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A Zero-Truncated Poisson-Amarendra Distribution and
Its Application
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Abstract In this paper, a zero-truncated Poisson-Amarendra distribution (ZTPAD), a zero-truncation of
Poisson-Amarendra distribution (PAD) of Shanker (2016 b) has been introduced and investigated. A general expression for
the rth factorial moment about origin has been obtained and thus the first four moments about origin and the central moments
have been given. The expressions for coefficient of variation, skewness, kurtosis, and the index of dispersion of the
distribution have been presented and their graphs for varying values of parameter have been given. The condition under
which the ZTPAD is over-dispersed, equi-dispersed and under-dispersed has been compared with that of zero-truncated
Poisson-Lindley distribution (ZTPLD) and zero-truncated Poisson-Sujatha distribution (ZTPSD). The method of maximum
likelihood estimation and the method of moments have been discussed for estimating its parameter. Application of ZTPAD to
a real data set has been given and its goodness of fit has been compared with zero-truncated Poisson distribution (ZTPD),
ZTPLD and ZTPSD.

Keywords Zero-truncated distribution, Poisson-Amarendra distribution, Poisson-Sujatha distribution, Poisson-Lindley
distribution, Moments, Mathematical and statistical properties, Estimation of parameter, Goodness of fit

1. Introduction

Zero-truncated distributions, in probability theory, are certain discrete distributions whose support is the set of positive
integers. When the data to be modeled originate from a mechanism which generates data excluding zero counts,
zero-truncated distributions are the suitable models. A typical example where zero-truncated discrete distributions are useful
in medical science is the modeling of duration (in days, months, or years) of patients in hospital. In ecology, zero-truncated
discrete distributions are used to model data relating to counts of fin rays on fish, dolphin group size, and age of animals in
months or years. In sociology, these distributions are used for modeling group size of human being at park, beach or public
places. Now a day, zero-truncated distributions have applications in almost every branch of knowledge including biological
science, medical science, psychology, ecology, demography, political science etc.

Suppose £, (x ; 6’) is the original distribution. Then the zero-truncated version of F, (x ;0 ) is defined as

P(x;@):M ix=12,3,... (1.1
1-£,(0;0)
The Poisson-Amarendra distribution (PAD) having probability mass function (pmf)
o* x3+(9+7)x2+(02+50+15)x+(03+492+70+10)
PO(X;G)=93+02+2¢9+6 (0+1)™ ;
x=0,1,2,3,... >0 (1.2)

was introduced by Shanker (2016 b) to model count data in different fields of knowledge. The PAD arises from the Poisson
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distribution when its parameter A follows Amarendra distribution introduced by Shanker (2016 a) with probability density

function (pdf)

04
/(%:0) 0 +6*+20+6

Detailed discussion about its various mathematical and statistical properties, estimation of parameter and applications for
modeling lifetime data has been mentioned in Shanker (2016 a) and shown by Shanker (2016 a) that (1.3) is a better model
than the exponential distribution, Lindley (1958) distribution and Sujatha distribution of Shanker (2016 c¢) for modeling
lifetime data from engineering and biomedical sciences. Shanker and Hagos (2016 a) has discussed the applications of
Poisson-Amarendra distribution in different fields of knowledge and concluded that in majority of data sets
Poisson-Amarendra distribution gives better fit than Poisson, Poisson-Lindley and Poisson-Sujatha distributions.

The motivation for considering ZTPAD is that Amarendra distribution has been shown to be a better model than
exponential, Lindley and Sujatha distributions and Poisson-Amarendra distribution (PAD) has also been shown to be a better
model for discrete data than Poisson-Lindley distribution (PLD and Poisson-Sujatha distribution (PSD) and for these reasons
it is expected that ZTPAD will give better fit than ZTPD, ZTPLD and ZTPSD.

In this paper, a zero-truncated Poisson-Amarendra distribution (ZTPAD) has been proposed by taking the zero-truncated
version of Poisson-Amarendra distribution (PAD) introduced by Shanker (2016 b). The first four moments about origin and
the central moments of ZTPAD have been obtained and thus expressions for coefficients of variation, skewness, kurtosis, and
index of dispersion have been given. Estimation of its parameter has been discussed using maximum likelihood estimation
and method of moments. Finally, an application of ZTPAD to a real data set has been given to test its goodness of fit over

zero-truncated Poisson distribution (ZTPD), Zero-truncated Poisson-Lindley distribution (ZTPLD), and zero-truncated
Poisson-Sujatha distribution (ZTPSD).

(1+,1+,12+/13)e-“ 1>0,0>0 (1.3)

2. Zero-Truncated Poisson-Amarendra Distribution
Using (1.1) and (1.2), the pmf of zero-truncated Poisson-Amarendra distribution (ZTPAD) can be obtained as
X +(6+7)x° +(¢92 +50+15)x
0* +(03+4H2+70+10)
0° +56° +140* +416° +450* + 260 +6 (6+1)"

R(x;0)=

b

x=1,2,3,.,0>0 @.1)

The nature of a distribution such as coefficient of skewness, kurtosis, and index of dispersion depends on the moments. In
case of ZTPAD it seems a little bit difficult and complicated to obtain moment directly. To obtain raw moments in easy way
firstly the pmf of ZTPAD has been obtained by mixing size-biased Poisson distribution (SBPD) with an assumed continuous
distribution. Since the parameter of the Poisson distribution assumes nonnegative values, it has been assumed that the
parameter of the Poisson distribution follows a continuous distribution having support nonnegative values.

Suppose the parameter A of the size-biased Poisson distribution (SBPD) having pmf

-4 qx-1
e

(x—l)!

g(x|1)= ix=1,2,3,...,A>0 (2.2)

follows a continuous distribution having pdf
(0+1) 2 +(0+1)" (6+4)2?
64
h(A;0)= O+1)(6*+40+9)1 04
(40)= G 5o 11407 1418 s 4507 1 260 16| "\ +1)(0" +40+9) ¢
+(6° +46° +70+10)

A>0,0>0 (2.3)
Thus the pmf of ZTPAD can be obtained as
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P(x:0)= [ g(x]2)-h(2:0)d2

(0+1) 2° +(0+1)" (0+4) 22
© —lﬂxl 94
j T +(6+1)(6> +46+9)2 e d
0 ( | 0°+50° +140" +410° + 4507 +260+ 6
+(6° +46” +70+10)
(6+1) 27 (0 +1) (6 +4) 2
o' T (0+1)4 2 1-1
= +(0+1)(6* +46+9) 2" d2
0°+56° +146" + 410° 'le +1)(07 +40+9)
4SO 496046 (x=1)! +(6° +46° +70+10) 2"
(x+2)(x+1)x (0+4)(x+1)x (07 +40+9)x
B o (6+1) (6+1) (0+1)
0° +560° +146" + 416’ (x=1): +93+492+70+10
+4560% +260+6 ' (0+1)'
X +(0+7)x* +(0° +50+15)x
o* +(93+4¢92+79+10)
T 0°+56° +140" +410° + 450> + 260+ 6 (6+1)
x=12,3,.,0>0 (2.4)

which is the pmf of ZTPAD with parameter €, same as given in (2.1).
The pmf of zero-truncated Poisson-Sujatha distribution (ZTPSD) obtained by Shanker and Hagos (2015 a) is given by

P ()= 0 x2+(6+4)x+(92+39+4)

0" +460° +100° +70 +2 (6+1)"

It is to be recalled that Shanker and Hagos (2015 a) obtained ZTPSD by zero-truncating the discrete Poisson- Sujatha
distribution introduced by Shanker (2016 d). Further, the discrete Poisson-Sujatha distribution is the Poisson mixture of
Sujatha distribution proposed by Shanker (2016 c). Shanker and Hagos (2016 b) has detailed study on the applications of
Poisson-Sujatha distribution modeling count data from biological sciences and showed that it gives better fit than both
Poisson and Poisson-Lindley distributions.

The pmf of zero-truncated Poisson-Lindley distribution (ZTPLD) obtained by Ghitany et al (2008) is given by

0’ x+60+2
P(x;0)= ;x=1,2,3,...,6>0 _

;x=1,2,3,...,6>0 (2.5)

Recall that ZTPLD has been obtained by zero-truncating the discrete Poisson-Lindley distribution suggested by Sankaran
(1970) and the discrete Poisson-Lindley distribution is the Poisson mixture of Lindley distribution introduced by Lindley
(1958). Shanker and Hagos (2015 b) have detailed study on applications of Poisson-Lindley distribution for biological
sciences. Shanker et a/ (2015) have detailed study on modeling of lifetime data using both exponential and Lindley
distributions and concluded that both exponential and Lindley distributions compete each other.

The pmf of zero-truncated Poisson distribution (ZTPD) is given by

-0 nx
Pz‘(x;é?)z% x=1,23,...,0>0 2.7)
(1 —e ) x!
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To study the comparative nature and behavior of ZTPAD, ZTPSD, and ZTPLD, various graphs of their pmf for varying

values of their parameter have been drawn and presented in figure 1.
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Figure 1. Graphs of ZTPAD, ZTPSD and ZTPLD for varying values of parameter

85

A separate graph of the pmf of ZTPAD has also been drawn for varying values the parameter and presented in figure 2.
From the figure 2 it is obvious that as the value of parameter & increases, the graphs shift upward initially but decreases

rapidly for increasing values of X .
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Figure 2. Graph of the pmf of ZTPAD for varying values of the parameter &
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is a decreasing

P(x+10) ( 1 j 1 3x° +(20+17)x+(6% + 60 +23)
As = +
P(x0) \o+1 P+ (0+7)% +(07 +50+15)x+ (6" +46° +70+10)
function of X, P1 (X;H) is log-concave. Therefore, ZTPAD is unimodal, has increasing failure rate (IFR), and thus

increasing failure rate average (IFRA). It is new better than used (NBU), new better than used in expectation (NBUE), and
has decreasing mean residual life (DMRL). The discussions about interrelationships between these aging concepts are
available in Barlow and Proschan (1981).

3. Moments of ZTPAD

Using (2.4), the rth factorial moment about origin of ZTPAD (2.1) can be obtained as
o =E[E(X12)] swhere X0 = X (X =1)(X =2)...(X ~r+1)

(9+1) (6?+1) (6+4)2°

04 £ —lix 1
= 1 +(0+1)(6* +46+9) 2 e da
0° +560° +146" + 416° !LZ:‘ ( )
4450 + 260 + 6 +(6’3+492+79+10)

(0+1) 22 +(0+1) (6+4) 22

94 «< ) *ﬂ.ix r )
[96+595+1494+4193]I{ Z | +(0+1)(0° +46+9) 4 )
0 X=r

+4560* +260+ 6

Taking y =x—r, we get

+(93+492+79+10)

(0+1) 2 +(0+1) (0+4)2°

' o* «< o e A )
M = (61567 140" + 416° ﬂ Z‘ yer) +(0+1)(0° +40+9) e"d2
£+4592 +260+6 } +(0° +40° +76+10)

(6+1) 2* +(0+1) (6+4) 47

¢ N _
0° +50° +146* + 416° .‘"1 Y(A+r) | +(0+1)(0° +40+9) A Ry
(+4592+269+6 J +(60° +40° +70+10)

Using gamma integral and tedious algebraic simplification, we get the expression for the rth factorial moment about origin
of ZTPAD (2.1) as

(r+1)(r+2)(49+1)2(r0+r+3)+(r+1)0(9+1)(0+4)(r6’+r+2)
+92(¢92 +40+9)(r9+r+1)+93(6’3 +46? +79+10) r=12,3,..
0"(0° +50° +140" +410° +450° + 260+ 6)

r!(t9+1

My =

3.1

Substituting » = 1, 2, 3 and 4 in equation (3.1), the first four factorial moments about origin can be obtained and using the

relationship between moments about origin and factorial moment about origin, the first four moments about origin of ZTPAD
(2.1) can be obtained as
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. 0T +60°+200° +646* +1410° +17060% +1020 + 24

= 6(6°+56° +146" +410° +456” + 260 +6)
;65 +8607 +340° +1246° +4016* +8206° +9246° + 5280 +120
= 0> (9"’ +560° +146" + 416° + 456> +26¢9+6)
0° +126° + 6807 +2926° +11736° +348860°* + 62706° + 63606>
. (+33600+720
. 0°(0° +560° +140" +410° + 450" + 260 +6)
0" +200° +1546° +79607 +36896° +142726° +368046* + 574806°
e 45208062 + 252000 + 5040
=

0* (96 +50° +146" + 416° + 456* +269+6)

Using the relationship between central moments and moments about origin, the central moments of ZTPAD (2.1) can be
obtained as

0" +120" +796" +4200" +17496° +54866° +134610" +247806°
_ (+319900° +278986" +161760° + 61086” +13920 +144

0% (6° +50° +146° +410° +456° +266 + 6)2

H, =

6% +196" +1896'" +13760"7 +81406'° +396486" +1595466" +5337926"
+14813610" +339355960" + 638874560" +975967260° +118749626° +113440626’
+845611260° +49025040° + 21865926 + 7284720° +1707846* + 250560 +1728

ILI =
’ 6 (6°+56° +146" +416° +450° +260 +6)’

07 +3107° +4686> + 47980 +385520% +25683560% +14448830*' + 69372786
+286581276" +1023697150" +3173241540" +8553972626'° +20048351426"
+40767622936'" +71633918676" +108045482500" +138687790186"
+150161946386" +1360364765260° +102321927166° + 63348787926’
+31923810960° +12892945926° +4079204640* +976037760° +166423686°
+18040326+ 93312

6" (0°+56° +146" +416° +456° +269+6)4

Hy =

The coefficient of variation (C.V), coefficient of Skewness (‘ [, ) , and coefficient of Kurtosis ( B, ) of ZTPAD (2.1) are

thus obtained as

\/{913 +120"™ +7960" + 4200 +17496° + 54860° +1346167 + 247806’6]
cv.=2=

+319900° +2789860* +161760° + 61086 +13920 + 144
1 0" +60° +200° + 640* +1416° +1700° +1026 + 24
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6% +1960" +1890" +13760"" +81400'"° +396480" +1595460" +5337920"
+14813610" +33935590"" +63887450" +975967260° +118749626"
+113440620" +84561126° +49025046° +21865920" + 7284726’
JB =t +1707846° + 250560 +1728
=

()" [9‘3 +120 +796" + 4200 +17496° + 54866° +134616” +2478096T ’

+319900° +278986" +161760° +61080° +13920 +144

0” +310% + 4680 + 47980 +385520% + 2568350 +14448830°' + 69372786
+2865812760" +1023697156'" +3173241546"" +8553972626'° +20048351426"
+40767622936" +71633918676" +108045482500'* +138687790186""
+150161946386" +136036476526° +102321927166" + 63348787926’
+31923810966° +12892945926° +4079204646* +976037760° +166423686°

U, +180403260 +93312
B = 2= 13 12 11 10 9 8 7 6\?
H, 07 +120° +790" +4200" +17490° +54860° +134610" + 247806
+319900° +278986" +161766° +61086° +13926 + 144

The index of dispersion of ZTPAD (2.1) can be obtained as
0" +126" +790" +4200" +17496° + 54866° +134616" + 247806°
o’ [+3199095 +278980* +161760° + 61086 +13920 +144 J
T T 9(‘96 150° +146° +4193)(97 +66° +200° + 646" +141¢93J
+456° +260 +6 +1706° +1026 + 24

The conditions under which ZTPAD, ZTPSD and ZTPLD are over-dispersed ( U< o’ ), equi-dispersed ( M= 0'2)

and under-dispersed ( "> 0'2) are presented in table 1.

Table 1. Condition for over-dispersion, equi-dispersion, and under-dispersion for ZTPAD, ZTPSD and ZTPLD

Distribution

Over-dispersion

Equi-dispersion

Under-dispersion

(<o) (=) ()
ZTPAD 0 <1.84153066 0 =1.84153066 0 >1.84153066
ZTPSD 0 <1.54832876 0 =1.54832876 0 >1.54832876
ZTPLD 0 <1.258627 0 =1.258627 0 >1.258627

It is clear from table 1 that the point of over-dispersion, equi-dispersion and under-dispersion of ZTPLD, ZTPSD and
ZTPAD are increasing for values of the parameter € . For example, the change of dispersion point for ZTPLD is

0 =1.258627 , whereas the change of dispersion point for ZTPSD and ZTPAD are & =1.54832876 and
0 =1.84153066.

To study the nature of £4,", i,,C.V, +/fB,, B, and y of ZTPAD, the numerical values of these constants have been

prepared for varying values of parameter € and presented in table 2.
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Table 2. Numerical values of L, ! > My, CV, 4 / ﬂl N ﬁz and ) of ZTPAD, ZTPSD and ZTPLD for varying values of parameter &

Values of @ for ZTPAD
1 2 3 4 5 6
y2A ! 3.826087 2.076923 1.588361 1.384275 1.279627 1.218163
H, 6.810334 191716 0.891172 0.52549 0.357431 0.266313
Ccv 0.682071 0.666667 0.594335 0.523673 0.467211 0.423634
A /,B] 1.31576 1.75463 2.103134 2.373479 2.595822 2.790672
:Bz 5.31616 7.096065 8.882993 10.39161 11.65808 12.78447
4 1.779974 0.923077 0.561064 0.379614 0.279324 0.218618

The graphs of coefficient of variation, coefficient of skewness, coefficient of kurtosis and index of dispersion for varying
values of parameter has been drawn and presented in figure 3. It is obvious that the coefficient of variation (C.V) and the
index of dispersion are monotonically decreasing while coefficient of skewness and coefficient of kurtosis are increasing for
increasing values of the parameter €, which is obvious from table 2 and graphs in figure 3.
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Figure 3. Graphs of coefficient of variation, coefficient of skewness, coefficient of kurtosis and index of dispersion of ZTPAD for varying values of
parameter

4. Estimation of Parameter

4.1. Method of Moment Estimate (MOME) of parameter: Equating the population mean to the corresponding sample
mean, MOME @ of @ of ZTPAD (2.1) is the solution of the following non-linear equation

(1-x)0" +(6-5%)6° +(20-14X) 6" +(64—41x) 6" +(141-45%) &’
+(170—-26X)6” +(102-6x)6+24=0
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where X is the sample mean.

4.2. Maximum Likelihood Estimate (MLE) of parameter: Suppose (xl ,xz,...,xn) be a random sample of size n

from the ZTPAD (2.1) and let f, be the observed frequency in the sample corresponding to X =x(x=1,2,3,...,k)
k

such that Z fx =n,where k isthe largest observed value having non-zero frequency. The likelihood function L of the

x=1

ZTPAD (2.1) is given by

_[ 5 j L k[ (0+7) 5 (67 +50+15)x]"
| po 5 4 3 2 k 3 5
0" +56° +140" +4160° + 450" + 260 + 6 (HH)fox ) +(9 +46 +79+10)

x=l1

The log likelihood function is given by

94 k
logL =nlo - log(6+1
sEen g(96+5¢95+1494+4103+456?2+266’+6j R

+Zk:fxlog[x3 +(0+7)x +(92 +50+15)x+(¢93 +46° +79+10)]
x=1

and the log likelihood equation is thus obtained as
dlogL 4n n(60° +2560° +560° +1236° +900+26) %
do 0  0°+50°+140" +410° +450° +260+6  O+1
i [x2+(26’+5)x+(36’2+89+7)}fx

2

X +(0+7)x +(6?2 +549+15)x+(6’3 +46? +7¢9+10)

5 . . . dlogL
The MLE 6 of € is the solution of the equation

=0 and is given by the solution of the following non-linear

equation
an n(60°+250°+560° +1230° +900+26) %
0  0°+50°+140" +410° +450° +260+6 O +1
k [x2+(29+5)x+(3¢92+86?+7)}fx

+x:1 X +(0+7)x° +(¢92 +5¢9+15)x+(¢93 +46* +76?+10)

where X is the sample mean. This non-linear equation can be solved by any numerical iteration methods such as Newton-
Raphson method, Bisection method, Regula —Falsi method etc. In the present paper, Newton-Raphson method has been used

where the initial value of € is the value of MOME 6 of 6.

5. Goodness of Fit

In this section an application of ZTPAD has been discussed with a real data set from biological science and its goodness of
fit based of maximum likelihood estimate has been compared with that of ZTPD, ZTPLD and ZTPSD. The data set is due to
Finney and Varley (1955), who gave counts of flower heads with 1,2, 3,4, 5, 6,7, 8, 9 fly eggs and the corresponding counts
were 22, 18,18, 11,9, 6, 3,0, 1. Finney and Varley (1955) suggested that the data is well modeled by ZTPD. The goodness of
fit has been presented in table 3.
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Table 3. The numbers of counts of flower heads as per the number of fly eggs reported by Finney and Varley (1955)
Number of fly Observed Expected Frequency
€88s Frequency ZTPD ZTPLD ZTPSD ZTPAD
1 22 153 26.8 26.3 23.8
2 18 21.9 19.8 19.8 20.1
3 18 20.8 13.9 14.1 153
4 11 14.9 9.5 9.7 10.8
5 9 8.5 6.4 6.5 7.1
6 6 4.1 4.2 4.2 4.5
7 3 1.7 2.7 2.7 2.7
8 0 0.6 1.7 1.7 1.6
9 1 03 3.0 29 2.1
Total 88 88.0 88.0 88.0 88.0
ML estimate 6=2.860402 | 6=0.718559 | 6=0.981370 6=1271371
Ia 6.677 3.743 2.76 139
df. 4 4 4 4
p-value 0.1540 0.4419 0.5987 0.8459

It is obvious from the goodness of fit in the above table 3 that ZTPAD gives best fit over ZTPD, ZTPLD and ZTPSD and

hence it can be considered an important distribution for modeling zero-truncated data from biological sciences.

6. Concluding Remarks
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A zero-truncated Poisson-Amarendra distribution (ZTPAD has been introduced and investigated. Its moments about origin
and moments about mean have been obtained and moments based measures have been studied. The estimation of parameter
has been discussed using both the method of moments and the method of maximum likelihood estimation. An application of
ZTPAD to a real data set from biological science has been given and its goodness of fit shows that it gives better fit over
zero-truncated Poisson (ZTPD), zero-truncated Poisson-Lindley distribution (ZTPLD) and zero-truncated Poisson-Sujatha
distribution (ZTPSD).
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