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Abstract  In this article we propose a Bayesian regression model called the Bayesian generalized partial linear model 
which extends the generalized partial linear model. We consider Bayesian estimation and inference of parameters for the 
generalized partial linear model (GPLM) using some multivariate conjugate prior distributions under the square error loss 
function. We propose an algorithm for estimating the GPLM parameters using Bayesian theorem in more detail. Finally, 
comparisons are made between the GPLM estimators using Bayesian approach and the classical approach via a simulation 
study. 
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1. Introduction  
The semi-parametric regression models are intermediate 

step between the fully parametric and nonparametric models. 
Many definitions of semi-parametric models are available in 
literature. The definition that will be adopted in this article is 
that the model is a semi-parametric model if it contains a 
nonparametric component in addition to a parametric 
component and they need to be estimated. The 
semi-parametric models are characterized by a 
finite-dimensional component, θϵΘ ⊆ Rk  and an 
infinite-dimensional γϵΓ. 

Semi-parametric models try to combine the flexibility of a 
nonparametric model with the advantages of a parametric 
model. A fully nonparametric model will be more robust 
than semi-parametric and parametric models since it does not 
suffer from the risk of misspecification. On the other hand, 
nonparametric estimators suffer from low convergence rates, 
which deteriorate when considering higher order derivatives 
and multidimensional random variables. In contrast, the 
parametric model carries a risk of misspecification but if it is 
correctly specified it will normally enjoy √n-consistency 
with no deterioration caused by derivatives and multivariate 
data. The basic idea of a semi-parametric model is to take the 
best of both models. The semi parametric generalized linear 
model known as the generalized partial linear model (GPLM) 
is one of the semi-parametric regression models, See Powell  
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(1994); Rupport et al. (2003); and Sperlich et al. (2006). 
Many authors have tried to introduce new algorithms for 

estimating the semi-parametric regression models. Meyer et 
al. (2011) have introduced Bayesian estimation and 
inference for generalized partial linear models using 
shape-restricted splines. Zhang et al. (2014) have studied 
estimation and variable selection in partial linear single 
index models with error-prone linear covariates. Guo et al. 
(2015) have studied the empirical likelihood for single index 
model with missing covariates at random. Bouaziz et al. 
(2015) have studied semi-parametric inference for the 
recurrent events process by means of a single-index model. 

The curse of dimensionality problem (COD) associated 
with nonparametric density and conditional mean function 
makes the nonparametric methods impractical in 
applications with many regressors and modest size samples. 
This problem limits the ability to examine data in a very 
flexible way for higher dimensional problems. As a result, 
the need for other methods became important. It is shown 
that semi parametric regression models can be of substantial 
value in solution of such complex problems.  

Bayesian methods provide a joint posterior distribution for 
the parameters and hence allow for inference through various 
sampling methods. A number of methods for Bayesian 
monotone regression have been developed. Ramgopal et al 
(1993) introduced a Bayesian monotone regression approach 
using Dirichlet process priors. Perron and Mengersen (2001) 
proposed a mixture of triangular distributions where the 
dimension is estimated as part of the Bayesian analysis. Both 
Holmes and Heard (2003) and Wang (2008) model functions 
where the knot locations are free parameters with the former 
using a piecewise constant model and the latter imposing the 
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monotone shape restriction using cubic splines and 
second-order cone programming with a truncated normal 
prior. Johnson (2007) estimates item response functions with 
free-knot regression splines restricted to be monotone by 
requiring spline coefficients to monotonically increasing. 
Neelon and Dunson (2004) proposed a piecewise linear 
model where the monotonicity is enforced via prior 
distributions; their model allows for flat spots in the 
regression function by using a prior that is a mixture of a 
continuous distribution and point mass at the origin. 
Bornkamp and Ickstadt (2009) applied their Bayesian 
monotonic regression model to dose-response curves. Lang 
and Brezger (2004) introduced Bayesian penalized splines 
for the additive regression model and Brezger and Steiner 
(2008) applied the Bayesian penalized splines model to 
monotone regression by imposing linear inequality 
constraints via truncated normal priors on the basis function 
coefficients to ensure monotonicity. Shively et al (2009) 
proposed two Bayesian approaches to monotone function 
estimation with one involving piecewise linear 
approximation and a Wiener process prior and the other 
involving regression spline estimation and a prior that is a 
mixture distribution of constrained normal distributions for 
the regression coefficients. 

In this article, we propose a new method for estimating the 
GPLM based on Bayesian theorem using a new algorithm 
for estimation. The rest of the paper is organized as follows. 
In Section 2, we define the Generalized Partial Linear Model 
(GPLM). In Section 3, we present the Bayesian estimation 
and inference for the (GPLM). In Section 4, we provide 
Simulation Study. Finally, some concluding remarks and 
discussion are presented in Section 5. 

2. Generalized Partial Linear Model 
(GPLM) 

The GPLM model has the form 
𝑬𝑬[𝒀𝒀|𝑿𝑿,𝑾𝑾�] =  𝑮𝑮[𝑿𝑿𝑿𝑿 + 𝒎𝒎(𝑾𝑾)],          (1) 

where G(.) is a known link function. It is a semi-parametric 
model since it contains both parametric and nonparametric 
components. This model can be reduced to the following 
model,  

𝑬𝑬[𝒀𝒀|𝑿𝑿,𝑾𝑾�] = 𝑿𝑿𝑿𝑿 + 𝒎𝒎(𝑾𝑾).             (2) 
For a unit linear function. It is called partial linear model 

(PLM). 
The GPLM is used by Severini and Staniswalis (1994); 

Chen (1995); Burda et al. (1998); Muller (2001); Peng 
(2003); and Peng and Wang (2004). 

The estimation methods for the GPLM, in Eq. (1), are 
based on the idea that an estimator 𝛃𝛃�  can be found for 
known 𝑚𝑚(. ) , and an estimator 𝑚𝑚�(. )  can be found for 
known 𝛽𝛽. The estimation methods that will be considered 
are based on kernel smoothing methods in the estimation of 
the nonparametric component of the model, therefore the 

following estimation methods are presented in sequel. 

2.1. Profile Likelihood Method 

The profile likelihood method introduced by Severini and 
Wong (1992). It is based on assuming a parametric model for 
the conditional distribution of Y given X and W. The idea of 
this method is as follows: 

First: Assume the parametric component of the model, 
i.e., the parameters vector, 𝛽𝛽.  

Second: Estimate the nonparametric component of the 
model which depends on this fixed  𝛽𝛽, i.e. 𝑚𝑚𝛽𝛽(. ) by some 
type of smoothing method to obtain the estimator  m�β(. ). 

Third: Use the estimator m�β(. )  to construct profile 
likelihood for the parametric component using either a true 
likelihood or quasi-likelihood function.  

Fourth: The profile likelihood function is then used to 
obtain an estimator of the parametric component of the 
model using a maximum likelihood method. 

Thus the profile likelihood method aims to separate the 
estimation problem into two parts, the parametric part which 
is estimated by a parametric method and the nonparametric 
part which is estimated by a nonparametric method. 

Murphy and Vaart (2000) showed that the full likelihood 
method fails in semi-parametric models. In semi parametric 
models the observed information, if it exits, would be an 
infinite-dimensional operator. They used profile likelihood 
rather than a full likelihood to overcome the problem, the 
algorithm for profile likelihood method is derived as follows: 
Derivation of different likelihood functions 

For the parametric component of the model, the objective 
function is the parametric profile likelihood function which 
is maximized to obtain an estimator for β is given by 

𝓵𝓵(𝛃𝛃) = ∑ 𝓵𝓵�𝛍𝛍𝐢𝐢,𝛃𝛃,𝐲𝐲𝐢𝐢�𝐧𝐧
𝐢𝐢=𝟏𝟏 = ∑ 𝓵𝓵𝐢𝐢𝐧𝐧

𝐢𝐢=𝟏𝟏 ,        (3) 

where ℓ(. ) denotes the log-likelihood or quasi-likelihood 
function, 𝛍𝛍𝐢𝐢,𝛃𝛃 = 𝐆𝐆�𝐗𝐗𝐢𝐢𝐓𝐓𝛃𝛃+ 𝐦𝐦𝛃𝛃(𝐖𝐖𝐢𝐢)�, and 𝓵𝓵𝐢𝐢 = 𝓵𝓵�𝛍𝛍𝐢𝐢,𝛃𝛃, 𝐲𝐲𝐢𝐢�. 

For the nonparametric component of the model, the 
objective function is a smoothed or a local likelihood 
function which is given by 

𝓵𝓵𝐇𝐇�𝐦𝐦𝛃𝛃(𝐰𝐰)� = ∑ 𝓵𝓵�𝛍𝛍𝐢𝐢,𝛃𝛃(𝐰𝐰),𝐲𝐲𝐢𝐢�𝐧𝐧
𝐢𝐢=𝟏𝟏 𝐊𝐊𝐇𝐇(𝐰𝐰−𝐖𝐖𝐢𝐢),  (4) 

where 𝛍𝛍𝐢𝐢,𝛃𝛃(𝐰𝐰) = 𝐆𝐆�𝐗𝐗𝐢𝐢𝐓𝐓𝛃𝛃 + 𝐦𝐦𝛃𝛃(𝐖𝐖)� = 𝐆𝐆(𝛈𝛈) , and the local 
weight KH (w − Wi) is the kernel weight with 𝒦𝒦 denoting 
a multidimensional kernel function and H is a bandwidth 
matrix. The function in Eq. (4) is maximized to obtain an 
estimator for the smooth function m𝛃𝛃(w) at a point w. 
Maximization of the likelihood functions 

The maximization of the local likelihood in Eq. (4) 
requires solving 

𝟎𝟎 = ∑ 𝓵𝓵 . (𝐆𝐆(𝛈𝛈), 𝐲𝐲𝐢𝐢)𝐊𝐊𝐇𝐇(𝐰𝐰−𝐖𝐖𝐢𝐢)𝐧𝐧
𝐢𝐢−𝟏𝟏 ,       (5) 

with respect to mβ(t) . Note that ℓ . (. )  denotes the first 
derivative of the likelihood function ℓ(. ). 

The maximization of the profile likelihood in Eq. (3) 
requires solving 
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𝟎𝟎 = ∑ 𝓵𝓵 . (𝐆𝐆(𝛈𝛈), 𝐲𝐲𝐢𝐢
) �𝐔𝐔𝐢𝐢 + 𝛁𝛁𝐦𝐦𝛃𝛃

(𝐖𝐖𝐢𝐢)�𝐧𝐧
𝐢𝐢=𝟏𝟏

,       (6) 

with respect to the coefficient vector 𝛃𝛃. The vector ∇mβ
(Wi) 

denotes the vector of all partial derivatives of mβ  with 
respect to β. A further differentiation of Eq. (5) with respect 
to p leads to an explicit expression for ∇mβ  as follows: 

𝛁𝛁𝐦𝐦𝛃𝛃
(𝐰𝐰) = −∑ 𝓵𝓵 .. (𝐆𝐆(𝛈𝛈),𝐲𝐲𝐢𝐢)𝐊𝐊𝐇𝐇(𝐰𝐰−𝐖𝐖𝐢𝐢)𝐔𝐔𝐢𝐢𝐧𝐧

𝐢𝐢=𝟏𝟏
∑ 𝓵𝓵 .. (𝐆𝐆(𝛈𝛈),𝐲𝐲𝐢𝐢)𝐊𝐊𝐇𝐇(𝐰𝐰−𝐖𝐖𝐢𝐢)𝐧𝐧
𝐢𝐢=𝟏𝟏

,         (7) 

where ℓ..  denotes the second derivative of ℓ(G(η), yi). 
Equations (5) and (6) can only be solved iteratively. 

Severini and Saitniswalis (1994) presented a 
Newton-Raphson type algorithm for this problem as follows: 

Let 
𝐦𝐦𝐣𝐣 = 𝐦𝐦𝛃𝛃�𝐖𝐖𝐣𝐣�,          

𝛈𝛈𝐢𝐢 = �𝐗𝐗𝐢𝐢𝐓𝐓𝛃𝛃 + 𝐦𝐦𝐢𝐢�, 

𝛈𝛈𝐢𝐢𝐢𝐢 = �𝐗𝐗𝐢𝐢𝐓𝐓𝛃𝛃 + 𝐦𝐦𝐣𝐣�, 

𝓵𝓵𝐢𝐢 = 𝓵𝓵(𝐆𝐆(𝛈𝛈𝐢𝐢),𝐲𝐲𝐢𝐢
), 

𝓵𝓵𝐢𝐢𝐢𝐢 = 𝓵𝓵�𝐆𝐆�𝛈𝛈𝐢𝐢𝐢𝐢�,𝐲𝐲𝐢𝐢
�. 

Further let ℓi
. , ℓi

.. , ℓij
.  and ℓij

..  will be the first and 
second derivatives of ℓi and ℓij  with respect to their first 
argument. All values will be calculated at the observations 
Wi instead of the free parameter w. Then Equations (5) and 
(6) are transformed to 

𝟎𝟎 = ∑ 𝓵𝓵𝐢𝐢𝐢𝐢. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢 −𝐖𝐖𝐣𝐣�,         (8) 

and 

𝟎𝟎 = ∑ 𝓵𝓵𝐢𝐢.𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐗𝐗𝐢𝐢 − 𝛁𝛁𝐦𝐦𝐢𝐢�,            (9) 

respectively. 
The estimator of ∇mj = ∇mβ �Wj�  based on Eq. (7) is 

necessary to estimate 𝛃𝛃 

𝛁𝛁𝐦𝐦𝐣𝐣 = −
∑ 𝓵𝓵𝐢𝐢𝐢𝐢 

.. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�𝐔𝐔𝐢𝐢
∑ 𝓵𝓵𝐢𝐢𝐢𝐢 .. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�

 .      (10) 

Equations (8) and (10) imply the following iterative 
Newton-Raphson Type algorithm 
First: Initial values 

Different strategies are found for obtaining start values of 
the estimators: 
• Using 𝛃𝛃�(o)  and 𝐦𝐦�𝐣𝐣

(𝐨𝐨)  obtained from fitting a 
parametric generalized linear model (GLM). 

• Using 𝛃𝛃 = 𝟎𝟎  and mj = G−1��𝐘𝐘j + 𝐘𝐘��/2�  with the 
adjustment for Binomial responses as mj =
G−1��𝐘𝐘j + 0.5�/2�. 

• Using 𝛃𝛃 = 𝟎𝟎  and mj = G−1�𝐘𝐘j� with the adjustment 
for binomial responses as mj = G−1��𝐘𝐘j + 0.5�/2� . 
(See Severini and Staniswalis, 1994). 

Second: The updating step for 𝛃𝛃 

𝛃𝛃new = 𝛃𝛃 − 𝐁𝐁−1 ∑ ℓi 
. 𝐗𝐗�i

n
i=1  , 

where B is a Hessian type matrix defined as 

𝛃𝛃 = ∑ ℓi 
.. 𝐗𝐗�i

n
i=1 𝐗𝐗�i

T  , 
and 

X�j = Xj + ∇mj = Xj −
∑ ℓij 

.. 𝒦𝒦H
n
i=1 �Wi − Wj�Xi

∑ ℓij 
.. 𝒦𝒦H

n
i=1 �Wi − Wj�

 

j = 1, … n 
The updating step for p can be summarized in a closed 

matrix form as follows:  

𝛃𝛃new = �X�TDX��−1X�TDZ�, 
where 

X� = (1 − Sp)U, 
Z�=X�β − D−1υ. 

The matrix X is the design matrix with rows  Xi
T , I is an 

(n×n) identity matrix, 
𝛖𝛖 = ( 𝓵𝓵𝟏𝟏, … ,. 𝓵𝓵𝐧𝐧. ),            (11) 
𝐃𝐃 = 𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝( 𝓵𝓵𝟏𝟏, … ,.. 𝓵𝓵𝐧𝐧.. ),        (12) 

and Sp  is a smoother matrix with elements 

(𝐒𝐒𝐩𝐩)𝐢𝐢𝐢𝐢 = 𝓵𝓵𝐢𝐢𝐢𝐢.. 𝓚𝓚𝐇𝐇�𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�
∑ 𝓵𝓵𝐢𝐢𝐢𝐢.. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�

.        (13) 

Third: The updating step for 𝐦𝐦𝐣𝐣 = 𝐦𝐦𝛃𝛃�𝐰𝐰𝐣𝐣� 

The function mj = m𝛃𝛃�wj� is updated by 

𝐦𝐦�𝐣𝐣𝐤𝐤+𝟏𝟏 = 𝐦𝐦�𝐣𝐣𝐤𝐤
∑ 𝓵𝓵𝐢𝐢𝐢𝐢. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢 −𝐖𝐖𝐣𝐣�

∑ 𝓵𝓵𝐢𝐢𝐢𝐢.. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢 −𝐖𝐖𝐣𝐣�

., 

where k=0, l, 2,…is the number of iteration. 
It is noted that the function ℓij

.. (. ) can be replaced by its 
expectation with respect to Y to obtain a Fisher scoring type 
algorithm (Severini and Staniswalis, 1994). 

The previous procedure can be summarized as follows. 
Updating step for 𝛃𝛃 

𝛃𝛃new = �𝐗𝐗�T𝐃𝐃𝐗𝐗��−1𝐗𝐗�T𝐃𝐃𝐙𝐙�. 
Updating step for 𝐦𝐦𝐣𝐣 

𝐦𝐦𝐣𝐣
𝐧𝐧𝐧𝐧𝐧𝐧 = 𝐦𝐦𝐣𝐣

 ∑ 𝓵𝓵𝐢𝐢𝐢𝐢 
. 𝓚𝓚𝐇𝐇

𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢 −𝐖𝐖𝐣𝐣�

∑ 𝓵𝓵𝐢𝐢𝐢𝐢 
.. 𝓚𝓚𝐇𝐇

𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢 −𝐖𝐖𝐣𝐣�

. 

Notes on the procedure: 
1.  The variable Z� , which is defined here, is a set of 

adjusted dependent variable. 
2.  The parameter 𝛃𝛃 is updated by a parametric method 

with a nonparametrically modified design matrix X�. 
3.  The function ℓi 

..  can be replaced by its expectation, 
with respect to y, to obtain a Fisher scoring type 
procedure. 

4.  The updating step for mj is of quite complex structure 
and can be simplified in some models for identity and 
exponential link functions G. 

2.2. Generalized Speckman Method 

Generalized Speckman estimation method back to 
Speckman (1988). In the case of identity link function G and 
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normally distributed Y, the generalized Speckman and 
profile likelihood methods coincides with no updating steps 
are needed for the estimation of both β and m. This method 
can be summarized in the case of identity link (PLM) as 
follows: 

(1) Estimate p by: 𝛃𝛃� = �𝐗𝐗�T𝐗𝐗��−1𝐗𝐗�T𝐘𝐘� 
(2) Estimate m by: m� = 𝐒𝐒�Y − X𝛃𝛃��, where 

𝐗𝐗� = (𝟏𝟏 − 𝐒𝐒)𝐗𝐗, 𝐘𝐘� = (𝟏𝟏 − 𝐒𝐒)𝐘𝐘, and a smoother matrix S is 

defined by its elements as (𝐒𝐒)𝐢𝐢𝐢𝐢 = 𝓚𝓚𝐇𝐇�𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�
∑ 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�

..       

This matrix is a simpler form of a smoother matrix, and 
differs from the one used in Eq. (13) where the matrix S 
yields 𝓵𝓵𝐢𝐢. = −�𝐘𝐘𝐢𝐢 − 𝐗𝐗𝐢𝐢𝐓𝐓𝛃𝛃 −𝐦𝐦𝐣𝐣�/𝛔𝛔𝟐𝟐  and 𝓵𝓵𝐢𝐢.. = −𝟏𝟏/𝛔𝛔𝟐𝟐 , 
in the case of normally distributed Y. 

For the GPLM, the Speckman estimator is combined with 
the IWLS method used in the estimation of GLM. As it is 
shown in IWLS each iteration step of GLM was obtained by 
WLS regression on the adjusted dependent variable. The 
same procedure will be used in the GPLM by replacing 
IWLS with a weighted partial linear fit on the adjusted 
dependent variable given by 

𝐙𝐙 = 𝐗𝐗𝐗𝐗 + 𝐦𝐦−𝐃𝐃−𝟏𝟏𝛖𝛖, 

where υ and D are defined as in Equations (11) and (12) 
respectively. The generalized Speckman algorithm for the 
GPLM can be summarized as:  
First: Initial values: 

The initial values used in this method are the same as in 
the previous profile likelihood algorithm. 
Second: Updating step for 𝛃𝛃 

𝛃𝛃𝐧𝐧𝐧𝐧𝐧𝐧 = �𝐗𝐗�𝐓𝐓𝐃𝐃𝐗𝐗��−𝟏𝟏𝐗𝐗�𝐓𝐓𝐃𝐃𝐙𝐙� . 
Third: Updating step for m 

𝐦𝐦𝐧𝐧𝐧𝐧𝐧𝐧 = 𝐒𝐒(𝐙𝐙 − 𝐗𝐗𝐗𝐗), 
Where 

𝐔𝐔� = (𝟏𝟏 − 𝐒𝐒)𝐗𝐗, 
𝒁𝒁� = 𝑿𝑿�𝜷𝜷 − 𝑫𝑫−𝟏𝟏𝝊𝝊 , 

The smoother matrix is used with elements: 

(𝐒𝐒)𝐢𝐢𝐢𝐢 = 𝓵𝓵𝐢𝐢..  𝓚𝓚𝐇𝐇�𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�
∑ 𝓵𝓵𝐢𝐢.. 𝓚𝓚𝐇𝐇
𝐧𝐧
𝐢𝐢=𝟏𝟏 �𝐖𝐖𝐢𝐢−𝐖𝐖𝐣𝐣�

,             (14) 

There is a difference between the smoother matrix in 
Equation (14) and that in Equation (13). In Equation (13)  
we use ℓ𝑖𝑖..  instead of ℓ𝑖𝑖𝑖𝑖..  that is used in Equation (14). 

2.3. Back-fitting Method 

Hastie and Tibishirani (1990) suggested the back-fitting 
method as an iterative algorithm to fit an additive model. The 
idea of this method is to regress the additive components 
separately on the partial residuals. 

The back-fitting method will be presented in the case of 
identity link G (PLM) and non-monotone G (GPLM) as 
follows: 

Back-fitting algorithm for the GPLM 
Back-fitting for the GPLM is an extension to that of PLM. 

The iterations in this method coincide with that in the 
Speckman method. This method differs from the Speckman 
method only in the parametric part. The back-fitting 
algorithm for the GPLM can be summarized as follows 
First: Initial values: 

This method often use 

𝛃𝛃 = 𝟎𝟎, and 𝐦𝐦�𝐰𝐰𝐣𝐣� = 𝐆𝐆−𝟏𝟏(𝐘𝐘�) 

Second: Updating step for 𝜷𝜷 

𝛃𝛃𝐧𝐧𝐧𝐧𝐧𝐧 = �𝐗𝐗�𝐓𝐓𝐃𝐃𝐗𝐗��−𝟏𝟏𝐗𝐗�𝐓𝐓𝐃𝐃𝐙𝐙� . 
Third: Updating step for m 

𝐦𝐦𝐧𝐧𝐧𝐧𝐧𝐧  =  𝐒𝐒(𝐙𝐙 − 𝐗𝐗𝐗𝐗), 
where the matrices D and S, the vector 𝜈𝜈 , 𝑋𝑋�  and 𝑍𝑍�  are 
defined as in the Speckman method for the GPLM (See 
Muller, 2001). 

In practice, some of the predictor variables are correlated. 
Therefore, Hastie and Tibshirani (1990) proposed a modified 
back-fitting method which first search for a parametric 
solution and only fit the remaining parts non-parametrically. 

2.4. Some Statistical Properties of the GPLM Estimators. 
(1) Statistical properties of the parametric component 𝛃𝛃 

Under some regularity conditions the estimator 𝛃𝛃 has the 
following properties: 

1. √𝑛𝑛-consistent estimator for 𝛃𝛃. 
2. Asymptotically normal. 
3. Its limiting covariance has a consistent estimator. 
4. Asymptotically efficient; has asymptotically minimum 

variance (Severini and Staniswalis (1994). 
(2) Statistical properties of the non-parametric 
component m: 

The non-parametric function m can be estimated (in the 
univariate case) with the usual univariate rate of convergence. 
Severini and Staniswalis (1994) showed that the estimator 
𝑚𝑚�𝛽𝛽�(. ) is consistent in supremum norm. They showed that 
the parametric and non-parametric estimators have the 
following asymptotic properties: 

𝛃𝛃� = 𝛃𝛃𝐨𝐨 + 𝐎𝐎𝐩𝐩 �𝐧𝐧
(−𝟏𝟏𝟐𝟐 )�, 

�𝐦𝐦�𝛃𝛃� −𝐦𝐦𝐨𝐨� = 𝐎𝐎𝐩𝐩 �𝐧𝐧
(−𝟏𝟏𝟒𝟒 )�, as 𝐧𝐧 → ∞, 

𝛔𝛔�𝟐𝟐 = 𝛔𝛔�𝐨𝐨𝟐𝟐 + 𝐎𝐎𝐩𝐩(𝟏𝟏), 

where 𝛽𝛽𝑜𝑜 ,𝑚𝑚𝑜𝑜 ,𝜎𝜎�𝑜𝑜2 are the true parameter values so that 

𝐯𝐯𝐯𝐯𝐯𝐯(𝐘𝐘|𝐗𝐗,𝐖𝐖�) = 𝛔𝛔�𝐨𝐨𝟐𝟐 𝐯𝐯𝐯𝐯𝐯𝐯�𝐆𝐆�𝐗𝐗𝛃𝛃𝐨𝐨 + 𝐦𝐦𝐨𝐨(𝐖𝐖)��. 

3. Bayesian Estimation and Inference 
for the GPLM 

Bayesian inference derives the posterior distribution as a 
consequence of two antecedents; a prior probability and a 
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likelihood function derived from a probability model for the 
data to be observed. In Bayesian inference the posterior 
probability can be obtained according to Bayes theorem as 
follows 

𝑷𝑷(𝛃𝛃|𝐲𝐲) ∝  𝛑𝛑(𝛃𝛃)𝐋𝐋(𝐲𝐲|𝛃𝛃),           (15) 

where 𝑷𝑷(𝛃𝛃|𝐲𝐲)  is the posterior distribution, 𝛑𝛑(𝛃𝛃)  is the 
prior distribution and 𝐋𝐋(𝐲𝐲|𝛃𝛃) is the likelihood function. 

3.1. A proposed Algorithm for Estimating the GPLM 
Parameters   

1. Obtain the probability distribution of response variable, 
Y. 

2. Obtain the likelihood function of the probability 
distribution of response variable Y. 

3. Choose a suitable prior distribution of  𝛃𝛃. 
4. Use Eq. (15) to obtain the posterior distribution. 
5. Obtain the Bayesian estimator under the square error 

loss function. 
6. Replace the initial value of 𝛃𝛃  by the Bayesian 

estimator. 
7. Use the profile likelihood method, generalized 

Speckman method and Back-fitting method with the 
new initial value of 𝛃𝛃  to estimate the GPLM 

parameters. 

3.2. Bayesian approach for Estimating the GPLM Using 
Bayesian Estimator  

3.2.1. 𝜎𝜎2 is assumed known 

Case 1 
Consider the GPLM in Eq. (1) and suppose that  𝑌𝑌 

belongs to the multivariate normal distribution with pdf   

𝐟𝐟(𝐲𝐲𝐢𝐢|𝐗𝐗𝐢𝐢,𝛃𝛃,𝛔𝛔𝟐𝟐) = 𝟏𝟏
𝛔𝛔√𝟐𝟐𝟐𝟐

𝐞𝐞𝐞𝐞 𝐩𝐩−�𝐲𝐲𝐢𝐢−𝛃𝛃𝐓𝐓𝐗𝐗𝐢𝐢�
𝟐𝟐

 
𝟐𝟐𝛔𝛔𝟐𝟐

   , 

Then the likelihood function of the variable 𝑌𝑌 can be 
written as  

∏ 𝐟𝐟(𝐲𝐲𝐢𝐢|𝐗𝐗𝐢𝐢,𝛃𝛃,𝛔𝛔𝟐𝟐)𝐧𝐧
𝐢𝐢=𝟏𝟏 ∝ 𝐞𝐞𝐞𝐞𝐞𝐞 � −𝟏𝟏

𝟐𝟐𝛔𝛔𝟐𝟐
. 𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃)�,    (16) 

where 
𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃) = (−𝟐𝟐𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐲𝐲 + 𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃). 

Let 
𝛽𝛽 ∼ Multivariate Normal Distribution ( 𝜇𝜇, Σ) 

Then 

 

𝐟𝐟(𝛃𝛃) =  (𝟐𝟐𝟐𝟐)−𝐏𝐏 𝟐𝟐⁄ |𝚺𝚺|−𝟏𝟏 𝟐𝟐⁄ 𝐞𝐞𝐞𝐞𝐞𝐞 �−𝟏𝟏
𝟐𝟐
�𝛃𝛃 −  𝛍𝛍�

𝐓𝐓
𝚺𝚺−𝟏𝟏 �𝛃𝛃 −  𝛍𝛍��,                       (17) 

Combining (16) and (17) and using (15), we obtain the following posterior distribution (using some algebraic steps) 

𝐏𝐏(𝛃𝛃|𝐘𝐘,𝐗𝐗,𝛔𝛔𝟐𝟐) ∝ 𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏
𝟐𝟐
�𝚺𝚺

−𝟏𝟏
+ 𝐗𝐗𝐓𝐓𝐗𝐗

𝛔𝛔𝟐𝟐
�
−𝟏𝟏
�𝛃𝛃 − �𝚺𝚺

−𝟏𝟏
+ 𝐗𝐗𝐓𝐓𝐗𝐗

𝛔𝛔𝟐𝟐
�
−𝟏𝟏
�𝚺𝚺

−𝟏𝟏
 𝛍𝛍 + 𝐗𝐗𝐓𝐓𝐘𝐘

𝛔𝛔𝟐𝟐
���, 

which is multivariate normal distribution with  

𝐄𝐄(𝛃𝛃|𝐘𝐘,𝐗𝐗,𝛔𝛔𝟐𝟐) = �𝚺𝚺
−𝟏𝟏

+ 𝐗𝐗𝐓𝐓𝐗𝐗 𝛔𝛔𝟐𝟐� �
−𝟏𝟏
�𝚺𝚺

−𝟏𝟏
 𝛍𝛍 + 𝐗𝐗𝐓𝐓𝐘𝐘 𝛔𝛔𝟐𝟐� �, 

𝐕𝐕𝐕𝐕𝐕𝐕(𝛃𝛃|𝐘𝐘,𝐗𝐗,𝛔𝛔𝟐𝟐) = �𝚺𝚺
−𝟏𝟏

+ 𝐗𝐗𝐓𝐓𝐗𝐗 𝛔𝛔𝟐𝟐� �
−𝟏𝟏

. 
Then, the Bayesian estimator under the square error loss function 

𝛃𝛃�(𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛) = �𝚺𝚺−𝟏𝟏 + 𝐗𝐗𝐓𝐓𝐗𝐗 𝛔𝛔𝟐𝟐⁄ �
−𝟏𝟏
�𝚺𝚺−𝟏𝟏 𝛍𝛍 + 𝐗𝐗𝐓𝐓𝐘𝐘 𝛔𝛔𝟐𝟐⁄ �.                        (18) 

Case 2 
Consider the GPLM in Eq. (1) and suppose that the pdf of 𝑌𝑌 as follows 

(𝟐𝟐𝟐𝟐)
−𝐩𝐩
𝟐𝟐 �𝚺𝚺�

−𝟏𝟏/𝟐𝟐
 𝐞𝐞𝐞𝐞𝐞𝐞 �−(𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐓𝐓𝚺𝚺

−𝟏𝟏
(𝐗𝐗𝐢𝐢 − 𝛃𝛃)/𝟐𝟐�. 

Then the likelihood function of the probability distribution of 𝑌𝑌 is 

((𝟐𝟐𝟐𝟐)
−𝐧𝐧𝐧𝐧
𝟐𝟐 �𝚺𝚺�

−𝐧𝐧/𝟐𝟐
 𝐞𝐞𝐞𝐞𝐞𝐞�−

𝟏𝟏
𝟐𝟐
�(𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐓𝐓𝚺𝚺

−𝟏𝟏
(𝐗𝐗𝐢𝐢 − 𝛃𝛃)

𝐧𝐧

𝐢𝐢=𝟏𝟏

�    

= 𝐞𝐞𝐞𝐞𝐞𝐞�−
𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝐧𝐧𝚺𝚺

−𝟏𝟏
𝛃𝛃 + 𝛃𝛃𝐓𝐓 𝐧𝐧 𝚺𝚺

−𝟏𝟏
�
𝟏𝟏
𝐧𝐧
�𝐗𝐗𝐢𝐢,𝟏𝟏

𝐧𝐧

𝐢𝐢=𝟏𝟏

,�𝐗𝐗𝐢𝐢,𝟐𝟐

𝐧𝐧

𝐢𝐢=𝟏𝟏

… ,�𝐗𝐗𝐢𝐢,𝐩𝐩

𝐧𝐧

𝐢𝐢=𝟏𝟏

�
𝐓𝐓

�. 

Let 
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𝐀𝐀𝟏𝟏 = 𝐧𝐧𝚺𝚺
−𝟏𝟏

, 

𝐛𝐛𝟏𝟏 = 𝐧𝐧𝚺𝚺
−𝟏𝟏
𝐗𝐗�, 

X� =  �
𝟏𝟏
𝐧𝐧
�𝐗𝐗𝐢𝐢,𝟏𝟏

𝐧𝐧

𝐢𝐢=𝟏𝟏

,�𝐗𝐗𝐢𝐢,𝟐𝟐

𝐧𝐧

𝐢𝐢=𝟏𝟏

… ,�𝐗𝐗𝐢𝐢,𝐩𝐩

𝐧𝐧

𝐢𝐢=𝟏𝟏

�
𝐓𝐓

. 

Then, we can rewrite the likelihood function of as follows 

∝ 𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝐀𝐀𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓 𝐛𝐛𝟏𝟏� ,                                (19) 

Let 𝛽𝛽∼ multivariate normal distribution ( μ0,Λ0), 
Then 

𝛑𝛑(𝛃𝛃) = (𝟐𝟐𝟐𝟐)
−𝐩𝐩
𝟐𝟐 |𝚲𝚲𝟎𝟎|−𝟏𝟏/𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �−

𝟏𝟏
𝟐𝟐

(𝛃𝛃 − 𝛍𝛍𝟎𝟎)𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏(𝛃𝛃 − 𝛍𝛍𝟎𝟎)� 

= (𝟐𝟐𝟐𝟐)
−𝐩𝐩
𝟐𝟐 |𝚲𝚲𝟎𝟎|−𝟏𝟏/𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �−

𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎 −

𝟏𝟏
𝟐𝟐
𝛍𝛍𝟎𝟎𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎� 

∝ exp�− 𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎� 

∝ 𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝐀𝐀𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓𝐛𝐛𝟏𝟏�,                                                 (20) 

where 
𝐀𝐀𝟏𝟏 = 𝚲𝚲𝟎𝟎−𝟏𝟏 , 

 𝐛𝐛𝟏𝟏 = 𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎, 
𝐀𝐀𝟎𝟎 = 𝚲𝚲𝟎𝟎−𝟏𝟏 , 

 𝐛𝐛𝟎𝟎 = 𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎. 
Combining (19) and (20) and using (15), we obtain the following posterior distribution (using some algebraic steps) 

∝ 𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏
𝟐𝟐
𝛃𝛃𝐓𝐓𝐀𝐀𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓 𝐛𝐛𝟏𝟏� × exp�− 𝟏𝟏

𝟐𝟐
𝛃𝛃𝐓𝐓𝐀𝐀𝟏𝟏𝛃𝛃 + 𝛃𝛃𝐓𝐓𝐛𝐛𝟏𝟏� = exp�− 𝟏𝟏

𝟐𝟐
𝛃𝛃𝐓𝐓𝐀𝐀𝐧𝐧𝛃𝛃 + 𝛃𝛃𝐓𝐓𝐛𝐛𝐧𝐧� , 

where 

𝐀𝐀𝐧𝐧 = 𝐀𝐀𝟎𝟎 + 𝐀𝐀𝟏𝟏 = 𝚲𝚲𝟎𝟎−𝟏𝟏 + 𝐧𝐧 𝚺𝚺
−𝟏𝟏

, 

𝐛𝐛𝐧𝐧 = 𝐛𝐛𝟎𝟎 + 𝐛𝐛𝟏𝟏 = 𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎 + 𝐧𝐧𝚺𝚺
−𝟏𝟏
𝐗𝐗�, 

which is multivariate normal distribution with  

𝐄𝐄�𝛃𝛃�𝐘𝐘,𝐗𝐗,𝚺𝚺� = 𝐀𝐀𝐧𝐧
−𝟏𝟏 𝐛𝐛𝐧𝐧 = �𝚲𝚲𝟎𝟎−𝟏𝟏 + 𝐧𝐧 𝚺𝚺

−𝟏𝟏
�
−𝟏𝟏

 �𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎 + 𝐧𝐧𝚺𝚺
−𝟏𝟏
𝐗𝐗�� 

and 

𝐂𝐂𝐂𝐂𝐂𝐂�𝛃𝛃�𝐘𝐘,𝐗𝐗,𝚺𝚺� = 𝚲𝚲𝐧𝐧=�𝚲𝚲𝟎𝟎−𝟏𝟏 + 𝐧𝐧 𝚺𝚺
−𝟏𝟏
�
−𝟏𝟏

. 

Then, the Bayesian estimator under the square error loss function is 

𝛃𝛃�(𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛) = �𝚲𝚲𝟎𝟎−𝟏𝟏 + 𝐧𝐧 𝚺𝚺−𝟏𝟏�
−𝟏𝟏

 �𝚲𝚲𝟎𝟎−𝟏𝟏𝛍𝛍𝟎𝟎 + 𝐧𝐧𝚺𝚺−𝟏𝟏𝐗𝐗��                        (21) 

3.2.2. 𝛽𝛽 and 𝜎𝜎2 is assumed unknown 

Case 1  
Consider the GPLM in Eq. (1) and suppose that the marginal posterior distribution for σ2  is proportional with 

f(σ2) and f(Y|X,σ2) so that 
𝛑𝛑(𝛔𝛔𝟐𝟐|𝐘𝐘,𝐗𝐗) ∝ 𝛑𝛑(𝛔𝛔𝟐𝟐).𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐).                                       (22) 

Hence 
𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = ∫𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛃𝛃,𝛔𝛔𝟐𝟐)𝛑𝛑(𝛃𝛃|𝐗𝐗,𝛔𝛔𝟐𝟐)   d 𝛃𝛃, 

where 
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𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛃𝛃,𝛔𝛔𝟐𝟐)=(𝟐𝟐𝟐𝟐𝛔𝛔𝟐𝟐)−𝐧𝐧/𝟐𝟐𝐞𝐞𝐞𝐞𝐞𝐞 � −𝟏𝟏
𝟐𝟐𝛔𝛔𝟐𝟐

(𝐲𝐲 − 𝐗𝐗𝛃𝛃)𝐓𝐓(𝐲𝐲 − 𝐗𝐗𝛃𝛃)� 

𝛑𝛑(𝛃𝛃|𝐗𝐗,𝛔𝛔𝟐𝟐) = |𝟐𝟐𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏|−𝟏𝟏exp� −𝟏𝟏
𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐

𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃�. 

Subsequently 

𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = ��(𝟐𝟐𝟐𝟐𝛔𝛔𝟐𝟐)−
𝐧𝐧
𝟐𝟐𝐞𝐞𝐞𝐞𝐞𝐞 �

−𝟏𝟏
𝟐𝟐𝛔𝛔𝟐𝟐

(𝐲𝐲 − 𝐗𝐗𝛃𝛃)𝐓𝐓(𝐲𝐲 − 𝐗𝐗𝛃𝛃)�� �|𝟐𝟐𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏|−𝟏𝟏𝐞𝐞𝐞𝐞𝐞𝐞 �
−𝟏𝟏
𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐

𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃�� 𝐝𝐝 𝛃𝛃 

𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = ��(𝟐𝟐𝟐𝟐𝛔𝛔𝟐𝟐)−
𝐧𝐧
𝟐𝟐� {|𝟐𝟐𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏|−𝟏𝟏}𝐞𝐞𝐞𝐞𝐞𝐞 �

−𝟏𝟏
𝟐𝟐𝛔𝛔𝟐𝟐

[(𝐲𝐲 − 𝐗𝐗𝛃𝛃)𝐓𝐓(𝐲𝐲 − 𝐗𝐗𝛃𝛃)𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃/𝐠𝐠]� 𝐝𝐝 𝛃𝛃 

𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = ��(𝟐𝟐𝟐𝟐𝛔𝛔𝟐𝟐)−
𝐧𝐧
𝟐𝟐� {|𝟐𝟐𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏|−𝟏𝟏}𝐞𝐞𝐞𝐞𝐞𝐞 �

−𝟏𝟏
𝟐𝟐𝛔𝛔𝟐𝟐

�𝐲𝐲𝐓𝐓𝐲𝐲 − 𝟐𝟐𝐲𝐲𝐓𝐓𝐗𝐗𝛃𝛃 + 𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃(𝟏𝟏 +
𝟏𝟏
𝐠𝐠

)�� 𝐝𝐝 𝛃𝛃 

𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = ��(𝟐𝟐𝟐𝟐𝛔𝛔𝟐𝟐)−
𝐧𝐧
𝟐𝟐� {|𝟐𝟐𝟐𝟐𝐠𝐠𝐠𝐠𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏|−𝟏𝟏}𝐞𝐞𝐞𝐞𝐞𝐞 �

−𝟏𝟏
𝟐𝟐𝛔𝛔𝟐𝟐

𝐲𝐲𝐓𝐓𝐲𝐲 −
𝟏𝟏
𝟐𝟐

(𝛃𝛃 −𝐌𝐌)𝐓𝐓 𝐕𝐕−𝟏𝟏(𝛃𝛃 −𝐌𝐌) +
𝟏𝟏
𝟐𝟐
𝐌𝐌𝐓𝐓𝐕𝐕−𝟏𝟏𝐌𝐌�𝐝𝐝 𝛃𝛃, 

where 
𝐌𝐌 = 𝐠𝐠

𝟏𝟏+𝐠𝐠
  (𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏  𝐗𝐗𝐓𝐓𝐲𝐲 ,   𝐕𝐕 = 𝐠𝐠

𝟏𝟏+𝐠𝐠
𝛔𝛔𝟐𝟐(𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏,  𝐠𝐠 = 𝐊𝐊

𝛔𝛔𝟐𝟐
. 

𝐾𝐾 is any positive number, then we can rewrite the last expression as follows  
𝛑𝛑(𝐘𝐘|𝐗𝐗,𝛔𝛔𝟐𝟐) = �(𝟐𝟐𝟐𝟐)−

𝐧𝐧
𝟐𝟐� × �(𝟏𝟏 + 𝐠𝐠)

−𝐩𝐩
𝟐𝟐 � × �(𝛔𝛔𝟐𝟐)−

𝐧𝐧
𝟐𝟐� × �𝐞𝐞𝐞𝐞𝐞𝐞 � −𝟏𝟏

𝟐𝟐𝛔𝛔𝟐𝟐
(𝐒𝐒𝐒𝐒𝐒𝐒𝐠𝐠)��.               (23) 

Let 

𝛄𝛄 =
𝟏𝟏
𝛔𝛔𝟐𝟐

~𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆(
𝛖𝛖𝟎𝟎
𝟐𝟐

,
𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎𝟐𝟐

𝟐𝟐
) 

Then 

𝛑𝛑(𝛄𝛄) ∝ �𝛄𝛄
𝛖𝛖𝟎𝟎
𝟐𝟐  − 𝟏𝟏𝐞𝐞𝐞𝐞𝐞𝐞 �−𝛄𝛄 𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎

𝟐𝟐

𝟐𝟐
��,                                  (24) 

Substituting form (24) and (25) into (23) we get 

𝛑𝛑(𝛄𝛄|𝐘𝐘,𝐗𝐗) ∝ �𝛄𝛄
𝛖𝛖𝟎𝟎
𝟐𝟐  − 𝟏𝟏𝐞𝐞𝐞𝐞𝐞𝐞 �−𝛄𝛄 𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎

𝟐𝟐

𝟐𝟐
�� �𝛄𝛄

𝐧𝐧
𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �−𝛄𝛄 (𝐒𝐒𝐒𝐒𝐒𝐒𝐠𝐠)

𝟐𝟐
��. 

Therefore 

𝛑𝛑(𝛄𝛄|𝐘𝐘,𝐗𝐗) ∝ �𝛄𝛄
𝛖𝛖𝟎𝟎+𝐧𝐧
𝟐𝟐  − 𝟏𝟏 𝐞𝐞𝐞𝐞𝐞𝐞 −

𝛄𝛄�𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎𝟐𝟐 + �𝐒𝐒𝐒𝐒𝐒𝐒𝐠𝐠��
𝟐𝟐

�. 

Then, the posterior distribution  

𝛑𝛑(𝛄𝛄|𝐘𝐘,𝐗𝐗)~ 𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆�
𝛖𝛖𝟎𝟎 + 𝐧𝐧
𝟐𝟐

,
𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎𝟐𝟐 + (𝐒𝐒𝐒𝐒𝐒𝐒𝐠𝐠)

𝟐𝟐
� 

and the marginal posterior distribution for 𝜎𝜎2 is  

𝛑𝛑(𝛔𝛔𝟐𝟐|𝐘𝐘,𝐗𝐗)~𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈 𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆�𝛖𝛖𝟎𝟎+𝐧𝐧
𝟐𝟐

, 𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎
𝟐𝟐+�𝐒𝐒𝐒𝐒𝐒𝐒𝐠𝐠�
𝟐𝟐

�                           (25) 

Case 2  
Consider the GPLM in Eq. (1) and suppose that  

𝐟𝐟(𝐲𝐲𝐢𝐢|𝐗𝐗,𝛃𝛃,𝛔𝛔𝟐𝟐) = 𝟏𝟏
𝛔𝛔√𝟐𝟐𝟐𝟐

𝐞𝐞𝐞𝐞 𝐩𝐩
−�𝐲𝐲𝐢𝐢−𝛃𝛃𝐓𝐓𝐗𝐗𝐢𝐢�

𝟐𝟐
 

𝟐𝟐𝛔𝛔𝟐𝟐
   . 

Then the likelihood function of the pdf of response variable 𝑌𝑌 

∏ 𝐟𝐟(𝐲𝐲𝐢𝐢|𝐗𝐗𝐢𝐢,𝛃𝛃,𝛔𝛔𝟐𝟐)𝐧𝐧
𝐢𝐢=𝟏𝟏 ∝ 𝐞𝐞𝐞𝐞𝐞𝐞 � −𝟏𝟏

𝟐𝟐𝛔𝛔𝟐𝟐
. 𝐒𝐒𝐒𝐒𝐒𝐒�𝛃𝛃��,                             (26) 

where 
𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃) = (−𝟐𝟐𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐲𝐲 + 𝛃𝛃𝐓𝐓𝐗𝐗𝐓𝐓𝐗𝐗𝛃𝛃). 
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Let 
β ∼ Multivariate Normal Distribution (μβ ,σ2Vβ)                      (27) 

and 
𝛔𝛔𝟐𝟐~𝐈𝐈𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧𝐧 𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆 (𝐚𝐚,𝐛𝐛),                               (28) 

Then from (27) and (28) we get 
𝛑𝛑 (𝛃𝛃,𝛔𝛔𝟐𝟐) = 𝐍𝐍(𝛍𝛍𝛃𝛃,𝛔𝛔𝟐𝟐𝐕𝐕𝛃𝛃) ×  𝐈𝐈𝐈𝐈(𝐚𝐚,𝐛𝐛) = MNIG (𝛍𝛍𝛃𝛃,𝐕𝐕𝛃𝛃, 𝐚𝐚,𝐛𝐛), 

𝛑𝛑 (𝛃𝛃,𝛔𝛔𝟐𝟐) = 𝐛𝐛𝐚𝐚

(𝟐𝟐𝛑𝛑)
𝐩𝐩
𝟐𝟐 �𝐕𝐕𝛃𝛃�

𝟏𝟏
𝟐𝟐 𝚪𝚪(𝐚𝐚)

� 𝟏𝟏
𝛔𝛔𝟐𝟐
�
𝐚𝐚+𝐩𝐩
𝟐𝟐 +𝟏𝟏

 × exp�− 𝟏𝟏
𝛔𝛔𝟐𝟐
�𝐛𝐛 + 𝟏𝟏

𝟐𝟐
�𝛃𝛃 − 𝛍𝛍𝛃𝛃�

𝐓𝐓𝐕𝐕𝛃𝛃−𝟏𝟏(𝛃𝛃 − 𝛍𝛍𝛃𝛃)�� 

𝛑𝛑 (𝛃𝛃,𝛔𝛔𝟐𝟐) ∝ � 𝟏𝟏
𝛔𝛔𝟐𝟐
�
𝐚𝐚+𝐩𝐩
𝟐𝟐 +𝟏𝟏

× exp�− 𝟏𝟏
𝛔𝛔𝟐𝟐
�𝐛𝐛 + 𝟏𝟏

𝟐𝟐
�𝛃𝛃 − 𝛍𝛍𝛃𝛃�

𝐓𝐓𝐕𝐕𝛃𝛃−𝟏𝟏(𝛃𝛃 − 𝛍𝛍𝛃𝛃)��, a, b ,𝛔𝛔𝟐𝟐 > 0     (29) 

Combining (26) and (29), using (15) and after some algebraic steps, we obtain the following joint posterior distribution  

𝛑𝛑(𝛃𝛃,𝛔𝛔𝟐𝟐|𝐘𝐘) ∝ ( 𝟏𝟏
𝛔𝛔𝟐𝟐

)
𝐚𝐚+𝐩𝐩
𝟐𝟐 +𝟏𝟏𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏

𝛔𝛔𝟐𝟐
�𝐛𝐛∗ + 𝟏𝟏

𝟐𝟐
(𝛃𝛃 − 𝛍𝛍∗)𝐓𝐓 𝐕𝐕∗−𝟏𝟏 (𝛃𝛃 − 𝛍𝛍∗)��,            (30) 

where 
𝛍𝛍∗ = (𝐕𝐕𝛃𝛃−𝟏𝟏 + 𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏 (𝐕𝐕𝛃𝛃−𝟏𝟏 𝛍𝛍𝛃𝛃 + 𝐗𝐗𝐓𝐓𝐘𝐘), 

𝐕𝐕∗ = (𝐕𝐕−𝟏𝟏 + 𝐗𝐗𝐓𝐓𝐗𝐗)−𝟏𝟏, 
𝐚𝐚∗ = 𝐚𝐚 + 𝐧𝐧/𝟐𝟐, 

𝐛𝐛∗ = 𝐛𝐛 +
𝟏𝟏
𝟐𝟐
�𝛍𝛍𝛃𝛃𝐓𝐓𝐕𝐕𝛃𝛃−𝟏𝟏 + 𝐘𝐘𝐓𝐓𝐘𝐘 + 𝛍𝛍∗𝐓𝐓𝐕𝐕∗−𝟏𝟏𝛍𝛍∗�. 

Then 
𝛑𝛑(𝛃𝛃,𝛔𝛔𝟐𝟐|𝐘𝐘)~ NIG (𝛍𝛍∗,𝐕𝐕∗,𝐚𝐚∗,𝐛𝐛∗), 

which is normal inverse gamma distribution. 
From (30), the marginal posterior distribution for 𝜎𝜎2 

𝛑𝛑(𝛃𝛃|𝐘𝐘)=∫𝛑𝛑(𝛃𝛃,𝛔𝛔𝟐𝟐|𝐘𝐘)𝐝𝐝𝐝𝐝 = ∫ 𝐍𝐍𝐍𝐍𝐍𝐍(𝛍𝛍∗,𝐕𝐕∗,𝐚𝐚∗,𝐛𝐛∗)𝐝𝐝𝐝𝐝𝛃𝛃  

𝛑𝛑(𝛔𝛔𝟐𝟐|𝐘𝐘) = 𝐛𝐛∗𝐚𝐚
∗

𝚪𝚪(𝐚𝐚∗)
� 𝟏𝟏
𝛔𝛔𝟐𝟐
�
𝐚𝐚∗+𝟏𝟏

𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝐛𝐛∗

𝛔𝛔𝟐𝟐
�,  𝛑𝛑(𝛔𝛔𝟐𝟐|𝐘𝐘)~𝐍𝐍𝐍𝐍𝐍𝐍(𝐚𝐚∗,𝐛𝐛∗).                  (31) 

From (30), the marginal posterior distribution for 𝛽𝛽  

𝝅𝝅(𝜷𝜷|𝒀𝒀)=∫𝝅𝝅(𝜷𝜷,𝝈𝝈𝟐𝟐|𝒀𝒀)𝒅𝒅𝝈𝝈𝟐𝟐 = ∫ 𝐍𝐍𝐍𝐍𝐍𝐍(𝛍𝛍∗,𝐕𝐕∗,𝐚𝐚∗,𝐛𝐛∗)𝐝𝐝𝛔𝛔𝟐𝟐𝛔𝛔𝟐𝟐  

∝ ��
𝟏𝟏
𝛔𝛔𝟐𝟐
�
𝐚𝐚+𝐧𝐧
𝟐𝟐 +𝟏𝟏

 × 𝐞𝐞𝐞𝐞𝐞𝐞 �−
𝟏𝟏
𝛔𝛔𝟐𝟐

�𝐛𝐛∗ +
𝟏𝟏
𝟐𝟐

(𝛃𝛃 − 𝛍𝛍∗)𝐓𝐓 𝐕𝐕∗−𝟏𝟏 (𝛃𝛃 − 𝛍𝛍∗)��     𝐝𝐝𝛔𝛔𝟐𝟐 

∝ �𝟏𝟏 + (𝛃𝛃−𝛍𝛍∗)𝐓𝐓 𝐕𝐕∗−𝟏𝟏 (𝛃𝛃−𝛍𝛍∗)
𝟐𝟐𝐛𝐛∗

�
−�𝐚𝐚

∗+𝐩𝐩
𝟐𝟐 �

,                                               (32) 

which is multivariate t-distribution with the following pdf 

𝚪𝚪 �𝛖𝛖
∗ + 𝐩𝐩
𝟐𝟐 �

𝚪𝚪 �𝛖𝛖
∗

𝟐𝟐 �  𝛑𝛑
𝐩𝐩
𝟐𝟐 �𝛖𝛖∗𝚺𝚺

∗
�
𝟏𝟏
𝟐𝟐
�𝟏𝟏 +

�𝛃𝛃 − 𝛍𝛍∗�
𝐓𝐓

 𝚺𝚺
∗−𝟏𝟏

 �𝛃𝛃 − 𝛍𝛍∗�
𝛖𝛖∗

�

−�𝛖𝛖
∗+𝐩𝐩
𝟐𝟐 �

 

with expected value = 𝟎𝟎, where 
𝛖𝛖∗ = 𝟐𝟐𝐚𝐚∗ 

𝚺𝚺
∗

= �
𝐛𝐛∗

𝐚𝐚∗
�
𝐕𝐕∗

. 

Then, the Bayesian estimator under the square error loss function 

𝛃𝛃�(𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛) = 𝟎𝟎.                                             (33) 
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3.2.3. 𝛽𝛽 is assumed known 

Case 1 
Consider the GPLM in Eq. (1) with likelihood function of the pdf of response variable 𝑌𝑌 

∏ 𝐟𝐟(𝐘𝐘|𝐗𝐗,𝛃𝛃,𝛄𝛄) ∝ �𝛄𝛄
𝐧𝐧
𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �−𝛄𝛄 𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃)

𝟐𝟐
��𝐧𝐧

𝐢𝐢=𝟏𝟏 .                             (34) 

Let 

𝛄𝛄 =
𝟏𝟏
𝛔𝛔𝟐𝟐

~𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆�
𝛖𝛖𝟎𝟎
𝟐𝟐

,
𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎𝟐𝟐

𝟐𝟐
�. 

Then 

𝛑𝛑(𝛄𝛄) ∝ �𝛄𝛄
𝛖𝛖𝟎𝟎
𝟐𝟐  − 𝟏𝟏𝐞𝐞𝐞𝐞𝐞𝐞 �−𝛄𝛄 𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎

𝟐𝟐

𝟐𝟐
��,                                           (35) 

Combining (34) and (35) Using (15) and after some algebra, we obtain the following posterior distribution  

𝛑𝛑(𝛄𝛄|𝐘𝐘,𝐗𝐗,𝛃𝛃) ∝ �𝛄𝛄
𝛖𝛖𝟎𝟎+𝐧𝐧
𝟐𝟐  − 𝟏𝟏 𝐞𝐞𝐞𝐞𝐞𝐞 −

𝛄𝛄�𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎𝟐𝟐 + 𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃)�
𝟐𝟐

�, 

(𝛔𝛔𝟐𝟐|𝐘𝐘,𝐗𝐗,𝛃𝛃)~𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈 𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆𝐆�𝛖𝛖𝟎𝟎+𝐧𝐧
𝟐𝟐

, 𝛖𝛖𝟎𝟎𝛔𝛔𝟎𝟎
𝟐𝟐+𝐒𝐒𝐒𝐒𝐒𝐒(𝛃𝛃)
𝟐𝟐

�.                           (36) 

Case 2 
Consider the GPLM in Eq. (1) with likelihood function of the pdf of response variable 𝑌𝑌 

(𝟐𝟐𝟐𝟐)
−𝐧𝐧𝐧𝐧
𝟐𝟐 |𝚺𝚺|−𝐧𝐧/𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �− 𝟏𝟏

𝟐𝟐
∑ (𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐓𝐓𝚺𝚺−𝟏𝟏(𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐧𝐧
𝐢𝐢=𝟏𝟏 �,                       (37) 

where 

�(𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐓𝐓𝚺𝚺
−𝟏𝟏

(𝐗𝐗𝐢𝐢 − 𝛃𝛃)
𝐧𝐧

𝐢𝐢=𝟏𝟏

= 𝐭𝐭𝐭𝐭 �𝐒𝐒𝛃𝛃𝚺𝚺
−𝟏𝟏
�, 

𝐒𝐒𝛃𝛃 = ∑ (𝐗𝐗𝐢𝐢 − 𝛃𝛃)𝐓𝐓(𝐗𝐗𝐢𝐢 − 𝛃𝛃).𝐧𝐧
𝐢𝐢=𝟏𝟏  

Let 

𝛑𝛑(𝚺𝚺)~𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈 𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖�𝛖𝛖𝟎𝟎 , 𝐒𝐒𝟎𝟎−𝟏𝟏�,                               (38) 

Combining (37) and (38) Using (15) and after some algebra, we obtain the following posterior distribution  

∝ �|𝚺𝚺|−�
𝛖𝛖𝟎𝟎+𝐏𝐏+𝟏𝟏

𝟐𝟐 �  × 𝐞𝐞𝐞𝐞𝐞𝐞 �−𝐭𝐭𝐭𝐭 �
𝐒𝐒𝟎𝟎𝚺𝚺

−𝟏𝟏

𝟐𝟐
��� �|𝚺𝚺|−𝐧𝐧/𝟐𝟐 𝐞𝐞𝐞𝐞𝐞𝐞 �−

𝟏𝟏
𝟐𝟐
𝐭𝐭𝐭𝐭�𝐒𝐒𝛃𝛃𝚺𝚺

−𝟏𝟏��� 

=|𝚺𝚺|− (𝛖𝛖𝟎𝟎+𝐏𝐏+𝐧𝐧+𝟏𝟏)
𝟐𝟐   𝐞𝐞𝐞𝐞𝐞𝐞�−𝐭𝐭𝐭𝐭��𝐒𝐒𝟎𝟎 + 𝐒𝐒𝛃𝛃�𝚺𝚺

−𝟏𝟏�/𝟐𝟐�,                        (39) 

which is inverse Wishert distribution where 

�𝚺𝚺�𝐘𝐘,𝐔𝐔,𝛃𝛃�~𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈𝐈 𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖𝐖 �𝛖𝛖𝟎𝟎 + 𝐧𝐧, �𝐒𝐒𝟎𝟎 + 𝐒𝐒𝛃𝛃�
−𝟏𝟏� 

with expected value  
𝟏𝟏

𝛖𝛖𝟎𝟎 − 𝐏𝐏 + 𝐧𝐧 + 𝟏𝟏
�𝐒𝐒𝟎𝟎 + 𝐒𝐒𝛃𝛃�. 

Then, the Bayesian estimator under the square error loss function 

 𝚺𝚺�(𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛𝐛) =
𝛖𝛖𝟎𝟎 − 𝐏𝐏 − 𝟏𝟏

𝛖𝛖𝟎𝟎 − 𝐏𝐏 + 𝐧𝐧 + 𝟏𝟏
  

𝟏𝟏

𝛖𝛖𝟎𝟎 − 𝐏𝐏 − 𝟏𝟏
𝐒𝐒𝟎𝟎 +

𝐧𝐧

𝛖𝛖𝟎𝟎 − 𝐏𝐏 + 𝐧𝐧 + 𝟏𝟏

𝟏𝟏

𝐧𝐧
𝐒𝐒𝛃𝛃 

The previous results are summarized in Table (1). 
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Table (1).  The Posterior Distribution Functions 

Probability 
distribution of  Y 

Unknown 
parameter 

Conjugate prior 
distribution Posterior distribution 

Multivariate Normal 
Distribution 𝛃𝛃 Multivariate Normal 

Distribution Multivariate Normal Distribution 

Multivariate Normal 
Distribution (σ2)−1 (GD) (IGD) 

Multivariate Normal 
Distribution 

𝛃𝛃 (MND) 
Joint 

distribution 
(NIG) 

σ2 (IG) 
Marginal 

distribution for 𝛃𝛃 
(MStD) 

Multivariate Normal 
Distribution σ2 (IWD) (IWD) 

(NIG)= Normal Inverse Gamma, (IGD) = Inverse Gamma, (MStD) = Multivariate Student t Distribution,                 
(IWD) = Inverse Wishert Distribution, (GD) = Gamma Distribution. 

4. Simulation Study 
The aim of this simulation study is twofold. First, is to evaluate the performance of the proposed Bayesian estimators. 

Second, is to compare the proposed technique with classical approaches. The simulation study is based on 500 Monte Carlo 
replications. Different sample sizes have been used ranging from small, moderate, to large sizes. In specific sample sizes are 
fixed at n=50, n=100, n=200, n=500, n=100, and n=2000. Also, different bandwidth parameters are used, namely, h=2, h=1, 
h=0.5, and h=0.2.  

The estimation results and statistical analysis are obtained using statistical Package XploRe, 4.8 (XploRe, 2000). 
The methods are compared according to the following criteria.  
First, the Average Mean of Squared Errors for (β�), AMSE (β�), where  

AMSE (𝛃𝛃�) =𝐧𝐧−𝟏𝟏 ∑ 𝐄𝐄�𝛃𝛃𝐢𝐢 −  𝛃𝛃�𝐢𝐢�
𝟐𝟐𝐧𝐧

𝐢𝐢=𝟏𝟏 . 
The second is the Average Mean of Squared Errors for (m� ), AMSE (m� ), where 

AMSE (𝐦𝐦� ) =𝐧𝐧−𝟏𝟏 ∑ 𝐄𝐄{𝐦𝐦𝐢𝐢 −  𝐦𝐦�𝐢𝐢}𝟐𝟐𝐧𝐧
𝐢𝐢=𝟏𝟏 . 

The third is the deviance where, 
Deviance = -2 Log Likelihood. 

The results are shown in the following Tables (2) – (7). 

Table (2).  Simulation Results for n = 50 

    Criterion 
 
 

Bandwidth and model 

n = 50 

Classical Estimation Bayesian Estimation 

 
AMSE (β�) 

 
AMSE (m� ) 

 
Mean Of 

Deviance 

 
AMSE (β�) 

 

AMSE (m� ) 

 
Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.8271 0.8815 33.38 0.8215 0.8469 32.82 

G- Speckman 0.9473 0.7543 34.39 0.8849 0.7371 32.73 

Backftting 0.7874 0.7332 33.32 0.71435 0.7276 30.37 

 
h=1 

P- Likelihood 0.8291 0.7803 45.12 0.8053 0.7049 43.64 

G- Speckman 0.9464 0.7161 45.39 0.8128 0.7088 43.11 

Backftting 0.7859 0.7039 43.45 0.7544 0. 6631 41.66 

 
h=0.5 

P- Likelihood 0.7712 0.6966 59.58 0.6649 0.6194 56.11 

G- Speckman 0.8981 0.6325 58.51 0.7146 0.6267 57.35 

Backftting 0.7643 0.6120 57.81 0.6616 0.6120 56.01 

 
h=0.2 

P- Likelihood 0.7631 0.4929 68.35 0. 6132 0.4052 64.98 

G- Speckman 0.7854 0.4341 68.59 0.6245 0. 4181 66.11 

Backftting 0.7562 0.4127 66.61 0.6087 0.3758 64.77 
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Table (3).  Simulation Results for n = 100 

   Criterion 
 

 
Bandwidth and model 

n = 100 

Classical Estimation Bayesian Estimation 

AMSE (β�) AMSE (m� ) Mean Of 
Deviance AMSE (β�) AMSE (m� ) Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.8043 0.8738 49.94 0.7313 0. 7401 43.76 

G- Speckman 0.9144 0.8399 46.87 0.7377 0.7434 41.54 

Backftting 0.7778 0.8232 44.35 0.7061 0.7322 40.12 

 
h=1 

P- Likelihood 0.8011 0.7268 55.89 0.6864 0. 6746 54.41 

G- Speckman 0.9131 0.6351 57.69 0.6949 0.6459 54.36 

Backftting 0.7749 0.6338 59.57 0.6533 0.5676 53.51 

 
h=0.5 

P- Likelihood 0.7810 0.5552 71.33 0.6155 0.4577 66.57 

G- Speckman 0.8612 0.5569 70.89 0. 6147 0.4534 66.63 

Backftting 0.7718 0.5435 70.85 0.6014 0. 4293 64.22 

 
h=0.2 

P- Likelihood 0.7689 0.3346 78.66 0.5661 0.2489 75.91 

G- Speckman 0.7768 0.3473 79.75 0.5642 0.2433 75.11 

Backftting 0.7661 0.3308 80.21 0.5457 0.2176 74.66 

Table (4).  Simulation Results for n = 200 

      Criterion 
 

 
Bandwidth and model 

n = 200 

Classical Estimation Bayesian Estimation 

AMSE (β�) AMSE (m� ) Mean Of 
Deviance AMSE (β�) AMSE (m� ) Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.7523 0.8610 52.99 0.6553 0.6540 45.91 

G- Speckman 0.8643 0.7732 52.93 0.6611 0.6581 45.79 

Backftting 0.7545 0.7954 52.76 0.6549 0.6521 45.76 

 
h=1 

P- Likelihood 0.7544 0.6961 70.81 0.5256 0.5133 66.43 

G- Speckman 0.8667 0.6016 73.01 0.5298 0.5216 67.51 

Backftting 0.7528 0.6265 72.53 0.5332 0.5278 67.79 

 
h=0.5 

P- Likelihood 0.7465 0.4368 84.36 0.4989 0. 3276 81.54 

G- Speckman 0.8389 0.5063 81.44 0.4959 0.3546 80.28 

Backftting 0.7345 0.4829 80.75 0.4945 0.3258 80.21 

 
h=0.2 

P- Likelihood 0.7034 0.2342 90.21 0.4503 0.1839 88.11 

G- Speckman 0.8036 0.2973 91.33 0.4621 0.2059 89. 38 

Backftting 0.7043 0.2896 90.99 0.4635 0.2046 89. 86 
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Table (5).  Simulation Results for n = 500 

Criterion 
 
 

Bandwidth and model 

n = 500 
Classical Estimation Bayesian Estimation 

AMSE (β�) AMSE (m� ) Mean Of 
Deviance AMSE (β�) AMSE (m� ) Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.5466 0.7067 163.92 0. 4345 0.5822 160.34 
G- Speckman 0.6578 0.7149 164.88 0.4371 0.5876 162.37 

Backftting 0.5756 0.7253 164.72 0.4356 0.5853 162.24 

 
h=1 

P- Likelihood 0.5538 0.5813 287.89 0.4059 0.3889 271.89 
G- Speckman 0.6736 0.5522 289.23 0.4036 0.3872 271.23 

Backftting 0.5681 0.6265 289.57 0.4014 0.3855 271.13 

 
h=0.5 

P- Likelihood 0.5044 0. 3332 402.63 0.2636 0. 1812 388.34 
G- Speckman 0.5338 0.3861 401.69 0.2676 0. 1852 388.58 

Backftting 0.5143 0.3920 403.71 0.2634 0. 1867 388.89 

 
h=0.2 

P- Likelihood 0.4734 0.1245 520.32 0.3136 0.0433 507.57 
G- Speckman 0.4912 0.1779 521.66 0.3255 0.0647 507.48 

Backftting 0.4840 0.1511 520.97 0.3269 0.0689 507.61 

Table (6).  Simulation Results for n = 1000 

    Criterion 
 
 

Bandwidth and model 

n = 1000 
Classical Estimation Bayesian Estimation 

AMSE (β�) AMSE (m� ) Mean Of 
Deviance AMSE (β�) AMSE (m� ) Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.3354 0.4647 363.61 0.1943 0.3121 359.27 
G- Speckman 0.3360 0.4641 364.43 0.1977 0.3108 359.41 

Backftting 0.3434 0.4699 364.24 0.2039 0.3183 359.71 

 
h=1 

P- Likelihood 0.2011 0.3011 587.70 0. 0117 0.3011 584.76 
G- Speckman 0.2121 0.3206 589.40 0.0112 0.3216 584.43 

Backftting 0.2162 0.3223 589.34 0.0132 0.3223 584.96 

 
h=0.5 

P- Likelihood 0.1429 0. 1510 802.12 0.1029 0. 1113 800.12 
G- Speckman 0.1456 0.1612 801.60 0.1056 0.1119 800.60 

Backftting 0.1460 0.1633 803. 11 0.1060 0.1143 800. 91 

 
h=0.2 

P- Likelihood 0.0617 0.0715 1020.37 0.0358 0.0322 1018.37 
G- Speckman 0.0631 0.0734 1021.63 0.0326 0.0329 1018.63 

Backftting 0.0635 0.0747 1022.97 0.0414 0.0330 1020.97 

Table (7).  Simulation Results for n =2000 

    Criterion 
 
 

Bandwidth and model 

n = 2000 
Classical Estimation Bayesian Estimation 

AMSE (β�) AMSE (m� ) Mean Of 
Deviance AMSE (β�) AMSE (m� ) Mean Of 

Deviance 

 
h=2 

P- Likelihood 0.3354 0.4647 363.61 0.1943 0.3121 359.27 
G- Speckman 0.3360 0.4641 364.43 0.1977 0.3108 359.41 

Backftting 0.3434 0.4699 364.24 0.2039 0.3183 359.71 

 
h=1 

P- Likelihood 0.2011 0.3011 587.70 0. 0117 0.3011 584.76 
G- Speckman 0.2121 0.3206 589.40 0.0112 0.3216 584.43 

Backftting 0.2162 0.3223 589.34 0.0132 0.3223 584.96 

 
h=0.5 

P- Likelihood 0.1429 0. 1510 802.12 0.1029 0. 1113 800.12 
G- Speckman 0.1456 0.1612 801.60 0.1056 0.1119 800.60 

Backftting 0.1460 0.1633 803. 11 0.1060 0.1143 800. 91 

 
h=0.2 

P- Likelihood 0.0617 0.0715 1020.37 0.0358 0.0322 1018.37 
G- Speckman 0.0631 0.0734 1021.63 0.0326 0.0329 1018.63 

Backftting 0.0635 0.0747 1022.97 0.0414 0.0330 1020.97 
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From the results we can conclude that 
1. The Bayesian estimation for the GPLM outperforms 

the classical estimation for all sample sizes under the 
square error loss function. It gives high efficient 
estimators with smallest AMSE (β�), AMSE (m� ) and 
Mean of Deviance. 

2. The Bayesian estimation for the GPLM using the 
back-fitting method outperforms the profile likelihood 
method and the generalized Speckman method for 
n=50 and n=100. 

3. The Bayesian estimation for GPLM using the profile 
likelihood method and the generalized Speckman 
method outperforms the back-fitting method for 
n=1000 and n=2000. 

5. Discussions 
In this article, we introduce a new Bayesian regression 

model called the Bayesian generalized partial linear model 
which extends the generalized partial linear model (GPLM). 
Bayesian estimation and inference of parameters for 
(GPLM) have been considered using some multivariate 
conjugate prior distributions under the square error loss 
function. 

Simulation study is conducted to evaluate the 
performance of the proposed Bayesian estimators. Also, the 
simulation study is used to compare the proposed technique 
with classical approaches. The simulation study is based on 
500 Monte Carlo replications. Different sample sizes have 
been used ranging from small, moderate, to large sizes. In 
specific sample sizes are fixed at n=50, n=100, n=200, 
n=500, n=100, and n=2000. Also, different bandwidth 
parameters are used, namely, h=2, h=1, h=0.5, and h=0.2.  

From the results of the simulation study, we can conclude 
the following. First, the Bayesian estimation for the GPLM 
outperforms the classical estimation for all sample sizes 
under the square error loss function. It gives high efficient 
estimators with smallest AMSE (β�), AMSE (m� ) and Mean 
of Deviance. Second, the Bayesian estimation for the GPLM 
using the back-fitting method outperforms the profile 
likelihood method and the generalized Speckman method 
for n=50 and n=100. The Bayesian estimation for GPLM 
using the profile likelihood method and the generalized 
Speckman method outperforms the back-fitting method for 
n=1000 and n=2000. Finally, The Bayesian estimation of 
parameters for the GPLM gives small values of AMSE (β�), 
AMSE (m� ) comparable to the classical estimation for all 
sample sizes. 
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