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Abstract  The problem of characterizing a distribution is an important problem in applied sciences, where an investigator 

is vitally interested to know if their model follows the right distribution. To this end the investigator relies on conditions under 

which their model would follow specifically the chosen distribution. In this work, we present certain characterizations of the 

new two-parameter Poisson-Sujatha distribution introduced by Shanker et al. (2020) with the intention of completing, in 

some way, their work. These characterizations are based on the conditional expectation of certain function of the random 

variable and in terms of the inverse hazard function. 
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1. Introduction 

Characterizations of distributions is an important part of 

the distribution theory which has attracted the attention of a 

good number of researchers in applied sciences, where an 

investigator is interested to know if their data follows the 

appropriate distribution. To this end, the investigator relies 

on the conditions under which their data would follow 

specifically the chosen distribution. 

Shanker et al. (2020) introduced a new discrete probability 

model called New Two-Parameter Poisson-Sujatha (NTPPS) 

distribution which includes Poisson-Sujatha and Poisson 

Akash distributions. They argued that such a distribution   

is needed in the case of over-dispersed count data sets.     

In this very short note, we present certain characterizations   

of the NTPPS distribution, for simplicity, with parameters 

1 < 𝛼 < 2, 𝜃 =
𝛼−1

2−𝛼
, based on: (i) the conditional 

expectation of certain function of the random variable and (ii) 

in terms of the reverse hazard function. The main goal here is 

to complete, in some way, the work of Shanker et al. (2020). 

The cumulative distribution function (cdf), 𝐹 𝑥 ,  the 

corresponding probability mass function (pmf), 𝑓 𝑥 , and 

the reversed hazard function, 𝑟𝐹 𝑥 ,  of the NTPPS 

distribution are given, respectively, by  

𝐹 𝑥; 𝛼, 𝜃 =
𝐶

 𝜃+1 3
 ‍𝑥

𝑢=0
 𝑢+𝑎 2

 𝜃+1 𝑢
,    𝑥 = 0,1, . . .,     (1) 

𝑓 𝑥; 𝛼, 𝜃 =
𝐶

 𝜃+1 3 ⋅
 𝑥+𝑎 2

 𝜃+1 𝑥
,      𝑥 = 0,1, . . .,        (2) 
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𝑟𝐹 𝑥 =
 𝑥+𝑎 2

 𝜃+1 𝑥  ‍𝑥
𝑢=0

 𝑢+𝑎 2

 𝜃+1 𝑢

,      𝑥 = 0,1, . . .,         (3) 

where 1 < 𝛼 < 2, 𝜃 =
𝛼−1

2−𝛼
 are parameters, 𝐶 =

𝜃3

 𝜃2+𝛼𝜃 +2 
 

is the normalizing constant and, for simplicity, 𝑎 =
3−𝛼

2−𝛼
. 

2. Characterization Results 

Proposition 1. Let 𝑋: Ω → ℕ∗ = ℕ ∪  0  be a random 

variable. The pmf of 𝑋 is (2) if and only if  

𝐸   𝑋 + 𝑎 −2 |𝑋 ≤ 𝑘 =
 𝜃+1 𝑘+1−1

𝜃 𝜃+1 𝑘  ‍𝑘
𝑥=0

 𝑥+𝑎 2

 𝜃+1 𝑥

 ,   𝑘 ∈ ℕ∗,  (4) 

Proof. If 𝑋 has pmf (2), then the left-hand side of (4), 

using the formula for the finite geometric series, will be  

 𝐹 𝑘  
−1

 ‍

𝑘

𝑥=0

 
𝐶

 𝜃 + 1 3
⋅

1

 𝜃 + 1 𝑥
  

=
 𝜃 + 1 𝑘+1 − 1

𝜃 𝜃 + 1 𝑘  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

,     𝑘 ∈ ℕ∗. 

Conversely, if (4) holds, then  

 ‍

𝑘

𝑥=0

   𝑥 + 𝑎 −2 𝑓 𝑥   

= (𝐹 𝑘 )
 𝜃+1 𝑘+1−1

𝜃 𝜃+1 𝑘  ‍𝑘
𝑥=0

 𝑥+𝑎 2

 𝜃+1 𝑥

.        (5) 

From (5), we also have 
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 ‍

𝑘−1

𝑥=0

   𝑥 + 𝑎 −2 𝑓 𝑥  = (𝐹 𝑘 − 1 )
 𝜃 + 1 𝑘 − 1

𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

 

=  𝐹 𝑘 − 𝑓 𝑘  .                                         (6) 

Now, subtracting (6) from (5), we arrive at  

(𝐹 𝑘 )  
 𝜃 + 1 𝑘+1 − 1

𝜃 𝜃 + 1 𝑘  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

−
 𝜃 + 1 𝑘 − 1

𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

  

=   𝑘 + 𝑎 −2 −
 𝜃 + 1 𝑘 − 1

𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

 𝑓 𝑘 . 

or 

(𝐹 𝑘 )  
  𝜃 + 1 𝑘+1 − 1  ‍𝑘−1

𝑥=0
 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 −  𝜃 + 1   𝜃 + 1 𝑘 − 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

𝜃 𝜃 + 1 𝑘  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

  

= 𝑓 𝑘  
 𝑘 + 𝑎 −2𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1

𝑥=0
 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 +  1 −  𝜃 + 1 𝑘 

𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

 , 

or  

𝑓 𝑘 

𝐹 𝑘 
=

1

 𝜃 + 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

× 

 
  𝜃 + 1 𝑘+1 − 1  ‍𝑘−1

𝑥=0
 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 −  𝜃 + 1   𝜃 + 1 𝑘 − 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

 𝑘 + 𝑎 −2𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 +  1 −  𝜃 + 1 𝑘 
  

=
1

 𝜃 + 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

× 

 
  𝜃 + 1 𝑘+1 − 1  ‍𝑘−1

𝑥=0
 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 −  𝜃 + 1   𝜃 + 1 𝑘 − 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

 𝑘 + 𝑎 −2𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 +  1 −  𝜃 + 1 𝑘 
 . 

After some rearranging the terms and simplifying, we arrive at  

𝑓 𝑘 

𝐹 𝑘 
=

1

 𝜃 + 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

× 

 𝑘 + 𝑎 2

 𝜃 + 1 𝑘−1   1 −  𝜃 + 1 𝑘 +  𝑘 + 𝑎 −2𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 

  𝑘 + 𝑎 −2𝜃 𝜃 + 1 𝑘−1  ‍𝑘−1
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥 +  1 −  𝜃 + 1 𝑘  
 

=
1

 𝜃 + 1  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

×
 𝑘 + 𝑎 2

 𝜃 + 1 𝑘−1
 

=
 𝑘 + 𝑎 2

 𝜃 + 1 𝑘  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

. 
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From the last equality, we have  

𝑟𝐹 𝑘 =
𝑓 𝑘 

𝐹 𝑘 
=

 𝑘 + 𝑎 2

 𝜃 + 1 𝑘  ‍𝑘
𝑥=0

 𝑥 + 𝑎 2

 𝜃 + 1 𝑥

, 

which, in view of (3), implies that 𝑋 has pmf (2). 

Proposition 2. Let 𝑋: Ω → ℕ∗ be a random variable. The pmf of 𝑋 is (2) if and only if its reverse hazard function, 𝑟𝐹, 

satisfies the following difference equation 

𝑟𝐹 𝑘 + 1 − 𝑟𝐹 𝑘 =
 𝑘+1+𝑎 2

 𝜃+1 𝑘+1  ‍𝑘+1
𝑢=0

 𝑢+𝑎 2

 𝜃+1 𝑢

−
 𝑘+𝑎 2

 𝜃+1 𝑘  ‍𝑘
𝑢=0

 𝑢+𝑎 2

 𝜃+1 𝑢

,    𝑘 ∈ ℕ∗,                    (7) 

with the initial condition 𝑟𝐹 0 = 1. 

Proof. Clearly, if 𝑋 has pmf (2), then (7) holds. Now, if (7) holds, then  

 ‍

𝑘

𝑥=0

 𝑟𝐹 𝑥 + 1 − 𝑟𝐹 𝑥  =  ‍

𝑘

𝑥=0

 
 𝑥 + 1 + 𝑎 2

 𝜃 + 1 𝑥+1  ‍𝑥+1
𝑢=0

 𝑢 + 𝑎 2

 𝜃 + 1 𝑢

−
 𝑥 + 𝑎 2

 𝜃 + 1 𝑥  ‍𝑥
𝑢=0

 𝑢 + 𝑎 2

 𝜃 + 1 𝑢

 , 

or 

𝑟𝐹 𝑘 + 1 − 𝑟𝐹 0 =
 𝑘 + 1 + 𝑎 2

 𝜃 + 1 𝑘+1  ‍𝑘+1
𝑢=0

 𝑢 + 𝑎 2

 𝜃 + 1 𝑢

− 1, 

or, in view of the initial condition 𝑟𝐹 0 = 1, we have  

𝑟𝐹 𝑘 + 1 =
 𝑘 + 1 + 𝑎 2

 𝜃 + 1 𝑘+1  ‍𝑘+1
𝑢=0

 𝑢 + 𝑎 2

 𝜃 + 1 𝑢

,        𝑘 ∈ ℕ∗, 

which is the reverse hazard function corresponding to the pmf (2). 
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