <1 and o+ =1. Suppose that conditions (Al) - (A3) are satisfied, I2>Cn and Eley |2+5<oo

for some §>0 . Let /l(n):O(n_¢) for some ¢>(2+05)/5. Assume that g4, —>0, v, >0 . Then, for
0<7<(p6—6-2)] (2¢+5+2) and any €< (0,z], we have
sup (“(ﬂ n=h) ]—d)(u) = O(san + ton); (3.1)
u n

Corollary 3.1 Suppose that (Al)-(A4) hold with an:na‘ﬂ2 Iog‘zn and bn:n29_3)/8, where 0<6<1/2,

and E | eO |2+5< o for some S> \/§_1 Let Z k//J |= O(n—1/2+3(9—1/2)(1+2')/(6+47)) , U(n) — O(n(g—ﬂZ)(l+T)/[20(3+27)])
[i>n

for some (V3-1)/2<r<&5/2, and A(n)= O(n’¢) for some ¢ >max{(5+2)(z +1)/(5—27),

@/2-6)(7+67)/[26(3+1)]}. Then
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sup — O(n(0-YD+0)/(3+20))

u

(s P

n

]—(D(U)

Theorem 3.2. Suppose that the conditions in theorem 3.1 hold. Let wy(t) =maxy<j<n Wy (1), Fﬁ£cn and

Wn(t)=O(®%(t)). If v4,, and v,, converge to zero, then

( (GO -E4®) _

sup sup o)

te[0,1] u

:O(Vip +Vop)- 3.2

] O(u)| =

Corollary 3.2 Set an:n_(3+26')/4 for some 0<@<1/2 and bnzo(n‘lm). Suppose that (Al) - (A4) hold

n
with  a;'>Wi>0 >0 for each te[01, and Eleg[*P<e0 for some 5>U3-1. Let
i1
Z h//] |= O(n—1/2+(9—:lj2)r/(12+81)), U(n) — O(n(0—1/2)(1+r)/[49(3+2r)]) for some (\/5_1) [2<7<5] 2’ and

[j>n

A(n) = O(n_¢) for some ¢ >max{(6+2)(r+1)/(5—-27),(1/2-6)(13+107) /[46(3+27)]}, then

[(g(t) EG(1)

. O(n(0-¥2)(A+0)/(6+47))
0, (1)

sup sup
te[0,1] u

J O(u)| =

3.2. Numerical Simulation

In this subsection, We carry out a simulation to study the asymptotic normality of the estimators ,B’n and g, of 8 and
g , respectively. The observations are generated for the following model:

Yi = 2% +SiN0;) + &, 1 =12,0-,1,

where & isan AR(1) type process & =0.2¢;_4 +¢ with {g} be an MA(1) process specified by € =0.5 —1.35_; and

iid. iid
& ~ N1, for 1<i<n. Let x = 05t2+u,, where t; =(—-0.5)/n and u; ~ N(0505) for 1<i<n. Here, we

choose the nearest neighbor weights to be the weight functions w(-). For any xeA=[0,1], we rewrite
Itni —t1| Xn2 =X+, | thy —t | as follows

[thry (%) —t I thry ty —t I+~ A tar, ) —t 1
if [tin—tHtj, —t[, then |t —t| is permutated before [tj, —t| when t, <t;, . Take kn:LnO'SJ and defined the
nearest neighbor weight function as follows:
1/k,, if [t —t|s|tRkn oon —th,
Wni(t):

0, otherwise.

We generate the observed data with sample size n as n=50,150,250 and t=0.1,0.2,---,1, respectively. We used

sn(ﬁn P) and u, = 5 O=EGHO
n2 =
[y O, (1)
respectively, based on 500 replications.

R software to compute U , and obtained the Q-Q plots of ﬁn and g,
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4. Proofs of the Main Results

We first introduce several lemmas which will be used to prove the main results of the paper.
Lemma 3.1. (cf. Yu, 2016) Let {X;,i>1} be a sequence of (¢, /) -mixing random variables with EX; =0,

E|X;[P<co for some p>2 and > (A(n)Y22A) <o | where 0<a,f<1 and a+B=1. Assume that
n=1
{ani.1<i<n,n>1} is an array of real numbers. Then there exists a positive constant C depending only on «, A and

A(-) such that

p

n n n p/2
ED anXi| <C{DnilP EIX; P J{ZaﬁiEXin .
i=1 i=1 i=1

Lemma 3.2. (Liang and Fan, 2009) Let X, Y;,---,Y,, be random variables. For positive numbers e,---,ay,, we have
that

sup
u

(x +ZY <u]—cb(u)

i=1

<sup|P(X <u)- @(u)|+ZJ_+ZP(IY > ).

Lemma 3.3. (Lu and Lin (1997)) Let {X,,n>1} be a sequence of («, /) -mixing random variables. Suppose that

X € Lp(FX,) and Y e Lq(F%,), where p.a=1 and -+ =1 Then
P q

| EXY —EXEY [< 42820728 (]| X1, | Yl

Lemma 3.4. Let {X,,n>1} be a sequence of (e, ) -mixing random variables. Suppose that p and g are two
(I-D(p+a)+p
positive integers. Let 7 = Z X for 1<I<k. Thenforany teR
j=(1-D(p+a)+1
1, ,1

(27)/\(27) k
<clt|a2@ 22 @) Nl

1=1 1=1 1=1

k k
E exp(itzm J— [ T Eexp(itm)

Proof. It is easily checked that

k k
E exp{itz m ] —J T Eexp(itr)| <

1=1 1=1

k k-1
E exp(itz m j -E exp[itz ! ] E exp(itr)

1=1 1=1

1=1 =1

k-1 k-1
+ Eexp[ith J—HEEXP(“M)

i‘]1+‘]2' (41)

Noting that e™ =cosx+isinx, we have

k
Cov[cos [tjm j cos(try )

1=1

K—
J < + Cov[sin[tfm J,sin(tnk)

1=1

k-
+[Cov [si n (t im J ,cos(try )

1=1

k=
+ Cov(cos(tim J,Sin(tnk)

1=1

It follows from Lemma 3.3 and |sin x|<| x| that
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EEWe k-1
Jyy <CA 2% 2 (n) cos(tsz lIsin(tz )l
1=1 2
(NG
<Clt|2 2 28 @l pl, (4.3)
and
GG

Jp< Clt|a 2% 2Bl nll,. (4.4)

Noting that cos(2x) =1-2sin? X, and hence applying Lemma 3.3 and invoking again the inequality sin® x g sinx|< x|,

we find that
1 1

) k-1 5 U]k (27)/\(27)
J13 =2|Cov| sin(t > ),sin (7) <Clt|A 2% 2B ()l mlly, (4.5)
I=1
and
GIAG)
Ju<clt)|2 2@ 22 @l pll,. (4.6)

By (3.1)-(3.6), we have
1, .1

(T)A(T)
<Clt|2 2% 2B @)l gl + 3.

k k
E exp(itz ) j—]‘[ E exp(it, )

1=1 =1

Proceeding in this manner, we obtain

k Kk
E exp(ith j—H Eexp(itr)

=1 1=1

1 1 1 1
(2*)/\(@) (T)A(ﬁ)
<C|t[4* @l mllp +C ] A = (@I 74l

+

k=2 k=2
E exp{it > J— [ T Eexp(itn)

1=1 1=1

1 1

(T)A(?) K
<cClt|a 2@ 22 @) 0 nll,.
1=1

This completes the proof of the lemma.

n
Lemma 3.5. Let {b,,1<i<nn>1} be an array of real numbers such that Zbﬁizozwn) and
i=1

2+

MaX1<j<n bﬁi =0(B,), where A, and B, are some positive numbers. Suppose that E|eg |*“ <o for some §>0 and

a(n) = O(n_’1 for some A>(2+38)/6. Thenforany n>1,

2
P(lzbnigi |>7n+|njgc 7n+[lalzbni | z #j |J ;

i=1 i=L  [jl>n
P[

where |, are positive numbers and y, =(n°A,BY + AYT)YCH2?) for some 0<r<ws-6-2)/(Qu+5+2) and any
€ >0.

and

n
> briei

i=1

>7n]SC7/na
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Proof. We only prove the first inequality, and the second one is completely analogous. According to the definition of &;,

we have that
n
>7q [+P >0 |-

Db D disi _Zibni%: Piti—j
i= jl>n

i=1 i=1  |jl<n

n
P(| meé‘i |> ’n +|nlﬁ P[

By Eei2 <oo and Markov's inequality, we have

2
P[ani Z ¢jei_j >|nJS|g2E{ani z ¢jei_j >|nJ
i=1  |jj>n

i=1  |jj>n

<|_2E(an|1 | anlz | z ¢Jle|l i z ¢12el2 i2

|

ip=1 ip=1 [jzl>n li2l>n
2
-1 n
= In ani| Z|¢J|
i=1 [j>n
Note that
n min(n,n+l)
Db D dieij = Z > bude.
i=1  |j>n I=1-ni=max(1,1-n)
Applying Lemma 3.1  with r=2+2z, n=956-2z. Noting  that Eleg |2+5< 0 and

0<7<(L6-0-2)1Qw+5+2)<5/2 implies (2+06)/6<(2+0)L+7)/(0-20)=r(r+n)/(2n) <y,
we have

2 ) 2n  min(n,n+l) 22t
me D diei-j|> E[ Y. Y budiae
i=1  |j}>n 1=1-ni=max(1,1-n)
1+
2.2 2n | min(n,n+l) Zrot2r 2n | min(n,n+l) 21"
SO Y. bnidg + D Bri i
I=1-n|i=max(d,1-n) 1=1-n|i=max(1,1-n)
. 242427 . 2T
oo | s 2n | min(n,n+l) 2n | min(n,n+l)
<Crnp B Z Z bnidi_i + Z Z Bni i
I=1-n|i=max(L1-n) I=1-n|i=max(L1-n)

on 1+7
<Cyn 2727 IR} Z b2 (Z bﬁiJ <Cy,,
|

I=1-n =1-n

Where the inequality in the last line above follows from (aniqh )2 < Zké,_, | and changing the order of simulation.
i i
The proof is completed.
Lemma 3.6. Under the assumptions of Theorem 2.1, the following statements hold.

(i) E(Dy)® <Clp. E(Dy)* <Clp, (Ty'Ap)® <Clgy
(ii) Let wgn = (V20 > i D? and ys, = (logn Y p; )*'3. Then

[il>n| [j>nl
(8) P( Dy > (0 yan +yan HVCE)) < Ty, +yin)VE)) for any €>0;
(b) P( Dy [> (" oy +12 )W 2)) <Cnypy +yaiT V) for any e >0;
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(©) P( Tt yzn [> 2072020 1y ) <OV E2D 1y,

(d) P(l Falllsn |> (near%T{L |0922'+2 n+a’[+l |092’['+2 n)l/(3+2’[) +l//5n)
< C((nEar%T-HL |092T+2 n+ anT+1 Iog2T+2 n)l/(3+2T) +l// ))

(e) P(| FH]-IZn |> (near%‘['+l |0922'+2 n-+ an+1 |0922'+2 n)ﬂ(3+22') + 2b(2+21’)/(3+22’) +l// + 21//5n)
< C((néaﬁﬁl |0921+2 n +ar2]r+1 |0g22'+2 n)l/(3+2‘r) +b£2+2r)/(3+22’) +Wan + Ve ))’

() POTy Ao > (v37) < Cprs

(@) 1T g0 I< o 0y logn+n?h7).

Proof. (i) Applying Lemma 3.2 with p=q=2+¢6 and Holder's inequality, we have by E|e0|2+‘S
A(n)=0(n*) for A>(2+5)/5, (Al) (iii) and (1.2) that

"o k |m+‘1+1 min(n,n+|) 2
(D) =E2 2 > Uidaf

i=1l I=ly i=max(1,1-n)
k Im+q+l i)A(i k Im+q+l min(n,n+|) 2/(2+5)
<1416 Y se" o > > 2 > uidiae P
m=1 I=ly m=1 l=ly i=max(LI-n)
2
» k Im+a+1( min(n,n+l)
SCr™p 20| 2 uidia
m=l I=ly \i=max(1,1-n)
<Ckq/ p=Cuyyy,. (4.7)

Similarly, we have by Lemma 3.2 and H 6 Ider's inequality again that

oo 2n 1 min(n,n+l) 2
E(D,)" =E > Lt udap
I=k(p+q)+1-n i=max(1,1-n)

. 2
5 2n min(n,n+1)
< CFn z Z Ui¢|_|

I=k(p+q)+1-n\ i=max(d,1-n)

<Cp/n=Cyyp.

Moreover, we have by E|eg |2+5< oo and (Al) (iii) again and I2>Cn that

2
E(Ty )2 =T 2E iui > mm]

i1 [j>n

<TR2E[ Y| Y i, |

i=1 ip=1

Z $aP-ir Z $2%a- i

[i}>n li2l>n

|

2
<Cr2 [ il > 'J

i=L  |jbn

an{Zm |J =Cés,

[i>n
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Hence (i) has been proved.
(i) The inequalities (a)-(e) can be proved by applying Lemma 3.5. Now we will verify them one by one.

k Im+qg+l min(n,n+l)
() Noting by (A1) (iiiythat > > (' > ug,)?<Cq/ p=0(y1,)
m=1l I=ly i=max(1,1-n)
min(n,n-+l)
and max (1";1 Z ui¢,_|)2 =0(nY), the result follows immediately form Lemma 3.5.
i=max(1,1-n)
2n min(n,n+l)
(b) Similarly, noting additionally that Z (1";1 z ui¢,_1)2 <Cp/n=0(y,,), we have by Lemma 3.5
I=k(p+qg)+1l-n i=max(1,1-n)

again that the result follows.

n
(c) Note that I',Mlyo, = > I e, Therefore, we have
i1

~ _ n 1.~ n 1.~
MaxXy<i<n (T )? =0(02)2, 3 (I7h)2 =0(2), and > ITpth = O(n!2b2).
i=1 i=1
Let 0<e<7, we have Lemma 3.5 again that

P(l FHlIlZn |> 2b'g2+2‘[)/(3+22') + '//4n) < P(| FﬁlllZn |> (nE—Tb§+2T +b§+2‘[)1/(3+2‘[) +l//4n)

<CER@RERD) Ly,

n n n
(d) Observe that ThMyg, = > (Tpt Y Wy (6)u;)e = Y by Utilizing the Abel Inequality (see Mitrinovic, 1970,
i1 = i-1
Theorem 1, p.32), we have by (Al) and (A3) that

2
m
D Ui J =0(a2log® n),

i=1

2 -2 2
MaXq<j<p Bini < CTy” MaXyq j<n W (4 ){maxﬁmm

E

Uji

2
] =0(a, Iog2 n),

n n
2 )
D bini <CTR” maxqq j<n Waj () MaXqjen D Wy (ti)[maXKm<n

i=1 i=1 1

and

m
2.Uj;

i=1

n n
2 —2

zblni < CFn max]sjsn Zan (ti ) MaXi<m<n

i=1 i=1

=0O(logn).

Thus the result follow from Lemma 3.5 immediately.

n n
(e) It follows & = x; —ani (t)xj =u; +hy —ngs (tj)us that

j=1 s=1
. L n n PP U
ITR N TR YU | 20D Wy (t)e || +Tn 2 hi| D0 D Wy (t)s]
i1 (j=1j=L T

+

ot n {Zn:wns(ti )UsJ ian (t; )81}
=i

i=1\s=1

Z(Fﬁlzwnj (tl )UJ }J +

i=1 j=1

Z{FElZan (ti)ﬁi},-

i=1 j=1

+
i=1 j=1

Z{F#an,- (ti)[ wns(ti)us}},-
s=1
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n n n
= D bonici [+1 > banigi | +1 D banici |-

i=1 i=1 i=1
Similar to the proofs of (c) and (d), we have

n n
Maxy<i<n b3y = O(a log® n), Y b3 =O(aj log? n), > b3, =O(logn);
i=1 i=1

Max<j<n bni = O(nb3), itém =0(b?), ibszni =o(n2p,);

i=1 i=1

n n
MaXy<i<n bini = O(aj log? n), Y "biy =O(aj log? n), D" biy |- O(logn).
i=1 i=1

Choosing 0<e <z, we have by Lemma 3.5 again that

P(l l—;ll n |> (n a22'+1 |0g21'+2 n+ ar2;+l |092T+2 n)1/(3+21') + 2br(]2+22')/(3+2‘[) + l//4n + 2l//5n)

n
<P
i=1

2 banici
w[

n
+P
1

-n a21+1 |0921+2 n+ a§r+l |0921+2 n)l/(3+22') I V/Snj

n

D baniéi

i=1

S (ne—rb§+21 n br%+2f )1/(3+21) 4 l//SnJ

zb4ni5|

)

-n a21-%—1 |0921+2 n+ aﬁﬁ—l IOQZH—Z n)1/(3+22') 4 V/SnJ

sc(n a2 10g2 2 4 27 |og 2+ 2 nyV(3+20) |y )

(f) The inequality (f) can be derived immediately by (i) and Markov's inequality.
(9) It follows from the Abel Inequality and Remark 2.1 again that

- z@+hzmmmﬁ

-1
|F I3n

i=1 s=1

m
1 - ~ _
< CIy (MaXasicy | Gi | MaXqgicn | D Uj; [+ NMaXagi<n | By | MaXy<icn | Gi |

i=1
n m
+MaXyci<n | Gj | maXi< j<n ngj () maXq<i<n zuji )
i=1 i=1

< ¢y (b, logn+ nﬂzbﬁ).
The prove is completed.

Lemma 3.7 Let sﬁ = ZVar(ynm). Then under the assumption of Theorem 3.1, we have

m=1

2 1/2 1/2
|52 11O (pin” +3 +wi +u(@)

Proof. Similar to Lemma 3.6 in Liang and Fan (2009), we can complete the proof of the lemma. The details are omitted.
Assume that {77, :1<m<k} are independent random variables and 7,,, has the same distribution as that of y,,,, f

k k k
each m=12,-k. Let Ty=> nym, then D Var(ym)= . Var(ymm) = s2.
m=1 m=1 m=1
Lemma 3.7 Under the assumptions of Theorem 3.1, we have

sup| P(Ty /sy <u) = @(u) |= O(w3n)-
u
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Proof. We have by Berry-Esseen inequality (Petrov, 1995, p.154, Theorem 5.7) that

SUPI P(Ty / sp <u)—D(u) |<CZ E [ [2427 152727,
m=1

Applying Lemma 3.3 with r=2+27, n=45-2r and noting that E|eg, |2+5s oo, Wwe have by choosing € € (0,7] that

k k
2+2 2+2
ZE|77nm|+r:ZE|ynm|+T

m=1 m=1
2o k Km+p-1| min(n,n+1) 242t Km+p-1| min(n,n+I) 2
<CIR 2 Y 4 pf > Ui o+ Uidh-i
m=1 I=kpy |i=max(1,1-n) I=kpy |i=max(L,1-n)

k
<CrR? 20 Y (p + pH7) <On ™ hkp!™ = O(p5),
m=1

which together with sﬁ —1 from Lemma 3.7 yields that
sup | P(Ty /sy <) =D (u) [= O(w3n)-
u

The prove is completed.
Lemma 3.8 Under the assumptions of Theorem 3.1, we have

sup | P(D,’ < u)—P(T, <u)|=O(w3, +(np 2(@)"*).

Proof. Suppose that ¢(t) and ‘W(t) are characteristic functions of D;] and T,, respectively.
We have by Esseen inequality (Petrov, 1995, p.146, Theorem 5.3) that forany T >0,

sup| P(D,’ <u)—P(T, <u)|<j ‘(D(t) \P(t)‘dt+Tf|y|SC/T|P(Tnsu+y)—p(Tnsu)|dy

= Apn +Aon.
Applying Lemma 3.4 with r=s=2 and Lemma 3.2 with p=q=2+4, and similar to the proof of (3.2), we have by
E|ey[*P<oo that

Kk k
E exp{it z Ynm}_ H E eXp{itynm}

m=1 m=1

lp(®) =Y =

1 1
(27)/\(7)
<Clt|2 2™ @) Il Yol
1=1
1 1

(Z)A(ﬁ) k 2 2
<Clt|4 @2 (Eynm)
1=1

1/2
2/(2+5)
1 (zi)A(zi) k | km+p-1 min(n,n+) 2+7
<C|t|["A <~ ﬁ(q)z Z E Z Ud e
=1 I=kmy i=max(1,1-n)
1 2 1/2

I=1| I=kp \li=max(l,I-n)

1 .
(ZIAG=) k| km+p-1{ min(n,n+l)
<CltinV2p 20 gy Y [ 2 ui¢i—|e|]



40 Sallieu Kabay Samura: Berry-Esseen Type Bound in Partially Linear Regression Model under Mixing Sequences

12 (%)A(zi) )
<Clt|nY21 24" 25 (q)kp

<Clt] (p @),
which implies that A, < CT(np_lﬂ(q))yz. On the other hand, from Lemma 3.7 and we have

sup | P(T, Su+y)—P(T, <u)[<sup | P(T, /s, <U+Yy)/s,)—D(u+y)/sy)|

u u

+sup | P(T, /sy Sulsy)—@(u/sy)|
u

+sup | D((u+y)/sy)-®u/s,)]

u

which derives that Ay, <C(w3, +1/T). By choosing T = (np‘l/l(q))_]”, we can obtain that
sup| P(Dy’ < u)—P(Ty <u) |= 0wy + (np~ A(@)).
u

This completes the proof of the lemma.
Proof of Theorem 3.1 We can observe that

SEBn-P) = %iei — D %

i=1 i=1 i=1

n n
[anj t)e; }rzf(iGi =gy +1lon + 13-
i1

It is easy to show that

n n n n
lin = D Ui + ) hié; _Z(anj (t)u; }j = ly1n + l1on + 30,
i-1 i-1

i=1\i=1

and
n n n n
|11n :ZUi z ‘Pjei_j+2ui Z‘Pjei_j = AI.FI+A2FI'
i1 j=n i=l |jP>n
By changing the order of summation, we obtain that
1 1 n n 1 2n min(n,n+l) 2n
TnAn =Ty 2 Ui > Wie_j=Tn > > Uidi Bi= ) Zu-
i=1  j=-n 1=1-n\ i=max(1,1-n) 1=1-n
Let k=[3n/(p+0a)], kp=(Mm-)(p+a)+1-n and |, =ky,+p, m=12.--k. Denote
Km+p-1 . Km+p-1 . 2n
Yom = Z Znts Yom = Z Znis Yk = Z Zn,
1=k I=kpm I=k (p+0)+1-n
’ k " k ’ " "
Dn = Z Ynm: Dn = Z Ynm Dn = Ynk-
m=1 m=1

The we have that
S2(By—P) w4
=D + Dy + Dy T (Ao + lyan + lign + lon + 130).

I'n

It follows from Lemma 3.7-3.9 that
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sup | P(D, <u)—d(u) |<sup | P(D, <u)—P(T, <u)]
n u

+sup | P(T,, Su)—®(u/sy)|+sup | D(u/s,)—D(u)|
u u

<Clygn +(p 2@ +y3+1 55 -11157]
< Cly3n + (0 2N + vy + /30 + i +u(@)].
Consequently, from (3.1), Lemma 3.1 and Lemma 3.6, we have

(s 2B -B) ]_(D(u)

sup

u n

=sup| P(Dp + Dy + Dy + " (Agn + 20 + 130 + 120 + 130) <U) — () |
u

<sup | P(Dy, <u)—d(u)|
u

1 _
I {(ne Tl//ln +l//%;r)1/(3+27) +(nf TV/Zn +W%—;T)1/(3+21))+4br(|2+27)/(3+21)
N27

+3(n“a2 ™ 10g?™ 2 n+ a2 log? 2 nyVC+20) 4y A3 4y, 4+ 3, + o (b, logn+nY2h2)}

" " -1
+P( Dy + Dy + 7 (Agn + lign + l1an +12n +13n) |

( 1+7 )l/(3+21') + (nE T

Wi+ )1/(3+27) + 4bn2+2T)/ (8+27)

Won +

+3(n‘a2 log? 2 n+a2" " log? 2 n)ll(3+2’) +yAl2 4y + 3y, +Co (b, logn+nt2b2))

<Cyan +uan )P i+ (0 Ty +y Y ) gy +uan +u@)
+(np—1l(q))]f4 + (2+2T)/(3+2T) +(n€ar2]T+l |0927+2 n +a§‘l’+1 Iog2‘l'+2 n)1/(3+2T) +bn |Og n+ nl/Zbr%)

=O(tan + Hon)-

The proof of the theorem is completed.
To prove Theorem 2.2, we need the following lemmas.
Lemma 3.8 Under the assumption of Theorem 2.2, the following statements hold.

(i) EU11)* <Crin, EQ11n)? <C(r20)? <Crp.
(i) P( I11n [> (" 7anan + 71"V 2) <C g+ )2 for any e >0,
and
P( 110 > (N 72na5 + 7350V C) <C(npanan + 7507 )/ G2 for any >0,
(iii) Let y4,=n 1@ M) +a 2Iogn Then

- 2+06)/(3+6 2+08)/(3+6
| I3n 1€ C¥ani P( o |>74(1n+ )M (3+ ))<C74(1n+ )/(3+8)

n
Furthermore, if |ZWni(t)xi |=O(¢,) for some positive numbers ¢,, then
i=1

| 330 £ CO7O, () i= Crans P( Ian > (7an) Fr/BH0) <C(y,,)@HOVEFO),

Proof. (i) Similar to the proof of (3.2), we have by @, (t) = O(@ﬁ (), (Ag)(ii)and E|ey |2+5< oo that
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5 k Im+9-1 ) min(n,n+l) 2
EQfin=E{>. > (07 > Wu()¥iy kg
m=l I=ly i=max(L,1-n)

IA

Im+9-1 { min(n,n+)

2
k
cYy > em X vvm(t)\vi_lj

m=l I=ly i=max(L,1-n)

< Ckajan (t) < Cnop '@, =Cryp,.

Similarly,
_— 2n 2 min(n,n+l) 2
E(un) <C > 65() D> Wy()¥is | <Cpa, =Cyap.
I=k(p+q)+1-n i=max(1,1-n)

n
Noting that » Wj;(t) =1, analogous to the proof of (3.3) we have E(Jpon)? < @ﬁ(t)(z ¥ N2 =7a,
i=1 [i>n

(ii) Noting that

k Im+g-1 ) min(n,n+l) 2 1

> Oh(t) D, W)Wy | <Ckapa, =0(1,)

m=1l I=ly i=max(1,1-n)

and
min(n,n-+l) 2
2 —
max | ©p(t) >, Wn()¥ia | =0(a),

i=max(1,1-n)

the first inequality follows immediately form Lemma 3.5.
Similarly, noting that

min(n,n-+l)

2
k 2n
> > [@ﬁ(t) > Wm(t)\Pi_lJ < Cpay, (t) < Cpay, = 0(y2n),

m=11=k(p+q)+1-n i=max(L,1-n)
we can also get the second one from Lemma 3.5.

(iii) Observe that a, (log n)2 —0 since g5, — 0 in Theorem 2.1, the proof of (iii) can be easily obtained by following
the proof of Lemma 3.9 in Liang and Fan (2009). The details are omitted here.

k
Lemma 3.11. Let sfn = Y Var(ypm)- Then under the assumptions of Theorem 2.2, we have
m=1

|5, ~1I= 002 + Y32 + 732 +u(q)).

Proof. Similar to the proof of Lemma 3.10 in Liang and Fan (2009), we can prove the lemma.
The details are omitted.
Assume that {K,, :1<m <k} are independent random variables and k,,, has the same distribution as that of y,,, for

k k k
each m=12,-k. Let Ty = kny, then Y Var(xpy)= D Var(kym) = b
m=1 m=1 m=1
Lemma 3.12 Under the assumptions of Theorem 2.2, we have
sup | P(Tyn / 81 <) =@ (u) |= O(y2p).-

u

n
Proof. Note that a, (t) = O(®ﬁ (). Eleg |2+5< oo and ngi (t) =1. Similar to the proof of Lemma 3.8, we have by
i=1

Lemma 3.3, (O Wa2()[Wi D? <> Wyi(®)| Wiy | > ¥is | and changing the order of summation that
i i i
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k k
242 242
ZE|Knm|+T:zE|an|+T

m=1 m=1
1
y o d | mrg-d) mingnel) 2420 qe1| min(n,ne) 277°
<COTT(M) D 1P D > WaWia| o+ > Wi)Yia
m=1 1=l [i=max(L1-n) =l |i=max(L1-n)
K Im+9-1  min(n,n+) ) Im+9-1  min(n,n+l) 5
SCYAPon®) 21 2 Wai®¥i) +(pan®)” X 1 D Wy()Wis)
n=1 =l i=max(1,1-n) =l i=max(1,1-n)

2
< (peon ()" 2 W (t){ 21 IJ <C(pay)” =0(rzn).

i=1 j=—0
which together with slzn —1 from Lemma 3.11 yields that
sup | P(Tyn / 1 <u) = ®(u) |= O(y3p)-
u

The proof is completed.
Lemma 3.13 Under the assumptions of Theorem 2.2, we have

sup | P(Jy3n” <U) — P(Tyy <U) [= O3, +(n®ptap (@)Y ™).

u

Proof. Suppose that ¢ (t) and W¥(t) are the characteristic functions of Jiln and Ty,, respectively. Similar to the
proof of Lemma 3.9, we have

k k
lo(t) =¥ (0) |=|Eexp{it D zom}— ] [ Eexplitzam}

m= m=1
ESERE
<Clt|2 2 22 (@)D zomla
1=1
(i)ﬂi) K
<C|t]4 @Y (Exam)
1=1
1/2
(L)/\(i) k | km*p-1( min(n,n+l) 2
~1,°2a’ 28
<Cltjey4 @Y X Y uidie
1=l I=ky \li=max(L,l-n)

C)AGD)
<Clt|(n*p e A(a)”?,
together with Lemma 3.11 and 3.12 yield that

sup | P(Jy3’ <U) = P(Tyy <U) [= 075, + (0% ptap (@)Y ).

u

This completes the proof of the lemma.
Proof of Theorem 3.1 We have that
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Gn (1) —EG, (1)
®n (t) i=1 i=1
= ‘]ln + Jzn + Jgn.
Note that
1 n
Jin = Op (0D Wi ()
i=1 j=-n

and

2n
i =651 D ( >

min(n,n+l)
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=0,'(t) (ani O + 2 Woi (% (8= Fn) + 2 Whi (0% (E B, ﬁ)}
=

n
Z ‘I’jei_j + z leei_jJ:: Jlln+‘]12nl

[j>n

2
Uiﬂ—l]

2n
€ = Z Snl -

1=1-n\ i=max(1,1-n) 1=1-n
Similar to the decomposition for FﬁlAm, we denote
Km+p-1 , Km+p-1 . 2n
Xnm = Z Snl» Xnm = Z Snl» Xnk = Z Snl»
1=Ky, 1=l I=k(p+q)+1-n

’ k " k ’ " "

Jin = Z XZnm» J11n = Z Znm J11n = Znk-

m=1 m=1

Then we have that

dn () —Egn (V)
On ()

we have by Lemma 3.11-3.13 that

=J11n + 110 + J11n + J12n +d2n +J3n.

sup | P(Jy3n < U) —D(u) |< Cly5, + (02 p~tag )Y + o + 750 + 750 +U(Q)].

n

which together with (3.4), Lemma 3.1 and Lemma 3.10 yields that

P[@n(t)— Egn(0) _ u]_q)(u)
n ()

sup
u

! 1 1+7
<sup | P(Jqqy SU)—D(U) | +—=—={(n“ppal +y
u 11n \/E In%n In

1+7\1/(3+2 3
+H(nyanals + 7 WO 4 3 oy +1 5

(2+27)/(3+27)

NUERD

" 1 2
3+ P( 3110 B> (Npanaf + a7 )Y E20))

1 3+2 2+3)/(3+5
+P(| 31 [> (072085 + 7 Y2 ) 4 P 3o [> 732) + P( Jgp [> 73270V 340Dy

2 1/(3+2 2
<COAL +(n“pnaf + 7 VG2 4 gk 482 4 (nypnal +

2 1 (2+6)/(3+5))

+raE +u(g)+ (n?plag )l + 42

=O(tan + Hon)-

The proof is completed. [2

(3]
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