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A Viewpoint on the Decoding of the Quadratic Residue 
Code of Length 89 
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Abstract  A viewpoint on the weight-6 error patterns of the algebraic decoding of the (89, 45, 17) quadratic residue (QR) 
code with reducible generator polynomial, proposed by Truong et al. (2008), is presented in this paper. Some weight-6 er-
ror patterns will cause a zero value in the syndrome S1. However, in this case, the inverse-free Berlekamp-Massey (IFBM) 
algorithm is still valid to determine the error-locator polynomial of six errors in the finite field GF(211). An example dem-
onstrates the fact. 
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1. Introduction 
The famous QR codes, introduced by Prange [1] in 1957, 

are cyclic BCH codes with code rates greater than or equal to 
one-half. In addition, the codes generally have large mini-
mum distances so that most of the known QR codes are the 
best-known codes. In the past decades, several decoding 
skills have been developed to decode the binary QR codes. 
The ADAs most used to decode the QR codes are the New-
ton identities with either Sylvester resultants [3-6,10-11] or 
Gröbner bases [13], or IFBM algorithm [7-9,12] to deter-
mine the error-locator polynomial. The ADA of the (89, 45, 
17) QR code [9,12] can correct up to eight errors in GF(211), 
because the error-correcting capability of the code is 

    82/)117(2/)1( =−=−= dt  errors, where  x  denotes 
the greatest integer less than or equal to x, and d = 17 is the 
minimum Hamming distance of the code. In each decoding 
procedure, the IFBM algorithm[14] is used to determine the 
error-locator polynomial of the received sequence[9,12]. 
Finally, the Chien algorithm[15] is applied to find the roots 
of the error-locator polynomial. For the QR codes with ir-
reducible generator polynomial, syndrome S1 = 0 means that 
the received word has no errors. However, for the (89, 45, 17) 
QR codes, the syndrome S1 = 0 means that S2, S4, …, are all 
equal to zero and the zero S1 does not cause a decoding 
failure in decoding weight-6 error patterns while using the 
IFBM algorithm to determine the error-locator polynomial. 

The rest parts of the paper are organized as follows: The 
background of (89, 45, 17) QR codes is briefly given in 
Section 2. The discussion of the weight-6 error patterns is 
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presented in Section 3. Finally, this paper concludes with a 
brief summary in Section 4. 

2. Background of the Binary (89, 45, 17) 
QR Code 

The codeword of the binary (n, k, d) QR code is defined 
algebraically as a multiple of its generator polynomial g(x) 
with coefficients in GF(2). Let the length of the code n be a 
prime number of the form n = 8m ± 1, where m is a positive 
integer and m be the smallest positive integer such that 2m ≡ 1 
(mod n). Thus, GF(2m) is the extension field of GF(2). Also, 
let k = (n+1)/2 be the message length and d be the minimum 
Hamming distance or Hamming weight of the code. The 
generator polynomial as a cyclic code is given by 

, )()( ∏ −=
∈ nQi

iβxxg             (1) 

where the element β is a primitive nth root of unity in GF(2m) 
and Qn denotes the set of quadratic residues given by Qn = 
{j|j ≡ x2 mod n for 1 ≤ x ≤ (n–1)/2}. 

The set Qn can thus be represented as a disjoint union of 
cyclotomic cosets, modulo n. These cyclotomic cosets are 
defined as Qr = {r2j|j = 0, 1, … , nr–1}, where nr is the 
smallest positive integer such that nrr rn  mod 2 ≡ , nr di-
vides (n–1)/2, and r is the smallest element in Qr. The ele-
ment r is called the representative element of the cyclotomic 
cosets Qr. The set S, consisting of all representatives of the 
QR code, is called the base set of the QR code. These defi-
nitions and properties cause the equality 

 Sr rn QQ ∈=  
relating Qn to the cyclotomic cosets, modulo n. Let an ele-
ment α ∈ GF(211) be a root of the primitive polynomial p(x) 
= x11 + x2 + 1. Then, α generates the multiplicative group of 
nonzero elements in GF(211). Also, let an element β = αu, 
where u = (2m – 1)/n = (211 – 1)/89 = 23, is a primitive 89th 
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root of unity in GF(211); that is, β = α23. The base set of this 
code is S = {1, 3, 5, 9, 11, 13, 19, 33} and r ∈ S. Therefore, 
the eight cyclotomic cosets Qr are shown in Table 1. 

Table 1.  The cyclotomic cosets of the (89, 45, 17) QR code 

r Qr r Qr 
1 1,2,4,8,16,32,64,39,78,67,45 3 3,6,12,24,48,7,14,28,56,23,46 
5 5,10,20,40,80,71,53,17,34,68,47 9 9,18,36,72,55,21,42,84,79,69,49 
11 11,22,44,88,87,85,81,73,57,25,50 13 13,26,52,15,30,60,31,62,35,70,51 
19 19,38,76,63,37,74,59,29,58,27,54 33 33,66,43,86,83,77,65,41,82,75,61 

Let T = {1, 5, 9, 11} and r ∈ T, the quadratic residue set of 
the code is given by  

0}.73,57,25,5,87,85,81,1,22,44,8879,69,49,1           
,5,21,42,8418,36,72,54,68,47,9,71,53,17,3           

80,,10,20,40,78,67,45,5,32,64,39,1,2,4,8,16{       
1195189

=
= QQQQQ 

 

(2) 

The minimal polynomial gr(x) can also be expressed as 
∏ −= =

10
0

2 )()( i
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xxg β ; therefore, the g(x) consists of four 
minimum polynomials given below: 
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Since the codeword of the QR code is a multiple of the 
g(x), the codeword polynomial of the QR code of length 89 
can be represented by ∑ == =

88
0 )()()( i

i
i xgxmxCxC , where 

Ci ∈ GF(2) for 0 ≤ i ≤ 88, and m(x) = m44x44 +  + m1x + m0 
denotes information polynomial, where mi ∈ GF(2) for 0 ≤ i 
≤ 44. In such a representation, this type of codeword is called 
the non-systematic encoding. In practice, the encoding pro-
cedure is often implemented by the use of systematic en-
coding. Let p(x) = p43x43 +  + p1x + p0 be the parity-check 
polynomial, where pi ∈ GF(2) for 0 ≤ i ≤ 43. Also, let 
m(x)xn-k divide by g(x), then we get the following identity: 

m(x)xn-k = q(x)g(x) + d(x)            (4) 
Multiplying both sides of (4) by xk and using xn = 1, Then, 

it yields d(x)xk + m(x) = (q(x)xk)g(x). The term d(x)xk + m(x), 
which is a multiple of g(x), has m(x) in its lower k bits and p(x) 
= d(x)xk in its higher n – k bits. Thus, the codeword can be 
represented by the equation below.  

c(x) = d(x)xk + m(x) = p(x) + m(x)       (5) 
As shown in (5), this form of the codeword is called sys-

tematic encoding. Now, let a codeword be transmitted 
through an additive white Gaussian noise (AWGN) channel, 
and obtain a received word of the form r(x) = c(x) + e(x), 
where e(x) = e88x88 ++ e1x + e0 is the error polynomial and 
ei ∈ GF(2). For simplification, the polynomial form can be 
expressed as the vector form. For example, c(x) can be ex-
pressed as c = (c88, …, c1, c0). The syndromes or known 
syndromes of the code are defined by 

,)()()( 88
0∑=== =j

ji
j

ii
i βeerS ββ       (6) 

where i (mod 89) ∈ Q89. If i ∉ Q89, the syndromes are called 

unknown syndromes. All the known and unknown syn-
dromes can be expressed as some powers of S1, S5, S9, S11, 
and S3, S13, S19, S33, called the primary known and unknown 
syndromes, respectively. Notice that S0 = 0 or 1 depends on 
the fact that v is even or odd, where v ≤ t is the actual number 
of errors to be corrected and 1 ≤ v ≤ 8. 

If there are v errors in r(x), then e(x) has v nonzero terms 
over GF(2); that is, vrrr xxxxe +++= 

21)( , where 0 ≤ r1 < 
r2 < ... < rv ≤ n–1. For i ∈ Qn, the syndrome can be written as 

i
v

ii
i XXXS +++= 21 . Assuming that v errors occur, the 

error-locator polynomial Lv(x) is defined by 

, )1()( 01
1

σxσxσxXxL v
v

v
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(7) 

where jr
j βX =  are called the error locators, the σj are 

called the elementary symmetric functions for 1 ≤ j ≤ v, and 
σ0 = 1. The roots of Lv(x) are the inverse of the v error loca-
tors {Xj}. 

To determine the error-locator polynomial, the steps of the 
IFBM algorithm [14] are summarized as below: 

1. Initialize k = 0, μ(0)(x) = 1, λ(0)(x)=1, l(0) = 0, γ(0) = 1. 
2. Set k = k + 1. If k > 2t, then go to stop. Otherwise 

Compute  
∑=

−

= −
−)1(

0
)1()( kl

j jk
k

j
k Sµδ ,           (8) 

where μj
(k–1) is the coefficient of μ(k–1)(x). 

3. Compute  
μ(k)(x) = γ(k–1)μ(k–1)(x) – δ(k)λ(k–1)(x)x.     (9) 

4. Compute  
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5. Set k = k + 1. If k ≤ 2t, then go to 2. Otherwise stop. 

3. Discussion of the Weight-6 Error 
Patterns 

The ADA given in [9,12] utilized the IFBM algorithm to 
determine the error-locator polynomial. In order to apply 
the IFBM algorithm, the consecutive syndromes Si for 1 ≤ i 
≤ 16 need to be computed. Among them, the unknown syn-
dromes S3, S6, S7, S12, S13, S14, and S15 can be expressed as 
some powers of the primary unknown syndrome S3 or S13 
that cannot be computed directly from the received word. 
The determination of the S3 and S13 is given in [9,12]. 

For the (89, 45, 17) QR code, a C++ program shows that 
over 200,000 weight-6 error patterns will cause a zero S1. 
However, the zero S1 does not cause a decoding failure while 
using the IFBM algorithm to determine the error-locator 
polynomial. The following example demonstrates the fact. 
Example 1 
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If a message m(x) = 10, by (4) and (5), then one obtains 
the systematic codeword c(x) = x86 + x85 + x84 + x81 + x77 + 
x75 + x72 + x65 + x62 + x60 + x56 + x53 + x52 + x51 + x47 + x45 + 
x3 + x. If there is a weight-6 error pattern e(x) = x26 + x15 + 
x3 + x2 + x + 1 occurred in the received word, then one ob-
tains r(x) = x86 + x85 + x84 + x81 + x77 + x75 + x72 + x65 + x62 + 
x60 + x56 + x53 + x52 + x51 + x47 + x45 + x26 + x15 + x2 + 1. 

By (6), one obtains S1 = S2 = S4 = S8 = 0, S3 = 57, S5 = 
746, S6 = S3

2 = 1345, S7 = S3
32 = 1938, S9 = 711, S10 = S5

2 = 
1766, S11 = 376, S12 = S3

4 = 686, where the values of all 
syndromes are expressed in decimal number. Then, by us-
ing the IFBM algorithm to obtain the error-locator polyno-
mial L6(x), one has the following detailed steps. 

1. Define the initial values as follows: k = 0, μ(0)(x) = 1, 
λ(0)(x)=1, l(0) = 0, and γ(0) = 1. 

2. Set k = 1. By (8), one has δ(1) = 0. 
3. By (9), compute μ(1)(x) = γ(0)μ(0)(x) – δ(1)λ(0)(x)x = 

γ(0)μ(0)(x) = 1∙1 = 1. 
4. By (10), δ(1) = 0. Then, compute λ(1)(x) = xλ(0)(x) = x1 = x, 

l(1) = l(0) = 0, and γ(1) = γ(0) = 1, respectively. Go to step 2. 
2. Set k = 2. By (8), one has δ(2) = 0. 
3. By (9), compute μ(2)(x) = γ(1)μ(1)(x) – δ(2)λ(1)(x)x = 

γ(1)μ(1)(x) = 1∙1 = 1. 
4. By (10), δ(2) = 0. Then, compute λ(2)(x) = xλ(1)(x) =x2, l(2) 

= l(1) = 0, and γ(2) = γ(1) = 1, respectively. Go to step 2. 
2. Set k = 3. By (8), one has δ(2) = S3. 
3. By (9), compute μ(3)(x) = γ(2)μ(2)(x) – δ(3)λ(2)(x)x = 1∙1 – 

S3x2x = 1 + S3x3. Notice that the addition and subtraction are 
the same in GF(2). 

4. By (10), δ(3) = S3 ≠ 0 and 2l(2) = 0 ≤ k – 1 = 3 – 1 = 2. 
Then, compute λ(3)(x) = μ(k-1)(x) = μ(2)(x) = 1, l(3) = k – l(2) = 3 – 
0 = 3, and γ(3) = δ(3) = S3, respectively. Go to step 2. 

2. Set k = 4. By (8), one has δ(4) = 0. 
3. By (9), compute μ(4)(x) = γ(3)μ(3)(x) – δ(4)λ(3)(x)x = 

γ(3)μ(3)(x) = S3(1 + S3x3) = S3 + S3
2x3. 

4. By (10), δ(4) = 0. Then, compute λ(4)(x) = xλ(3)(x) = x, l(4) 
= l(3) = 3, and γ(4) = γ(3) = S3, respectively. Go to step 2. 

2. Set k = 5. By (8), one has δ(5) = S3S5. 
3. By (9), compute μ(5)(x) = γ(4)μ(4)(x) – δ(5)λ(4)(x)x = S3(S3 

+S3
2x3) – S3S5xx = S3

2 + S3S5x2 + S3
3x3. 

4. By (10), 2l(4) = 6 > k – 1 = 5 – 1 = 4. Then, compute 
λ(5)(x) = xλ(4)(x) = xx = x2, l(5) = l(4) = 3, and γ(5) = γ(4) = S3, 
respectively. Go to step 2. 

2. Set k = 6. By (8) and S6 = S3
2, one has δ(6) = 0. 

3. By (9), compute μ(6)(x) = γ(5)μ(5)(x) – δ(6)λ(5)(x)x = 
γ(5)μ(5)(x) = S3(S3

2 + S3S5x2 + S3
3x3) = S3

3 + S3
2S5x2 + S3

4x3. 
4. By (10), δ(6) = 0. Then, compute λ(6)(x) = xλ(5)(x) = x3, l(6) 

= l(5) = 3, and γ(6) = γ(5), respectively. Go to step 2. 
2. Set k = 7. By (8) and S7 = S3

32, one has δ(7) = S3
35 + 

S3
2S5

2. 
3. By (9), compute μ(7)(x) = γ(6)μ(6)(x) – δ(7)λ(6)(x)x = S3(S3

3 
+ S3

2S5x2 + S3
4x3) – (S3

35 + S3
2S5

2)x3x = S3
4 + S3

3S5x2 + S3
5x3 + 

(S3
35 + S3

2S5
2)x4. 

4. By (10), δ(7) ≠ 0 and 2l(6) = 6 ≤ k – 1 = 7 – 1 = 6. Then, 
compute λ(7)(x) = μ(6)(x) = S3

3 + S3
2S5x2 + S3

4x3, l(7) = k – l(6) = 
7 – 3 = 4, and γ(7) = δ(7), respectively. Go to step 2. 

2. Set k = 8. By (8), one has δ(8) = 0. 

3. By (9), compute μ(8)(x) = γ(7)μ(7)(x) – δ(8)λ(7)(x)x = 
γ(7)μ(7)(x) = (S3

35 + S3
2S5

2)(S3
4 + S3

3S5x2 + S3
5x3 + (S3

35 + 
S3

2S5
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39 + S3
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40 + 
S3

7S5
2)x3 + (S3

70 + S3
4S5

4)x4. 
4. By (10), δ(8) = 0. Then, compute λ(8)(x) = xλ(7)(x) = x(S3

3 
+ S3

2S5x2 + S3
4x3) = S3

3x + S3
2S5x3 + S3

4x4, l(8) = l(7) = 4, and γ(8) 
= γ(7) = S3

35 + S3
2S5

2, respectively. 
2. Set k = 9. By (8), one has δ(9) = S3

39S9 + S3
6S5

2S9 + S3
37S5

3 
+S3

42 + S3
9S5
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5. 
3. By (9), compute μ(9)(x) = γ(8)μ(8)(x) – δ(9)λ(8)(x)x = (S3
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and γ(9) = δ(9), respectively. Go to step 2. 
2. Set k = 10. By (8) and S10 = S5

2, one has δ(10) = 0. 
3. By (9), compute μ(10)(x) = γ(9)μ(9)(x) – δ(10)λ(9)(x)x = 
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5 + S11S3
50S5

4 + S3
49S5

5S9 + 
S3

47S5
8 + S11S3

47S5
4S9 + S11S3

45S5
7 + S3

24S5
4 + S3

21S5
4S9 + 

S3
18S5

4S9
2 + S11S3

17S5
6 + S3

16S5
7S9 + S3

15S5
4S9

3 + S3
14S5

10 + 
S11S3

14S5
6S9 + S3

13S5
7S9

2 + S11S3
12S5

9. 
3. μ(11)(x) = γ(10)μ(10)(x) – δ(11)λ(10)(x)x = (S3

39S9 + S3
6S5

2S9 + 
S3

37S5
3 +S3

42 + S3
9S5

2 + S3
4S5

5)((S3
113S9 + S3

116 + S3
12S5

9 + S3
17S5

6 + 
S3

45S5
7 + S3

50S5
4 + S3

78S5
5 + S3

83S5
2 + S3

111S5
3 + S3

14S5
6S9 + 

S3
47S5

4S9 + S3
80S5

2S9) + (S3
115S5 + S3

112S5S9 + S3
110S5

4 + S3
87 + 

S3
82S5

3 + S3
81S9

2 + S3
79S5

3S9 + S3
49S5

5 + S3
46S5

5S9 + S3
44S5

8 + 
S3

21S5
4 + S3

16S5
7 + S3

15S5
4S9

2 + S3
13S5

7S9)x2 + (S3
117 + S9S3

114 + 
S3

112S5
3 + S3

84S5
2 + S9S3

81S5
2 + S3

79S5
5 + S3

51S5
4 + S9S3

48S5
4 + 
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S3
46S5

7 + S3
18S5

6 + S9S3
15S5

6 + S3
13S5

9)x3 + (S3
147 + S3

144S9 + 
S3

142S5
3 + S3

86S5 + S3
80S5S9

2 + S3
76S5

7 + S3
20S5

5 + S3
15S5

8 + 
S3

14S5
5S9

2 + S3
12S5

8S9)x4 + (S3
88 + S3

82S9
2 + S3

78S5
6 + S3

22S5
4 + 

S3
16S5

4S9
2 + S3

12S5
10)x5) – (S3

179 + S3
176S9 + S3

174S5
3 + S3

118S5 + 
S11S3

116 + S3
115S5S9 + S11S3

113S9 + S11S3
111S5

3 + S3
110S5

4S9 + 
S3

108S5
7 + S3

90 + S3
87S9 + S3

84S9
2 + S11S3

83S5
2 + S3

82S5
3S9 + 

S3
81S9

3 + S3
80S5

6 + S11S3
80S5

2S9 + S3
79S5

3S9
2 + S11S3

78S5
5 + 

S3
52S5

5 + S11S3
50S5

4 + S3
49S5

5S9 + S3
47S5

8 + S11S3
47S5

4S9 + 
S11S3

45S5
7 + S3

24S5
4 + S3

21S5
4S9 + S3

18S5
4S9

2 + S11S3
17S5

6 + 
S3

16S5
7S9 + S3

15S5
4S9

3 + S3
14S5

10 + S11S3
14S5

6S9 + S3
13S5

7S9
2 + 

S11S3
12S5

9)((S3
39 + S3

6S5
2)x + (S3

38S5 + S3
5S5

3)x3 + (S3
40 + 

S3
7S5

2)x4 + (S3
70 + S3

4S5
4)x5)x = (S3

158 + S3
16S5

14 + S3
26S5

8 + 
S3

148S5
6 + S3

152S9
2 + S3

20S5
8S9

2) + (S3
218 + S3

215S9 + S3
213S5

3 + 
S3

185S5
2 + S3

182S5
2S9 + S3

180S5
5 + S11S3

155 + S3
154S5S9 + 

S11S3
152S9 + S3

151S5S9
2 + S11S3

150S5
3 + S3

149S5
4S9 + S3

86S5
8 + 

S3
83S5

8S9 + S3
81S5

11 + S3
53S5

10 + S3
50S5

10S9 + S3
48S5

13 + 
S11S3

23S5
8 + S3

22S5
9S9 + S11S3

20S5
8S9 + S3

19S5
9S9

2 + S11S3
18S5

11 
+ S3

17S5
12S9)x2 + (S3

159 + S3
153S9

2 + S3
149S5

6 + S3
27S5

8 + 
S3

21S5
8S9

2 + S3
17S5

14)x3 + (S3
217S5 + S3

214S5S9 + S3
212S5

4 + S3
189 

+ S3
184S5

3 + S3
183S9

2 + S3
181S5

3S9 + S11S3
154S5 + S3

153S5
2S9 + 

S11S3
151S5S9 + S3

150S5
2S9

2 + S11S3
149S5

4 + S3
148S5

5S9 + S3
85S5

9 + 
S3

82S5
9S9 + S3

80S5
12 + S3

57S5
8 + S3

52S5
11 + S3

51S5
8S9

2 + 
S3

49S5
11S9 + S11S3

22S5
9 + S3

21S5
10S9 + S11S3

19S5
9S9 + S3

18S5
10S9

2 
+ S11S3

17S5
12 + S3

16S5
13S9)x4 + (S3

219 + S9S3
216 + S3

214S5
3 + 

S3
186S5

2 + S9S3
183S5

2 + S3
181S5

5 + S3
158S5 + S11S3

156 + S9S3
155S5 

+ S11S9S3
153 + S11S3

151S5
3 + S9S3

150S5
4 + S3

148S5
7 + S3

87S5
8 + 

S9S3
84S5

8 + S3
82S5

11 + S3
54S5

10 + S9S3
51S5

10 + S3
49S5

13 + S3
26S5

9 
+ S11S3

24S5
8 + S9S3

23S5
9 + S11S9S3

21S5
8 + S11S3

19S5
11 + 

S9S3
18S5

12 + S3
16S5

15)x5 + (S3
249 + S3

246S9 + S3
244S5

3 + S3
188S5 + 

S11S3
186 + S3

185S5S9 + S3
183S5

4 + S11S3
183S9 + S11S3

181S5
3 + S3

160 
+ S3

157S9 + S3
154S9

2 + S11S3
153S5

2 + S3
152S5

3S9 + S3
151S9

3 + 
S3

150S5
6 + S11S3

150S5
2S9 + S3

149S5
3S9

2 + S11S3
148S5

5 + S3
117S5

8 + 
S3

114S5
8S9 + S3

112S5
11 + S3

56S5
9 + S11S3

54S5
8 + S3

53S5
9S9 + 

S3
51S5

12 + S11S3
51S5

8S9 + S11S3
49S5

11 + S3
28S5

8 + S3
25S5

8S9 + 
S3

22S5
8S9

2 + S11S3
21S5

10 + S3
20S5

11S9 + S3
19S5

8S9
3 + S3

18S5
14 + 

S11S3
18S5

10S9 + S3
17S5

11S9
2 + S11S3

16S5
13)x6. 

4. By (10), δ(11) ≠ 0 and 2l(10) = 10 ≤ k – 1 = 11 – 1 = 10. 
Then, compute λ(11)(x) = μ(10)(x), l(11) = k – l(10) = 11 – 5 = 6, 
and γ(11) = δ(11), respectively. Go to step 2. 

2. Set k = 12. One has δ(12) = 0. 
3. By (15) in[14], compute the error-locator polynomial of 

degree 6, μ(12)(x) = γ(11)μ(11)(x) – δ(12)λ(11)(x)x = γ(11)μ(11)(x) = 
(S3

179 + S3
176S9 + S3

174S5
3 + S3

118S5 + S11S3
116 + S3

115S5S9 + 
S11S3

113S9 + S11S3
111S5

3 + S3
110S5

4S9 + S3
108S5

7 + S3
90 + S3

87S9 + 
S3

84S9
2 + S11S3

83S5
2 + S3

82S5
3S9 + S3

81S9
3 + S3

80S5
6 + 

S11S3
80S5

2S9 + S3
79S5

3S9
2 + S11S3

78S5
5 + S3

52S5
5 + S11S3

50S5
4 + 

S3
49S5

5S9 + S3
47S5

8 + S11S3
47S5

4S9 + S11S3
45S5

7 + S3
24S5

4 + 
S3

21S5
4S9 + S3

18S5
4S9

2 + S11S3
17S5

6 + S3
16S5

7S9 + S3
15S5

4S9
3 + 

S3
14S5

10 + S11S3
14S5

6S9 + S3
13S5

7S9
2 + S11S3

12S5
9)((S3

158 + 
S3

16S5
14 + S3

26S5
8 + S3

148S5
6 + S3

152S9
2 + S3

20S5
8S9

2) + (S3
218 + 

S3
215S9 + S3

213S5
3 + S3

185S5
2 + S3

182S5
2S9 + S3

180S5
5 + S11S3

155 + 
S3

154S5S9 + S11S3
152S9 + S3

151S5S9
2 + S11S3

150S5
3 + S3

149S5
4S9 + 

S3
86S5

8 + S3
83S5

8S9 + S3
81S5

11 + S3
53S5

10 + S3
50S5

10S9 + S3
48S5

13 
+ S11S3

23S5
8 + S3

22S5
9S9 + S11S3

20S5
8S9 + S3

19S5
9S9

2 + 
S11S3

18S5
11 + S3

17S5
12S9)x2 + (S3

159 + S3
153S9

2 + S3
149S5

6 + 
S3

27S5
8 + S3

21S5
8S9

2 + S3
17S5

14)x3 + (S3
217S5 + S3

214S5S9 + 
S3

212S5
4 + S3

189 + S3
184S5

3 + S3
183S9

2 + S3
181S5

3S9 + S11S3
154S5 + 

S3
153S5

2S9 + S11S3
151S5S9 + S3

150S5
2S9

2 + S11S3
149S5

4 + 
S3

148S5
5S9 + S3

85S5
9 + S3

82S5
9S9 + S3

80S5
12 + S3

57S5
8 + S3

52S5
11 + 

S3
51S5

8S9
2 + S3

49S5
11S9 + S11S3

22S5
9 + S3

21S5
10S9 + S11S3

19S5
9S9 

+ S3
18S5

10S9
2 + S11S3

17S5
12 + S3

16S5
13S9)x4 + (S3

219 + S9S3
216 + 

S3
214S5

3 + S3
186S5

2 + S9S3
183S5

2 + S3
181S5

5 + S3
158S5 + S11S3

156 + 
S9S3

155S5 + S11S9S3
153 + S11S3

151S5
3 + S9S3

150S5
4 + S3

148S5
7 + 

S3
87S5

8 + S9S3
84S5

8 + S3
82S5

11 + S3
54S5

10 + S9S3
51S5

10 + S3
49S5

13 
+ S3

26S5
9 + S11S3

24S5
8 + S9S3

23S5
9 + S11S9S3

21S5
8 + S11S3

19S5
11 + 

S9S3
18S5

12 + S3
16S5

15)x5 + (S3
249 + S3

246S9 + S3
244S5

3 + S3
188S5 + 

S11S3
186 + S3

185S5S9 + S3
183S5

4 + S11S3
183S9 + S11S3

181S5
3 + S3

160 
+ S3

157S9 + S3
154S9

2 + S11S3
153S5

2 + S3
152S5

3S9 + S3
151S9

3 + 
S3

150S5
6 + S11S3

150S5
2S9 + S3

149S5
3S9

2 + S11S3
148S5

5 + S3
117S5

8 + 
S3

114S5
8S9 + S3

112S5
11 + S3

56S5
9 + S11S3

54S5
8 + S3

53S5
9S9 + 

S3
51S5

12 + S11S3
51S5

8S9 + S11S3
49S5

11 + S3
28S5

8 + S3
25S5

8S9 + 
S3

22S5
8S9

2 + S11S3
21S5

10 + S3
20S5

11S9 + S3
19S5

8S9
3 + S3

18S5
14 + 

S11S3
18S5

10S9 + S3
17S5

11S9
2 + S11S3

16S5
13)x6) = S11S3

274 + S3
276S5 

+ S3
245S9 + S3

334S9 + S3
248 + S3

337 + S3
30S5

24 + S3
50S5

12 + 
S3

63S5
22 + S3

68S5
19 + S3

73S5
16 + S3

78S5
13 + S3

96S5
20 + S3

116S5
8 + 

S3
124S5

21 + S3
144S5

9 + S3
162S5

16 + S3
182S5

4 + S3
190S5

17 + S3
210S5

5 
+ S3

228S5
12 + S3

256S5
13 + S3

322S5
9 + S3

327S5
6 + S3

332S5
3 + S3

233S9
5 

+ S3
236S9

4 + S3
328S9

3 + S3
331S9

2 + S11S3
28S5

23 + S11S3
33S5

20 + 
S11S3

38S5
17 + S11S3

43S5
14 + S11S3

61S5
21 + S11S3

66S5
18 + 

S11S3
71S5

15 + S11S3
76S5

12 + S11S3
94S5

19 + S11S3
99S5

16 + 
S11S3

104S5
13 + S11S3

109S5
10 + S11S3

127S5
17 + S11S3

132S5
14 + 

S11S3
137S5

11 + S11S3
142S5

8 + S11S3
160S5

15 + S11S3
165S5

12 + 
S11S3

170S5
9 + S11S3

175S5
6 + S11S3

193S5
13 + S11S3

198S5
10 + 

S11S3
203S5

7 + S11S3
208S5

4 + S11S3
226S5

11 + S11S3
231S5

8 + 
S11S3

236S5
5 + S11S3

241S5
2 + S11S3

259S5
9 + S11S3

264S5
6 + 

S11S3
269S5

3 + S11S3
265S9

3 + S11S3
268S9

2 + S3
32S5

21S9 + S3
37S5

18S9 
+ S3

42S5
15S9 + S3

47S5
12S9 + S3

65S5
19S9 + S3

75S5
13S9 + S3

98S5
17S9 

+ S3
103S5

14S9 + S3
108S5

11S9 + S3
113S5

8S9 + S3
126S5

18S9 + 
S3

131S5
15S9 + S3

136S5
12S9 + S3

141S5
9S9 + S3

164S5
13S9 + S3

169S5
10S9 

+ S3
174S5

7S9 + S3
179S5

4S9 + S3
192S5

14S9 + S3
197S5

11S9 + S3
202S5

8S9 
+ S3

207S5
5S9 + S3

230S5
9S9 + S3

235S5
6S9 + S3

240S5
3S9 + S3

258S5
10S9 

+ S3
263S5

7S9 + S3
267S5S9

3 + S3
268S5

4S9 + S3
270S5S9

2 + S3
324S5

6S9 
+ S3

29S5
21S9

2 + S3
31S5

18S9
3 + S3

33S5
15S9

4 + S3
35S5

12S9
5 + 

S3
36S5

15S9
3 + S3

38S5
12S9

4 + S3
39S5

15S9
2 + S3

67S5
16S9

2 + 
S3

69S5
13S9

3 + S3
72S5

13S9
2 + S3

95S5
17S9

2 + S3
97S5

14S9
3 + 

S3
99S5

11S9
4 + S3

101S5
8S9

5 + S3
102S5

11S9
3 + S3

104S5
8S9

4 + 
S3

105S5
11S9

2 + S3
128S5

15S9
2 + S3

130S5
12S9

3 + S3
135S5

9S9
3 + 

S3
138S5

9S9
2 + S3

161S5
13S9

2 + S3
163S5

10S9
3 + S3

165S5
7S9

4 + 
S3

167S5
4S9

5 + S3
168S5

7S9
3 + S3

170S5
4S9

4 + S3
171S5

7S9
2 + 

S3
194S5

11S9
2 + S3

196S5
8S9

3 + S3
201S5

5S9
3 + S3

204S5
5S9

2 + 
S3

227S5
9S9

2 + S3
229S5

6S9
3 + S3

231S5
3S9

4 + S3
234S5

3S9
3 + 

S3
237S5

3S9
2 + S3

260S5
7S9

2 + S3
262S5

4S9
3 + S3

326S5
3S9

2 + S11S3
271S9 

+ S3
273S5S9 + S11S3

30S5
20S9 + S11S3

40S5
14S9 + S11S3

63S5
18S9 + 

S11S3
73S5

12S9 + S11S3
96S5

16S9 + S11S3
106S5

10S9 + S11S3
129S5

14S9 + 
S11S3

139S5
8S9 + S11S3

162S5
12S9 + S11S3

172S5
6S9 + S11S3

195S5
10S9 + 

S11S3
205S5

4S9 + S11S3
228S5

8S9 + S11S3
238S5

2S9 + S11S3
261S5

6S9 + 
S11S3

32S5
17S9

2 + S11S3
34S5

14S9
3 + S11S3

37S5
14S9

2 + S11S3
65S5

15S9
2 

+ S11S3
67S5

12S9
3 + S11S3

70S5
12S9

2 + S11S3
98S5

13S9
2 + 

S11S3
100S5

10S9
3 + S11S3

103S5
10S9

2 + S11S3
131S5

11S9
2 + 

S11S3
133S5

8S9
3 + S11S3

136S5
8S9

2 + S11S3
164S5

9S9
2 + S11S3

166S5
6S9

3 
+ S11S3

169S5
6S9

2 + S11S3
197S5

7S9
2 + S11S3

199S5
4S9

3 + 
S11S3

202S5
4S9

2 + S11S3
230S5

5S9
2 + S11S3

232S5
2S9

3 + S11S3
235S5

2S9
2 

+ S11S3
263S5

3S9
2 + (S11

2S3
271 + S11

2S3
265S9

2 + S11
2S3

261S5
6 + 

S11
2S3

238S5
2 + S11

2S3
232S5

2S9
2 + S11

2S3
228S5

8 + S11
2S3

205S5
4 + 
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S11
2S3

199S5
4S9

2 + S11
2S3

195S5
10 + S11

2S3
172S5

6 + S11
2S3

166S5
6S9

2 + 
S11

2S3
162S5

12 + S11
2S3

139S5
8 + S11

2S3
133S5

8S9
2 + S11

2S3
129S5

14 + 
S11

2S3
106S5

10 + S11
2S3

100S5
10S9

2 + S11
2S3

96S5
16 + S11

2S3
73S5

12 + 
S11

2S3
67S5

12S9
2 + S11

2S3
63S5

18 + S11
2S3

40S5
14 + S11

2S3
34S5

14S9
2 + 

S11
2S3

30S5
20 + S11S3

273S5 + S11S3
270S5S9 + S11S3

268S5
4 + 

S11S3
267S5S9

2 + S11S3
264S5S9

3 + S11S3
263S5

7 + S11S3
262S5

4S9
2 + 

S11S3
260S5

7S9 + S11S3
258S5

10 + S11S3
245 + S11S3

240S5
3 + 

S11S3
237S5

3S9 + S11S3
235S5

6 + S11S3
234S5

3S9
2 + S11S3

233S9
4 + 

S11S3
231S5

3S9
3 + S11S3

230S5
9 + S11S3

229S5
6S9

2 + S11S3
227S5

9S9 + 
S11S3

207S5
5 + S11S3

204S5
5S9 + S11S3

202S5
8 + S11S3

201S5
5S9

2 + 
S11S3

198S5
5S9

3 + S11S3
197S5

11 + S11S3
196S5

8S9
2 + S11S3

194S5
11S9 + 

S11S3
192S5

14 + S11S3
179S5

4 + S11S3
174S5

7 + S11S3
171S5

7S9 + 
S11S3

169S5
10 + S11S3

168S5
7S9

2 + S11S3
167S5

4S9
4 + S11S3

165S5
7S9

3 + 
S11S3

164S5
13 + S11S3

163S5
10S9

2 + S11S3
161S5

13S9 + S11S3
141S5

9 + 
S11S3

138S5
9S9 + S11S3

136S5
12 + S11S3

135S5
9S9

2 + S11S3
132S5

9S9
3 + 

S11S3
131S5

15 + S11S3
130S5

12S9
2 + S11S3

128S5
15S9 + S11S3

126S5
18 + 

S11S3
113S5

8 + S11S3
108S5

11 + S11S3
105S5

11S9 + S11S3
103S5

14 + 
S11S3

102S5
11S9

2 + S11S3
101S5

8S9
4 + S11S3

99S5
11S9

3 + S11S3
98S5

17 + 
S11S3

97S5
14S9

2 + S11S3
95S5

17S9 + S11S3
75S5

13 + S11S3
72S5

13S9 + 
S11S3

70S5
16 + S11S3

69S5
13S9

2 + S11S3
66S5

13S9
3 + S11S3

65S5
19 + 

S11S3
64S5

16S9
2 + S11S3

62S5
19S9 + S11S3

60S5
22 + S11S3

47S5
12 + 

S11S3
42S5

15 + S11S3
39S5

15S9 + S11S3
37S5

18 + S11S3
36S5

15S9
2 + 

S11S3
35S5

12S9
4 + S11S3

33S5
15S9

3 + S11S3
32S5

21 + S11S3
31S5

18S9
2 + 

S11S3
29S5

21S9 + S3
397 + S3

391S9
2 + S3

387S5
6 + S3

364S5
2 + 

S3
358S5

2S9
2 + S3

354S5
8 + S3

336S5 + S3
333S5S9 + S3

331S5
4 + 

S3
330S5S9

2 + S3
327S5S9

3 + S3
326S5

7 + S3
325S5

4S9
2 + S3

323S5
7S9 + 

S3
321S5

10 + S3
308 + S3

296S9
4 + S3

288S5
12 + S3

275S5
2 + S3

272S5
2S9 + 

S3
267S5

5S9 + S3
266S5

2S9
3 + S3

263S5
2S9

4 + S3
262S5

8S9 + S3
261S5

5S9
3 

+ S3
257S5

11S9 + S3
255S5

14 + S3
244S5S9 + S3

242S5
4 + S3

239S5
4S9 + 

S3
234S5

7S9 + S3
233S5

4S9
3 + S3

232S5S9
5 + S3

230S5
4S9

4 + S3
229S5

10S9 
+ S3

228S5
7S9

3 + S3
222S5

16 + S3
209S5

6 + S3
206S5

6S9 + S3
201S5

9S9 + 
S3

200S5
6S9

3 + S3
197S5

6S9
4 + S3

196S5
12S9 + S3

195S5
9S9

3 + 
S3

191S5
15S9 + S3

189S5
18 + S3

178S5
5S9 + S3

176S5
8 + S3

173S5
8S9 + 

S3
168S5

11S9 + S3
167S5

8S9
3 + S3

166S5
5S9

5 + S3
164S5

8S9
4 + 

S3
163S5

14S9 + S3
162S5

11S9
3 + S3

156S5
20 + S3

143S5
10 + S3

140S5
10S9 + 

S3
135S5

13S9 + S3
134S5

10S9
3 + S3

133S5
16 + S3

131S5
10S9

4 + 
S3

130S5
16S9 + S3

129S5
13S9

3 + S3
127S5

16S9
2 + S3

125S5
19S9 + 

S3
112S5

9S9 + S3
110S5

12 + S3
107S5

12S9 + S3
102S5

15S9 + S3
101S5

12S9
3 

+ S3
100S5

18 + S3
100S5

9S9
5 + S3

98S5
12S9

4 + S3
97S5

18S9 + S3
96S5

15S9
3 

+ S3
94S5

18S9
2 + S3

77S5
14 + S3

74S5
14S9 + S3

72S5
17 + S3

68S5
14S9

3 + 
S3

67S5
20 + S3

66S5
17S9

2 + S3
65S5

14S9
4 + S3

64S5
20S9 + S3

62S5
23 + 

S3
61S5

20S9
2 + S3

46S5
13S9 + S3

41S5
16S9 + S3

36S5
19S9 + S3

35S5
16S9

3 + 
S3

34S5
13S9

5 + S3
31S5

22S9 + S3
30S5

19S9
3)x2 + (S3

338 + S3
335S9 + 

S3
333S5

3 + S3
332S9

2 + S3
329S9

3 + S3
328S5

6 + S3
327S5

3S9
2 + 

S3
325S5

6S9 + S3
323S5

9 + S3
277S5 + S11S3

275 + S3
274S5S9 + 

S11S3
272S9 + S3

271S5S9
2 + S11S3

270S5
3 + S3

269S5
4S9 + S11S3

269S9
2 + 

S3
268S5S9

3 + S11S3
266S9

3 + S11S3
265S5

6 + S3
264S5

7S9 + 
S11S3

264S5
3S9

2 + S3
263S5

4S9
3 + S11S3

262S5
6S9 + S3

261S5
7S9

2 + 
S11S3

260S5
9 + S3

259S5
10S9 + S3

257S5
13 + S3

249 + S3
246S9 + 

S11S3
242S5

2 + S3
241S5

3S9 + S11S3
239S5

2S9 + S3
238S5

3S9
2 + 

S11S3
237S5

5 + S3
237S9

4 + S3
236S5

6S9 + S11S3
236S5

2S9
2 + S3

235S5
3S9

3 
+ S3

234S9
5 + S11S3

233S5
2S9

3 + S11S3
232S5

8 + S3
232S5

3S9
4 + 

S3
231S5

9S9 + S11S3
231S5

5S9
2 + S3

230S5
6S9

3 + S3
229S5

12 + 
S11S3

229S5
8S9 + S3

228S5
9S9

2 + S11S3
227S5

11 + S3
211S5

5 + 
S11S3

209S5
4 + S3

208S5
5S9 + S11S3

206S5
4S9 + S3

205S5
5S9

2 + 
S11S3

204S5
7 + S3

203S5
8S9 + S11S3

203S5
4S9

2 + S3
202S5

5S9
3 + 

S11S3
200S5

4S9
3 + S11S3

199S5
10 + S3

198S5
11S9 + S11S3

198S5
7S9

2 + 

S3
197S5

8S9
3 + S11S3

196S5
10S9 + S3

195S5
11S9

2 + S11S3
194S5

13 + 
S3

193S5
14S9 + S3

191S5
17 + S3

183S5
4 + S3

180S5
4S9 + S11S3

176S5
6 + 

S3
175S5

7S9 + S11S3
173S5

6S9 + S3
172S5

7S9
2 + S11S3

171S5
9 + 

S3
171S5

4S9
4 + S3

170S5
10S9 + S11S3

170S5
6S9

2 + S3
169S5

7S9
3 + 

S3
168S5

4S9
5 + S11S3

167S5
6S9

3 + S11S3
166S5

12 + S3
166S5

7S9
4 + 

S3
165S5

13S9 + S11S3
165S5

9S9
2 + S3

164S5
10S9

3 + S3
163S5

16 + 
S11S3

163S5
12S9 + S3

162S5
13S9

2 + S11S3
161S5

15 + S3
145S5

9 + 
S11S3

143S5
8 + S3

142S5
9S9 + S11S3

140S5
8S9 + S3

139S5
9S9

2 + 
S11S3

138S5
11 + S3

137S5
12S9 + S11S3

137S5
8S9

2 + S3
136S5

9S9
3 + 

S11S3
134S5

8S9
3 + S11S3

133S5
14 + S3

132S5
15S9 + S11S3

132S5
11S9

2 + 
S3

131S5
12S9

3 + S11S3
130S5

14S9 + S3
129S5

15S9
2 + S11S3

128S5
17 + 

S3
127S5

18S9 + S3
125S5

21 + S3
117S5

8 + S3
114S5

8S9 + S11S3
110S5

10 + 
S3

109S5
11S9 + S11S3

107S5
10S9 + S3

106S5
11S9

2 + S11S3
105S5

13 + 
S3

105S5
8S9

4 + S3
104S5

14S9 + S11S3
104S5

10S9
2 + S3

103S5
11S9

3 + 
S3

102S5
8S9

5 + S11S3
101S5

10S9
3 + S11S3

100S5
16 + S3

100S5
11S9

4 + 
S3

99S5
17S9 + S11S3

99S5
13S9

2 + S3
98S5

14S9
3 + S3

97S5
20 + 

S11S3
97S5

16S9 + S3
96S5

17S9
2 + S11S3

95S5
19 + S3

79S5
13 + S11S3

77S5
12 

+ S3
76S5

13S9 + S3
74S5

16 + S11S3
74S5

12S9 + S3
73S5

13S9
2 + 

S11S3
72S5

15 + S11S3
71S5

12S9
2 + S3

70S5
13S9

3 + S3
69S5

19 + 
S3

68S5
16S9

2 + S11S3
68S5

12S9
3 + S11S3

67S5
18 + S3

66S5
19S9 + 

S11S3
66S5

15S9
2 + S3

64S5
22 + S11S3

64S5
18S9 + S11S3

62S5
21 + S3

51S5
12 

+ S3
48S5

12S9 + S11S3
44S5

14 + S3
43S5

15S9 + S11S3
41S5

14S9 + 
S3

40S5
15S9

2 + S11S3
39S5

17 + S3
39S5

12S9
4 + S3

38S5
18S9 + 

S11S3
38S5

14S9
2 + S3

37S5
15S9

3 + S3
36S5

12S9
5 + S11S3

35S5
14S9

3 + 
S11S3

34S5
20 + S3

34S5
15S9

4 + S3
33S5

21S9 + S11S3
33S5

17S9
2 + 

S3
32S5

18S9
3 + S3

31S5
24 + S11S3

31S5
20S9 + S3

30S5
21S9

2 + 
S11S3

29S5
23)x3 + (S11

2S3
270S5 + S11

2S3
264S5S9

2 + S11
2S3

260S5
7 + 

S11
2S3

237S5
3 + S11

2S3
231S5

3S9
2 + S11

2S3
227S5

9 + S11
2S3

204S5
5 + 

S11
2S3

198S5
5S9

2 + S11
2S3

194S5
11 + S11

2S3
171S5

7 + S11
2S3

165S5
7S9

2 + 
S11

2S3
161S5

13 + S11
2S3

138S5
9 + S11

2S3
132S5

9S9
2 + S11

2S3
128S5

15 + 
S11

2S3
105S5

11 + S11
2S3

99S5
11S9

2 + S11
2S3

95S5
17 + S11

2S3
72S5

13 + 
S11

2S3
66S5

13S9
2 + S11

2S3
62S5

19 + S11
2S3

39S5
15 + S11

2S3
33S5

15S9
2 + 

S11
2S3

29S5
21 + S11S3

305 + S11S3
302S9 + S11S3

300S5
3 + S11S3

299S9
2 + 

S11S3
296S9

3 + S11S3
295S5

6 + S11S3
294S5

3S9
2 + S11S3

292S5
6S9 + 

S11S3
290S5

9 + S11S3
244S5 + S11S3

232S5S9
4 + S11S3

224S5
13 + 

S11S3
178S5

5 + S11S3
166S5

5S9
4 + S11S3

158S5
17 + S11S3

112S5
9 + 

S11S3
100S5

9S9
4 + S11S3

92S5
21 + S11S3

46S5
13 + S11S3

41S5
16 + 

S11S3
38S5

16S9 + S11S3
36S5

19 + S11S3
35S5

16S9
2 + S11S3

34S5
13S9

4 + 
S11S3

32S5
16S9

3 + S11S3
31S5

22 + S11S3
30S5

19S9
2 + S11S3

28S5
22S9 + 

S3
396S5 + S3

390S5S9
2 + S3

386S5
7 + S3

368 + S3
365S9 + S3

362S9
2 + 

S3
359S9

3 + S3
358S5

6 + S3
355S5

6S9 + S3
335S5

2 + S3
332S5

2S9 + S3
330S5

5 
+ S3

329S5
2S9

2 + S3
326S5

2S9
3 + S3

325S5
8 + S3

324S5
5S9

2 + S3
322S5

8S9 
+ S3

320S5
11 + S3

304S5S9 + S3
301S5S9

2 + S3
299S5

4S9 + S3
298S5S9

3 + 
S3

295S5S9
4 + S3

294S5
7S9 + S3

293S5
4S9

3 + S3
291S5

7S9
2 + S3

289S5
10S9 

+ S3
279 + S3

276S9 + S3
274S5

3 + S3
268S5

3S9
2 + S3

267S9
4 + S3

264S9
5 + 

S3
259S5

12 + S3
258S5

9S9
2 + S3

256S5
12S9 + S3

254S5
15 + S3

243S5
2S9 + 

S3
235S5

5S9
2 + S3

231S5
2S9

5 + S3
229S5

5S9
4 + S3

225S5
11S9

2 + 
S3

223S5
14S9 + S3

213S5
4 + S3

210S5
4S9 + S3

208S5
7 + S3

202S5
7S9

2 + 
S3

201S5
4S9

4 + S3
198S5

4S9
5 + S3

193S5
16 + S3

192S5
13S9

2 + S3
190S5

16S9 
+ S3

188S5
19 + S3

177S5
6S9 + S3

169S5
9S9

2 + S3
165S5

6S9
5 + S3

163S5
9S9

4 
+ S3

159S5
15S9

2 + S3
157S5

18S9 + S3
147S5

8 + S3
144S5

8S9 + S3
142S5

11 + 
S3

136S5
11S9

2 + S3
135S5

8S9
4 + S3

132S5
17 + S3

132S5
8S9

5 + S3
127S5

20 + 
S3

124S5
20S9 + S3

111S5
10S9 + S3

104S5
16 + S3

103S5
13S9

2 + S3
101S5

16S9 
+ S3

99S5
10S9

5 + S3
98S5

16S9
2 + S3

97S5
13S9

4 + S3
95S5

16S9
3 + S3

94S5
22 

+ S3
93S5

19S9
2 + S3

81S5
12 + S3

78S5
12S9 + S3

76S5
15 + S3

71S5
18 + 

S3
70S5

15S9
2 + S3

69S5
12S9

4 + S3
68S5

18S9 + S3
66S5

21 + S3
66S5

12S9
5 + 

S3
65S5

18S9
2 + S3

62S5
18S9

3 + S3
45S5

14S9 + S3
40S5

17S9 + S3
35S5

20S9 + 
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S3
34S5

17S9
3 + S3

33S5
14S9

5 + S3
30S5

23S9 + S3
29S5

20S9
3)x4 + 

(S11
2S3

272 + S11
2S3

266S9
2 + S11

2S3
262S5

6 + S11
2S3

239S5
2 + 

S11
2S3

233S5
2S9

2 + S11
2S3

229S5
8 + S11

2S3
206S5

4 + S11
2S3

200S5
4S9

2 + 
S11

2S3
196S5

10 + S11
2S3

173S5
6 + S11

2S3
167S5

6S9
2 + S11

2S3
163S5

12 + 
S11

2S3
140S5

8 + S11
2S3

134S5
8S9

2 + S11
2S3

130S5
14 + S11

2S3
107S5

10 + 
S11

2S3
101S5

10S9
2 + S11

2S3
97S5

16 + S11
2S3

74S5
12 + S11

2S3
68S5

12S9
2 + 

S11
2S3

64S5
18 + S11

2S3
41S5

14 + S11
2S3

35S5
14S9

2 + S11
2S3

31S5
20 + 

S11S3
246 + S11S3

234S9
4 + S11S3

226S5
12 + S11S3

180S5
4 + 

S11S3
168S5

4S9
4 + S11S3

160S5
16 + S11S3

114S5
8 + S11S3

102S5
8S9

4 + 
S11S3

94S5
20 + S11S3

48S5
12 + S11S3

36S5
12S9

4 + S11S3
28S5

24 + S3
398 + 

S3
392S9

2 + S3
388S5

6 + S3
365S5

2 + S3
359S5

2S9
2 + S3

355S5
8 + S3

309 + 
S3

297S9
4 + S3

289S5
12 + S3

270S5
2S9

2 + S3
264S5

2S9
4 + S3

260S5
8S9

2 + 
S3

248S5 + S3
243S5

4 + S3
237S5

4S9
2 + S3

236S5S9
4 + S3

228S5
13 + 

S3
227S5

10S9
2 + S3

223S5
16 + S3

204S5
6S9

2 + S3
198S5

6S9
4 + 

S3
194S5

12S9
2 + S3

182S5
5 + S3

177S5
8 + S3

171S5
8S9

2 + S3
170S5

5S9
4 + 

S3
162S5

17 + S3
161S5

14S9
2 + S3

157S5
20 + S3

138S5
10S9

2 + S3
134S5

16 + 
S3

132S5
10S9

4 + S3
124S5

22 + S3
116S5

9 + S3
111S5

12 + S3
105S5

12S9
2 + 

S3
104S5

9S9
4 + S3

101S5
18 + S3

96S5
21 + S3

72S5
14S9

2 + S3
66S5

14S9
4 + 

S3
62S5

20S9
2 + S3

50S5
13 + S3

39S5
16S9

2 + S3
38S5

13S9
4 + S3

33S5
16S9

4 + 
S3

30S5
25 + S3

29S5
22S9

2)x5 + (S11
2S3

302 + S11
2S3

296S9
2 + 

S11
2S3

292S5
6 + S11

2S3
38S5

16 + S11
2S3

32S5
16S9

2 + S11
2S3

28S5
22 + 

S3
428 + S3

422S9
2 + S3

418S5
6 + S3

362S5
4 + S3

356S5
4S9

2 + S3
352S5

10 + 
S3

306S5
2 + S3

300S5
2S9

2 + S3
290S5

8S9
2 + S3

286S5
14 + S3

250 + S3
244S9

2 
+ S3

240S5
6 + S3

238S9
4 + S3

232S9
6 + S3

230S5
12 + S3

228S5
6S9

4 + 
S3

224S5
12S9

2 + S3
220S5

18 + S3
184S5

4 + S3
178S5

4S9
2 + S3

174S5
10 + 

S3
172S5

4S9
4 + S3

166S5
4S9

6 + S3
162S5

10S9
4 + S3

118S5
8 + S3

112S5
8S9

2 
+ S3

108S5
14 + S3

106S5
8S9

4 + S3
100S5

8S9
6 + S3

96S5
14S9

4 + S3
52S5

12 + 
S3

46S5
12S9

2 + S3
40S5

12S9
4 + S3

36S5
18S9

2 + S3
34S5

12S9
6 + S3

32S5
24 + 

S3
30S5

18S9
4)x6. 

4. By (10), δ(12) = 0. Then, compute λ(12)(x) = xλ(11)(x), l(12) 
= l(11) = 6, and γ(12) = γ(11), respectively. 

2. Set k = 13. Because k = 13 > 2t = 12, the recursion stops. 
Finally, the error-locator polynomial μ(12)(x) = L6(x) of 

degree 6 is obtained. By applying Chien search method, the 
roots of L6(x) are exactly the inverse of the six error locators 
{0, 1, 2, 3, 15, 26}. A C++ program shows that the total 
weight-6 error patterns with S1 = 0 can be corrected. 

4. Conclusions 
In this paper, a study on the algebraic decoding of the 

weight-6 error patterns of the algebraic decoding of the (89, 
45, 17) QR code with reducible generator polynomial, pro-
posed by Truong et al. (2008), is presented. A detailed ex-
ample shows that the IFBM algorithm can obtain a valid 
error-locator polynomial L6(x) to correct the all weight-6 
error patterns with S1 = 0 in the (89, 45, 17) QR code. 
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