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Stochastic Risk Model: a Computing Method for Ruin
Problems
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Abstract As the tool to predict the collapse in terms of finance of a company, the probability of ruin plays a crucial role.
The interest rate, initial compounding assets, together with ruin time, ruin function will be discussed for the new directions
of observing the chance of being collapsed of the company. As the interest rate becomes larger, the observation is the
probability of ruin will be smaller. Random walk, Brownian motion and the connection with Capital Asset Pricing Model
also will be addressed. The models can assist decision makers or investors to make decision to choose between insurance

and investment risk.
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1. Introduction

Since Dassios[5], Harrison[7] and Paulsen[15], several
models for Risk Analysis had been established, but there are
no connections to the CAPM, Sharpe[16]. As was pointed
out by Dassios[5], these processes should provide a standard
theory for studying applications in insurance risk theory. The
Poisson arrival condition will be relaxed to a general renewal
arrival process, Karatzas[10]. The service payment model
will follow the replacement model in Gihman[6]. The
analysis of integral representation will be given by Mori-
coni[14], the properties of which were subsequently inves-
tigated by Lintner[11]. In this paper, relevant facts that affect
the probability of ruin so that people can determine the sta-
bility of companies. The models for the corruption of an
event can be viewed as the stage of Stochastic Risk, using the
parameters to determine its stability.

2. Stochastic Risk Model

Let X ={X(¢),t >0} be a stochastic process with
stationary, independent increments, finite variance, and
X (0)=0. We call this as income process. Given a positive
y of initial assets and a positive interest rate ﬁ , we define

t
Y(t)=e"y+ [ dX (s),t 20 (2.1)
0

the asset process Y by Let {N(¢),t>0} be a Poisson
process with arrival rate 1, and let w,,w,,... be independent
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and identically distributed random variables with distribu-
tion F. Let ¢ be a finite constant, take
X@O)y=ct=[W +W,+..+ Wy, 1,120
Let
T=inf{t>0:Y() <0}
Call T the time of ruin and r(.) the probability of ruin, then
r(y) =P{T <o [Y(0)= y} (2.2)

Assume that the process X is defined on a probability
space and has stationary, independent increments with
E[X(1)]= ut and Var[X(?)]=0c’t, where —o0< 1< and
0<o’ <.

Let

Z(t) = je_/“dX(s),t >0, then

Y() = eﬁty+j.eﬂ(””dX(s) = eﬁ’[y+j.e’ﬂ5dX(s)] =" [y+Z(1)]
Theorem:
We have
H(-y)
[H(-Y(T)|T <]

where H is the distribution function of Z(w).

r=g (23)

3. Ruin Problems versus Interest Rate

As the interest rate £ increases, the ruin function r(.) will
get smaller. This fact can say a lot about the way of control-
ling the collapse in finance of the company. The chance of
being collapsed in finance will be smaller if the interest rate
is raised or higher.

For the characteristic function of X(?) we have

E[e"]=e""" fort>0and u € R and E[¢"*"] ="
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0

where v (u) = jv(ue"”)dt
0
From[6]. the representation can be

V) = i+ o* [ -Gl (1)

where G is a probability distribution in R.
Suppose that

F(x)=1-¢"",x>0, (m>0) with F(x) =0 forx<0
The exponential function is

then

y(u)= Tv(ue‘/” )dt = ’%’ —%ln(l +imu)

0
e’ =P (1+imu) ™" = H(u)
Invert H then

(3.2)

©

J' x/l/r—]e—x/mdx

H(Z) — clr=z

N 33
m*"T(L/ ) 3-3)

,XeER

with T is the Gamma function T'(x)= [¢'¢™dt
0
E[e"" " | T <oo] = (1+imu)"!

T xi/ﬁe—x/mdx
= EH(-YT)|T<ow]=—%£
m“/ﬂ*“T(i +1)

Yij

The probability of ruin is
H(—y)
E(H(—Y(T)|T < x)

r(y) =
ml—‘(i +1) I xMP e mdx  (3.4)
ﬂ c/pB+y

i) J‘ XA B oM gy
ﬂ c/pB

I(

4. Connections with CAPM - Risk
Model

Let
R, = Investment return of security i

R, = Return on market portfolio m
R, = Return on risk-free

The security market line is a relationship between ex-
pected return and risk for all individual securities and port-
folio in the market.

E(R)=R, +r[E(R,)~R,]
where 7 is a risk sensitivity determined by
_CcoV(R,.R,)

1
- [oR)r

5. Numerical Results

Assume that X (¢) = oW (t)+ ut where W is a standard
Wiener process, then

Y()= eﬁ'[y+0je’ﬂde(S)+(ﬂ/ﬂ)(l—e’ﬂ’)]

=y +oW(t)+ O'ﬂjeﬂ(””W(s)ds +(u/p)e” -1 (5.1

Thus we can obtain a representation of the present value

process as a rescaling of Brownian motion,
Zt)=(c"12B)" +W(A—-e ")+ (u/ B)1-e”),t>0(5.2)
Combining (5.1) and (5.2), we have the asset process as
Y(t)=(c /28)" + W (e =)+ ye” +(u/ p)(” -1),
t>0.

From (5.2) we conclude that Z («) has the Gaussian dis-

tribution

H(z)=¢l(z—p! B)/ (0 /2)"1=1-¢(b~az),
where a = (28/0%)"*, b=au/p and ¢(.) is the stan-
dardized normal distribution function. We finally have

r(y)=H(-y)/ H(0) =[1-¢(ay+b)]/[1-¢(b)].

Table 5.1.  Values of probability of ruin #()) as o r increases

y o
0.00 0.10 0.20 0.30
0.20 0.65559 0.65695 0.66119 0.66896
0.40 0.42651 0.42873 0.43567 0.44841
0.60 0.27534 0.27803 0.28645 0.30201
0.80 0.17639 0.17923 0.18819 0.20489
1.00 0.11213 0.11490 0.12369 0.14034
1.20 0.07073 0.07328 0.08144 0.09723
1.40 0.04427 0.04651 0.05377 0.06823
1.60 0.02750 0.02939 0.03565 0.04856
1.80 0.01695 0.01849 0.02375 0.03507
2.00 0.01036 0.01160 0.01591 0.02571
2.20 0.00629 0.00725 0.01073 0.01914
2.40 0.00379 0.00452 0.00729 0.01446
2.60 0.00226 0.00281 0.00499 0.01109
2.80 0.00134 0.00174 0.00344 0.00863
3.00 0.00079 0.00108 0.00240 0.00680
3.20 0.00046 0.00067 0.00168 0.00543
3.40 0.00027 0.00041 0.00119 0.00439
3.60 0.00015 0.00025 0.00085 0.00360
3.80 0.00009 0.00016 0.00062 0.00297
4.00 0.00005 0.00010 0.00045 0.00249

Table 5.1 gives r(y) when £ =0.10, o, =0.00,0.10,
0.20and 0.30,p=1, o, =1andy=0.20,0.40,4.00. We see
that the impact of a stochastic interest rate is fairly small
when the probability of ruin is large, but becomes increas-
ingly important as the probability of ruin decreases. For large
value of y we see that the uncertainty in return on invest-
ments may increase the probability of eventual ruin several
times.
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Table 5.2. Values of probability of ruin 7(y) as interest rate increases

y | B | |
0.04 0.06 0.08 0.10
0.20 0.70121 0.68695 0.67119 0.63896
0.40 0.62756 0.59873 0.53567 0.51841
0.60 0.59521 0.57803 0.52645 0.49201
0.80 0.55436 0.51923 0.49819 0.46489
1.00 0.42264 0.41254 0.40301 0.39889
1.20 0.32117 0.30231 0.28972 0.27547
1.40 0.17765 0.15651 0.13377 0.11823
1.60 0.09834 0.08939 0.07565 0.07156
1.80 0.07943 0.06649 0.06175 0.05507
2.00 0.05981 0.05660 0.04991 0.03571
2.20 0.03183 0.02825 0.02573 0.02114
2.40 0.01728 0.01252 0.01129 0.00846
2.60 0.01003 0.00981 0.00799 0.00709
2.80 0.00827 0.00774 0.00644 0.00563
3.00 0.00673 0.00508 0.00440 0.00380
3.20 0.00451 0.00367 0.00268 0.00143
3.40 0.00283 0.00141 0.00119 0.00099
3.60 0.00181 0.00122 0.00085 0.00060
3.80 0.00072 0.00066 0.00062 0.00027
4.00 0.00066 0.00070 0.00045 0.00022

Table 5.2 gives r(y) when B = 0.04, 0.06, 0.08 and
0.10, o, =1,p=1, o, =1 andy=0.20, 0.40, 4.00. The set
of those data confirm the validity of conjecture 4.3.1, as for
the control of risk, raising the interest is one of the ways. The
data show that the impact of interest rate setting is fairly big
when y is small enough, then the sensitivity of interest rate
could be a matter to for the safe investments.

6. Conclusions

The number of problems in Stochastic Risk Theory and its
applications had been shown; in particular, the probability of
ruin had been examined carefully with many properties. The
relationship of ruin function and the interest rate creates vast
applications in finance and insurance industry, where the
investors can use it to model their business model as well as
helping their investing decisions for many business op por-
tunities.

The compound Brownian motions and the limit theorems
were used to manifest the convergence of ruin probability,
which could even strengthen the underlying theory of sto-
chastic risk; the compound asset processes and its associat-
ing risk will be determined by Brownian approximation.
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