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A Viewpoint on the Decoding of the Quadratic Residue
Code of Length 89
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Abstract A viewpoint on the weight-6 error patterns of the algebraic decoding of the (89, 45, 17) quadratic residue (QR)
code with reducible generator polynomial, proposed by Truong et al. (2008), is presented in this paper. Some weight-6 er-
ror patterns will cause a zero value in the syndrome ;. However, in this case, the inverse-free Berlekamp-Massey (IFBM)
algorithm is still valid to determine the error-locator polynomial of six errors in the finite field GFf (2'"). An example dem-

onstrates the fact.

Keywords Quadratic Residue Code, Algebraic Decoding Algorithm, Error Pattern, Syndrome

1. Introduction

The famous QR codes, introduced by Prange [1] in 1957,
are cyclic BCH codes with code rates greater than or equal to
one-half. In addition, the codes generally have large mini-
mum distances so that most of the known QR codes are the
best-known codes. In the past decades, several decoding
skills have been developed to decode the binary QR codes.
The ADAs most used to decode the QR codes are the New-
ton identities with either Sylvester resultants [3-6,10-11] or
Grobner bases [13], or IFBM algorithm [7-9,12] to deter-
mine the error-locator polynomial. The ADA of the (89, 45,
17) QR code [9,12] can correct up to eight errors in GF(2"),
because the error-correcting capability of the code is
t=|(d-1)/2]=|(17-1)/2|=8 errors, where |x| denotes
the greatest integer less than or equal to x, and d = 17 is the
minimum Hamming distance of the code. In each decoding
procedure, the IFBM algorithm[14] is used to determine the
error-locator polynomial of the received sequence[9,12].
Finally, the Chien algorithm[15] is applied to find the roots
of the error-locator polynomial. For the QR codes with ir-
reducible generator polynomial, syndrome S; = 0 means that
the received word has no errors. However, for the (89, 45, 17)
QR codes, the syndrome S; = 0 means that S5, Sy, ..., are all
equal to zero and the zero S; does not cause a decoding
failure in decoding weight-6 error patterns while using the
IFBM algorithm to determine the error-locator polynomial.

The rest parts of the paper are organized as follows: The
background of (89, 45, 17) QR codes is briefly given in
Section 2. The discussion of the weight-6 error patterns is
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presented in Section 3. Finally, this paper concludes with a
brief summary in Section 4.

2. Background of the Binary (89, 45, 17)
QR Code

The codeword of the binary (n, £, d) QR code is defined
algebraically as a multiple of its generator polynomial g(x)
with coefficients in GF(2). Let the length of the code n be a
prime number of the form n = 8m £ 1, where m is a positive
integer and m be the smallest positive integer such that 2" = 1
(mod n). Thus, GF(2™) is the extension field of GF(2). Also,
let £ = (n+1)/2 be the message length and d be the minimum
Hamming distance or Hamming weight of the code. The
generator polynomial as a cyclic code is given by

g = Mx-4Y,

i€Q,

()

where the element S is a primitive nth root of unity in GF(2")
and O, denotes the set of quadratic residues given by O, =
{jlj = x* mod n for 1 < x < (n-1)/2}.

The set O, can thus be represented as a disjoint union of
cyclotomic cosets, modulo n. These cyclotomic cosets are
defined as O, = {r2|j =0, 1, ... , n~1}, where n, is the
smallest positive integer such that »2" =rmodn , n, di-
vides (n—1)/2, and r is the smallest element in Q,. The ele-
ment 7 is called the representative element of the cyclotomic
cosets Q,. The set S, consisting of all representatives of the
QR code, is called the base set of the QR code. These defi-
nitions and properties cause the equality O, =U,50,
relating Q, to the cyclotomic cosets, modulo n. Let an ele-
ment & € GF(2'") be a root of the primitive polynomial p(x)
=x'"+x* + 1. Then, & generates the multiplicative group of
nonzero elements in GF(2'"). Also, let an element S = o/,
where u = (2" — 1)/n = (2" — 1)/89 = 23, is a primitive 89th
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root of unity in GF(2'"); that is, p= o, The base set of this
codeis S={I1,3,5,9, 11,13, 19,33} and r € S. Therefore,
the eight cyclotomic cosets O, are shown in Table 1.

Table 1. The cyclotomic cosets of the (89, 45, 17) QR code

r 0 r 0

1 1,2,4,8,16,32,64,39,78,67,45 3 3,6,12,24,48,7,14,28,56,23,46
51 5,10,20,40,80,71,53,17,34,6847 | 9 | 9,18,36,72,55,21,42,84,79,69,49
11]11,22,44,88,87,85,81,73,57,25,50 13,26,52,15,30,60,31,62,35,70,51
19 19,38,76,63,37,74,59,29,58,27,54 | 33 | 33,66,43,86,83,77,65,41,82,75,61

—_
—_
w

W

LetT=1{1,5,9, 11} and r € T, the quadratic residue set of
the code is given by

Ogo =0 UQs UQ9 Uo,
={1,2,4,8,16,32,64,39,78,67,45,5,10,20,40,80,
71,53,17,34,68,47,9,18,36,72,55,21,42,84,
79,69,49,11,22,44,88,87,85,81,73,57,25,50}.

The minimal polynomial g,(x) can also be expressed as
g2, (x)=T1%(x-p 2 "Y; therefore, the g(x) consists of four
minimum polynomials given below:

g(x) = Tlicg, (¥~ A1) = £1(1)g5 () gs (Vg1 (%)

2)

SN N S IUC U LN S I
0P B 1B 1% xB e (%)
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Since the codeword of the QR code is a multiple of the
g(x), the codeword polynomial of the QR code of length 89
can be represented by C(x)= Y3, Cx" = m(x)g(x), where
C; € GF(2) for 0 <i <88, and m(x) = m44x44 + et mx+mg
denotes information polynomial, where m; € GF(2) for 0 <i
<44.In such a representation, this type of codeword is called
the non-systematic encoding. In practice, the encoding pro-
cedure is often implemented by the use of systematic en-
coding. Let p(x) = pax’® + oo+ pix + py be the parity-check
polynomial, where p; € GF(2) for 0 < i < 43. Also, let
m(x)x"* divide by g(x), then we get the following identity:
m)x"™ = g(x)g(x) + d(x) @)
Multiplying both sides of (4) by x" and using x" = 1, Then,
it yields d(x)x* + m(x) = (g(x)x")g(x). The term d(x)x" + m(x),

which is a multiple of g(x), has m(x) in its lower £ bits and p(x)

= d(x)x" in its higher n — k bits. Thus, the codeword can be
represented by the equation below.
c() = ' + m(x) = p(x) + m(x) (5)
As shown in (5), this form of the codeword is called sys-
tematic encoding. Now, let a codeword be transmitted
through an additive white Gaussian noise (AWGN) channel,
and obtain a received word of the form r(x) = c(x) + e(x),
where e(x) = egx™ +-- -+ e,x + ¢, is the error polynomial and
e; € GF(2). For simplification, the polynomial form can be
expressed as the vector form. For example, c¢(x) can be ex-
pressed as ¢ = (cgg, ..., €1, Cp). The syndromes or known
syndromes of the code are defined by

Si=r(B)=ef)=Foe, ('), 6)

where i (mod 89) € QOgo. If i ¢ Oy, the syndromes are called

unknown syndromes. All the known and unknown syn-
dromes can be expressed as some powers of S, Ss, So, Si1,
and S, Si3, S)9, S33, called the primary known and unknown
syndromes, respectively. Notice that Sp = 0 or 1 depends on
the fact that v is even or odd, where v < ¢ is the actual number
of errors to be corrected and 1 <v <8.

If there are v errors in r(x), then e(x) has v nonzero terms
over GF(2); thatis, e(x) = x" +x" +---+x"*, where 0 <7, <
r<..<r,<n-1.Fori e Q,, the syndrome can be written as
S;=X|+X5+---+ X! . Assuming that v errors occur, the
error-locator polynomial Z,(x) is defined by

L,(x)= ﬁ(l—Xix)=anv +tox+o,, (7)
=R

where X, =4 " are called the error locators, the o; are
called the elementary symmetric functions for 1 <;j <v, and
oo = 1. The roots of L,(x) are the inverse of the v error loca-
tors {X;}.

To determine the error-locator polynomial, the steps of the
IFBM algorithm [14] are summarized as below:

1. Initialize k= 0, u¥(x) = 1, A O)=1, [V =0,y = 1.

2. Set k =k + 1. If k > 2¢, then go to stop. Otherwise
Compute

k k=D (k-1
s® =le:0 ﬂ} )Sk—j ) (®)
(1)

where 1;" is the coefficient of 150,

3. Compute
1O = PO @) - 8 x9)
4. Compute

AW (x) ={

o 1080 =0 or 21D > k-1
k=1%D if §® 2 0and 21%D < k-1

A% (x), it W =0 or 214D > k-1
15V (x), it §® % 0and 20%D <k -1

(10)

@ yE, i 6 =0 or 21D > k-1
}/ =
5 if 6% #0and 21%Y <k -1
5.Set k=k+ 1. If k < 2¢, then go to 2. Otherwise stop.

3. Discussion of the Weight-6 Error
Patterns

The ADA given in [9,12] utilized the IFBM algorithm to
determine the error-locator polynomial. In order to apply
the IFBM algorithm, the consecutive syndromes S; for 1 <i
< 16 need to be computed. Among them, the unknown syn-
dromes S3, Ss, S7, S12, S13, S14, and S;s can be expressed as
some powers of the primary unknown syndrome S; or S;
that cannot be computed directly from the received word.
The determination of the S; and Si5 is given in [9,12].

For the (89, 45, 17) QR code, a C++ program shows that
over 200,000 weight-6 error patterns will cause a zero Sj.
However, the zero S| does not cause a decoding failure while
using the IFBM algorithm to determine the error-locator
polynomial. The following example demonstrates the fact.
Example 1
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If a message m(x) = 10, by (4) and (5), then one obtains
the systematic codeword c(x) = x*® + x¥ + x™ + x¥ + x77 +
5 T2 55 62 (60 (56 4 (S3 S2 ST 4T 45
x* + x. If there is a weight-6 error pattern e(x) = x*° + x'° +
x* + x> + x + 1 occurred in the received word, then one ob-
tains 7(r) = x% + % + %+ 8 4 X7+ x4 x4+ x% 4 42

60 4 (564 (534 524 51 AT 45 26 154 241

By (6), one obtains S} =5, =S, = S3 =0, S5 = 57, S5 =
746, Ss = Sy* = 1345, S; = S572 = 1938, Sy = 711, Sy = S5° =
1766, S, = 376, S|, = S34 = 686, where the values of all
syndromes are expressed in decimal number. Then, by us-
ing the IFBM algorithm to obtain the error-locator polyno-
mial Le(x), one has the following detailed steps.

1. Define the initial values as follows: & = 0, x“(x) = 1,
29)=1, 17 =0,and y¥ = 1.

2. Set k= 1. By (8), one has 6" = 0.

3. By (9), compute x(x) = PuO(x) —
P20 =1-1=1.

dAOx =

4. By (10), 8" = 0. Then, compute 2(x) = xAV(x) =x1 =x,

V=19 =0, and yV =y = 1, respectively. Go to step 2.

2. Set k=2. By (8), one has 0® =0.

3. By (9), compute xP(x) = #uV(x) —
V@) =11=1.

4. By (10), 0® = 0. Then, compute A?(x) = xA"(x) =x?, I¥)
=M =0, and y® = yV = 1, respectively. Go to step 2.

2. Set k=3. By (8), one has 0® = S;.

3. By (9), compute £°(x) = #?u®(x) — V2P x)x = 11 —
S3x2x =1+ S3x3 . Notice that the addition and subtraction are
the same in GF(2).

4. By (10), 09 =8;#0and 2/% =0<k-1=3-1=2.
Then, compute A®(x) = u*V(x) = 1P (x) =1,V = k- [P =3 —
0 =3, and y® = 6¥ = §;, respectively. Go to step 2.

2. Set k= 4. By (8), one has 0¥ =0.

3. By (9), compute W) = ;13) Px) —
P V() = S3(1 + S3x) = S5+ Sy7x’.

4. By (10), 0 = 0. Then, compute A (x) = xA¥(x) = x, IV
=¥ =3, and y¥ = y® = 8, respectively. Go to step 2.

2. Set k=15. By (8), one has 6 = §5Ss.

3. By (9), compute xO(x) = #u@(x) — 592D x)x = S5(S;
+857x%) — S3850x = S + 8355x” + S5°x°.

4. By (10), 2 =6 > k— 1 =5 — 1 = 4. Then, compute
290) = x2Px) =xx = x4 19 =@ =3, and y® = y¥ = §;,
respectively. Go to step 2.

2. Set k= 6. By (8) and Ss = S5°, one has 6 = 0.

3. By (9), compute xOx) = #u®(x) - 6(6)/1(5)(x)x =
PO(x) = S3(S5” + 8385 + S57x7) = S5 + 85°S5x” + Sy’

4. By (10), 6 = 0. Then, compute A¥(x) = xA®(x) = x°, I
=19 =3, and y© =y, respectively. Go to step 2.

2. Set k=7. By (8) and S; = S5, one has 8" = §;*° +
Sy2S¢%.

3. By (9), compute 1 ”(x) = #u®(x) — 6729(x)x = S5(S5°
+ 8578507 + 857%%) — (85°° + 857850 x = S5 + 878 + S +
(S335 + S32S52)x4.

4. By (10), 7 #0and 2/ =6 <k—1=7—1=6. Then,
compute A7(x) = 1 O(x) = 85> + §28sx + 8§33, 1D =k — 19 =
7 -3 =4, and y” = 0, respectively. Go to step 2.

2. Set k= 8. By (8), one has 6® =0.

DAV x =

SV x =

3. By (9), compute x£®(x) = uP(x) — ¥V x)x
PuO(x) = (857 + S7857)(S5H + 85S¢ + 8% + (857
SPSY) = (857 + S3°85Y) + (8575 + S8 n? + (85"
S37S52)x3 + (S370 +S34S54)x4.

4. By (10), 8® = 0. Then, compute A¥(x) = xA7(x) = x(S;’
+85285 + 85°%%) = Sy°x + 85285 + Sy, (¥ =17 =4, and y®
= y(7) = S33 S+ S32S52, respectively.

24zset k9: 92 By gzz),5 one has 8 = ;%S + $,6852Sy + §5°7S5>
+857 + 83785° + 55785

3. By (9), compute z”(x) = #¥u®(x) — 092 o) = (55 +
SS)((S5™ + 85°85%) + (85785 + 85857 — (85 + 857857’

70 4o M 4 39 6a 2 3703 42 9a2
(837 +85°S5)x7) — (83789 +837S5°So + 55785 +55™ + 85755
+ 85°85°)(S57x + 8378w’ + Syt = (857 + $3°S5) + (8578 +
S342S9 + S39S52S9 + S340S53 + S345 + S312S52)x2 + (S375 +
S39S54)x3 + (S3105 + S372S52 + S341S5S9 + S38S53S9 + 5134455 +
S3;IS§3))§4 4 (S343S9 n S310S52S9 I S341S53 1 S346 I S313S52 4
S3 S5 )x .

4. By (10), 6” #0 and 2/ =8 <k—1=9—1 =8. Then,
compute 2”(x) =u(x) = (S5 + 85°85%) + (85785 + 8555w
(S50 + 878 + (8570 + S5 S5t [ =k — 10 =94 =5,
and ¥ = 6, respectively. Go to step 2.

2. Set k=10. By (8) and Sy, = S5, one has 6'” = 0.

3. By (9), compute x"'(x) = #ux) — 6"22%x)x =
PuOx) = (S57°Sy + S5°S5°Sy + 857785 4857 + 85’85 +
Sy*S)((S5™ + 85°S5Y) + (85785 + 858y + 85°S5°So + 85%S5” +
S345 + S312S52)x2 + (S375 +S39S54)x3 + (S3105 + S372S52 + S341S5S9
+ 55°85°80 + 85™85 + 85185 )t + (8518, + 8508578y + 85 Ss?
+ S346 + S313S52 + S}SSSS)XS) — (S3“3S9 + S3“6 + S312S59 +
S317S56 + S345S57 + S350S54 + S378S55 + S383S52 + S3“1S53 +
859858y + S3785"Sy + $5MS5S5) + (851085 + 851858, +
S3110S54 + S387 + S382S53 + S381S92 + S379S53S9 + S349S55 +
S346S55S9 + S344S58 + S321S54 + S316S57 + S315S54S92 +
S313S57S9)x2+(S3117+S9S3“4+S3“2S53 +S384S52+S9S381S52+
S379S55 + S351S54 + S9S348S54 +S346S57 + S318S56 + S9S315S56 +
S313S59)x3 1 (S3147 4 S3144S9 n S3142S53 n S386S5 I S38()S5S92 n
S376S57+S320S55 +S315S58+S314S55S92+S312S58S9)x4+(S388+
S385S9+S380S53S9 +S378S56+S352S52S9+S349S52S92+S347S55S9
+S345S9 +S342592 +S340S53S9 +S322554+S316S54S92 +S312S510+
85785285 + 85°S5°Sy” + S5 S5 So)x”.

4. By (10), 8"” = 0. Then, compute 1'”(x) = xA¥(x) =
(S33i+§36§52()1.§)+ (L(S;}:gss + S}SS?T(})X} +(g;§340 +S37S52)x4 + (S370
+ 8385, [V =1"=5,and y " =y, respectively.

2. Set k = 11. By (8), one has 6"V = §;' + §;'°S, +
S3174SS3 + S}“SSS + S]1S3“6 + S}“SSSSQ + S11S3113S9 +
S11S31“S53 + S3110S54S9 + S3108S57 + S390 + S387S9 + S384S92 +
S118.0Ss” + 852858y + 85°SyT + 85%85° + §,,8:%°85%S, +
Sy°S5°Sy” + 811858 Ss” + 85785 + 811857°85" + 8585’y +
S5Y78s* + 811857S5*Sy + S1185PSsT + 8748 + 8571S5hS +
S318S54S92 + S11S317S56 + S316S57S9 + S315S54S93 + S314S510 +
$118585°Sy + 85°S57Sy” + 51155125

3. u"0) = HOU0) — 0NNV = (85785 + 530858 +
85755 485, + 8757 + St (S5 Sy + 851 + 852857 + 851785° +
S345S57 + S350S54 + S378S55 + S383S52 + S3111SS3 + S314S56S9 +
S347S54S9+S380S52S9)+(S3115S5+S3“2S5S9+S3“0S54+S387+
S382S53 + S381S92 + S379S53S9 + S349S55 + S346S55S9 + S344S58 +
S321S54+S316S57+S315S54S92+S313S57S9)x2+(S3“7+S9S3114+
S3112SS3 + S384S52 + S9S381S52 + S379S55 + S351S54 + S9S348S54 +

+ + 1
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S5 + 851580 + 808513856 + Sy + (85147 + 8,148, +
S83 1 55050 + S08.S + S8 + 852985 + 8558 +
S314858,2 + 83285 Set + (855 + 85528, + 85785 + 8,728 +
31954852 + 85128510 — (85170 + 851708, + S 748 + 851188 +
S1iS5"0 + 855858y + 811858y + 8118585 + 8511085, +
S{86T 1 S0 § SV + §HS2 + 8,858 + 552838, +
S¥1Sy" + 8570850 + 81185°°S57Sy + 858578yt + 8118585 +
82850 + 811885t + 8,858y + 857SsY + 81185785ty +
S1,S87 + S48+ S2SAS, + 85888, + 81,8578 +
S4168.780 + S395:50% + S545510 1+ 8, 1851488S, + 55138478,2 +
51185285 + S8 + (85785 + SIS + (5P +
SYSA + (857 + Sy = (85 + 851085 + §52084 +
S50+ 5,15252 4 §208558,2) + (5,21 + §2158, + S35 +
SIBS2 4 82528 + S5 18,8 + 8 s.S, +
S11557285 + S5518:8, + 51,5508 + 85408t + $:¥08E +
59885, + SPS 4 85800 1 5508008, + s8¢
511857°S5" + 8572857y + 811557°85°Sy + S51°85°Sy” + 811855
+ SSPS 4 (S5 4 S,US + 8,188 + S,PSS +
S1S5862 + S5 S5 + (8521785 + 55214558, + 8,225 + 541
LSS ¢ 51982+ 859838, + 8,8 Ss + S5 BS2S, +
11551858, + 85150828, 1 5,185 + 851488535 + 85550 +
528585, + S¥52 ¢ 58+ 528+ 5088 +
S80S0 4 51155285 + 85186108, + 515595570 + 851854108,
51185 78517 + S35 PSo et + (820 + Sp8,70 + S4sS +
S55052 4 80851082 + 851818 4 SISL + 81,8556 + S58515%S
5115685 4 1,878 + 8085108t + 5514857 1§ ¥Te 8 ¢
S085%SE 1 5528 1 534810 1 9,858 + §,95.13 1 526050
+ SSISS 8685 TSs + 81186857Sst + 8185 USs ! +
S350 4§18 ) + (8524 + 8,268, + S2HSS + 851588 +
1155 1§58, + 551854 1 81,8558 + 81,8585 + 55160
+ S8y 4 SIS+ 81,8558 8510288 + 850Ss +
S51058 1 §,,5508285 + 851495387 + 51,85 485 + 55178 +
SSES + 8528+ 8580 48,8578 + 8,808, +
SIS 1 8185785580 + 81185085 + S5SE + 5258585, +
52288802 1 81185218510 1 208185, + §5195.85,% + 85188 +
11851585108, + 8517851185 + 5,185 108 5 )

4. By (10), 0"V #0 and 2" =10<k—1=11-1= 10.
Then, compute A V(x) = '), 'V =k - 119=11-5=6,
and y!V = o1, respectively. Go to step 2.

2. Set k= 12. One has §'% = 0.

3. By (15) in[14], compute the error-locator polynomial of
degree 6, 112(x) = #u(x) — 61200 = FID(x) =
(S50 + 8,758, + 8317485 + 831585 + 81,8510 + 5115858, +
1155138, & 1185118 + 55108548, + §510887 + 5500 + 55T, +
SM82 S80S+ 5BS3S, + SIS} + 85988 +
S1185%°85°Sy + 857°S5°Sy” + 811857885 + 57285 + 81,85°°S5* +
$585°Sy + 857Ss* + S185VSsS + 811850857 + 8785t +
S840 + 851884802 + 5155788 + 319578, + S5159854,° +
S5185'0 + 8118518558 + S51S57SyR + 811852857 (S5F +
S35 + 5,088 + 5,195 + 515262 1 5205853 + (8,218 +
S8, + 55280 4 S48 + 8512828, + 851085 + 5,855 +
S5SS0 + 5115528, + S319850% + 81,8508 + 85149854, +
S08E 4 $8588 + SHS 4 §,78.10 + 8,505,105, + 554
+ 81878+ 557858y + S1Ss S Sy + S510SSSyE +
S1uSs ST+ S3TSSE + (8, + 85188, + 8,148 +
STSS + SIS + 838 + (852785 + 852488, +
S8 1 SI8 1 g IMg 3 188G | g Ilgg o glHg

S3153S52S9 + S11S3151S5S9 + S3150S52S92 + S]1S3149S54 +
S3148S55S9+S385S59+S382S59S9+S380S512+S357S58+S352S511 +
857185°8y” + 8578511 So + 811857285 + 8571851085 + 5118518578,
+S318S510S92 +S1]S317S512 +S316S513S9)x4 + (S3219 + S9S3216 +
S3214S53+S3186S52+S9S3183S52+S3181S55+S3158S5+S1]S3156+
S9S3155S5 +S1]S9S3153 +S]1S3151S53 + S9S3150S54 +S3148S57 +
S387S58 +S9S384S58 +S382S511 +S354S510 +S9S351S510 +S349S513
+ 85785 +811557S5" + 8657S5” + 81186857 S5° + 8115585 +
S9S318S512+S316S515)x5+(S3249+S3246S9+S3244S53+S3188S5+
S11S3186+S3185S5S9+S3183S54+S]1S3183S9+S1]S3181S53 +S3160
+ S3157S9 + S3154S92 + S]1S3153S52 + S3152S53S9 + S3151S93 +
S3150S56+S]1S3150S52S9+S3149S53S92+S1]S3148S55+S3117S58+
S3114S58S9 + S3112S511 + S356S59 + S11S354S58 + S353S59S9 +
S351S512 + S]1S351S58S9 + S11S349S511 + S328S58 + S325S58S9 +
S322S58S92 +S]1S321S510+S320S511S9 +S319S58S93 +S318S514+
S11S318S510S9 +S317S511S92 +S]1S316S513)x6) :S1]S3274+S3276S5
+ S3245S9 + S3334S9 + S3248 + S3337 + S330S524 + S350S512 +
S363S522+S368S519+S373S516+S378S513 +S396S520+S3“6S58+
S3124S521 +S3144S59 +S3162S516+ S3182S54 +S3190S517 +S3210S55
+S3228S512 +S3256S513 +S3322S59 +S3327S56 +S3332S53 +S3233S95
+ S3236S94 + S3328S93 + S3331S92 + S]1S328S523 + S11S333S520 +

S11S338S517 + S] 1s343s514 + S] 15361s521 + S] 1s366s518 +
S11S371S515 + S]1S376S512 + S]1S394S519 + S]1S399S516 +
S11S3104S513 + S11S3109S510 + S11S3127S517 + S11S3132S514 +
S11S3137S511 + S11S3142S58 + S]1S3160S515 + S]1S3165S512 +
S11S3170S59 + S]1S3175S56 + S]1S3193S513 + S]1S3198S510 +
S11S3203S57 + S] 1s3208s54 + S] 1s3226s511 + S] 1s3231s58 +

SuSs PSS + SuSNSS + §1uSUSY 4SS +
S11S3269S53 +S1]S3265S93 +S1]S3268S92 +S332S521S9 +S337S518S9
+S342S515S9 +S347S512S9 +S365S519S9 + S375S513S9 + S398S517S9
+ S3103S514S9 + S3108S5“S9 + S3113S58S9 + S3126S518S9 +
S3131S515S9+S3136S512S9+S3141S59S9+S3164S513S9+S3169S510S9
+S3174S57S9 +S3179S54S9 +S3192S514S9 +S3197S511S9+S3202S58S9
+ S3207S55S9 + S3230S59S9 + S3235S56S9 + S3240S53S9 + S3258S510S9
+ S3263S57S9 + S3267S5S93 + S3268S54S9 + S3270S5S92 + S3324S56S9
+ S329S521S92 + S331S518S93 + S333S515S94 + S335S512S95
S336S515S93 + S338S512S94 + S339S515S92 + S367S516S92
S369S513S93 + S372S513S92 + S395S517S92 + S397S514S93
S399S5“S94 + S3101S58S95 + S3102S5“S93 + S3104S58S94
S3105S511S92 + S3128S515S92 + S3130S512S93 + S3135S59S93
Sl St sl C S
S§37°85°Sy” + 83785 Sy + S5 TSsSyT S5 S5 'S,

S3194S51 1S92 + S3196S58S93 + S3201S55S93 + S3204S55S92
S3227S59S92 + S3229S56S93 + S323 1S53S94 + S3234S53S93
S3237S53S92 +S3260S57S92 +S3262S54S93 +S3326S53S92 +S1]S3271S9

273 300 20 40 14 63 18

+ 85778589 + §11837 85T Sg + 8118385 Se + 81185 S5 Sy +
S11857851280 + 51185851 Sg + 51185785085 + 811852851 +
S1185'85"Sg + 5118528528y + 81155 28558y + 81185785 +
S1185° 858y + 811557°85°Sy + 51185785 Sy + 8118571 85°S +
S11S332S517S92+S1]S334S514S93 +S1]S337S514S92+S1]S365S515S92
+ S] 1s367s512s93 + S] 1s370s512s92 + S] 1s398s513s92 +
S11S3100S510S93 + S11S3103S510S92 + S11S3131S5“S92 +
51185185785 + §1185185"Sy” + 51185857 S” + 8118585 Sy’
+ 8188 S+ 818 STSe T + 1SS Sy +
S1185° 85185 + 81185785 Sy’ + 511857857’ + 511857857y
+ S]1S3263S53S92 + (S1]2S3271 + S112S3265S92 + S]12S3261S56 +
S1]2S3238S52 + S1]2S3232S52S92 + S1]2S3228S58 + S] 12S3205S54 +

++ 4+ ++ o+
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§,12851%5:48,% + 81,285 585410 1+ 8,,28,17256 + 5,255 965.65,% +
§,255125.02 4 8,285,988 4 8,285 858,% + 81,2858 +
§,,28,1%5.10 4 5, 25,1005.105.2 4 5 2696516 | g 29 BgI12 |
§1285578:28,% + 8,285 1 5,285,708 + 8, 255485148, +
S1°857°85%0 + S1SYTSs + 8118770858y + 81185°Sst +
51185°78580” + 81185°8580° + 81185°S5” + §1185°285%Sy” +
S11S5°085" Sy + 818y 4SS+ 58S+
811857785y + 811857785 + 811857858y + 8118y St +
511857'85°Sy” + 811857°S5” + 811857°S5°Sy” + 1185785 Sy +
$1185°7S5° + 811857858y + 81185785 + 81,870 S57Sy” +
S48 S385Y + 811851778 4 8118519688802 + 81,8511, +
S11S5'%85™ + 818508t + 818, ST+ 8185 ISsTS, +
S11559810 1+ 81,85 1085.75,% + 1,85 78480t + §1,851638.7S,} +
S1,S4S5 1 §,,5588195,% + 8,808 58, + 51,8548 +
811855857y + 511857085 + 5118558y + 81185'285°Sy” +
S11S3 PSS 1 8118513080128, 4 811851288158, + 5,,85'2084 18 +
S1,SBSE 8,858 4 8, 8BS sy 48,8518+
S115528180% 4 81,85 0SSt + 81,858 18,% + 51,5585 +
511857785 Sy" + 81155785 7Sy + 81155785 + 81185728518, +
511857850 + 8118:7°8578” + §118:%°85178y” + 8118785 +
51185%185'%8y" + 81155858y + §1185°°S57 + 81,5785 +
51185285 + 811857858y + §1,8577S5" + 81,8:°°85178y” +
511857852 S0" + 8118:,851780” + 5118577857 + 811857855y +
SuSSS + 85T 4 55087 4+ S5YSE 4+ 5002+
SPRS2S + SPMSE 4 8968+ S7USS, + SISt +
S908.80% + 857785853 + S90S + 855548,% + 85588, +
SP2SI0 4 g 308 4 gW6g 4 @I I2y ¢ I5g2y gg2g |
SPTS3S, + 552565.28,% + 852°8.25,¢ + 827888, + §5218.38,
£ S2TSIS, + S8 4 824580 + S8 + 879548, +
SPHSTS, + 55738080° + 85728.85 + 80880t + $:72954108,
1+ 8285787 + $:225416 + §:2998.6 + §,2965.85, + 520158, +
SP0S5S3 1+ SISt - 8590828, 559508 +
S9S155, + SIS 4 578858, + 85108 + 85188, +
SUESS 1+ SSESS - 85100858, ¢ 85 sSst o+
S04, + 8519281153 1 83196820 4 5,145,104 5,140,105,
SIBSBS, + SIS0 ¢ 5800 4+ s Ble 0t o+
S05065, + S80S+ SUS 057+ S1B808, +
S512598, + S3108.2 4 1075028, + 51028155, 1 5,1015,12,3
1 S100g.18 | G 100G 965 [ 6 908G 1264 "G TG I8G \ ¢ 961563
L SSI867 4 SIS 1 5SS, + 85286 + 8508848, ¢
S8 1 58651782 ¢ §65g. 44 4 g 64g20g | G223 |
S1820857 + §5908.138, 1 8415165, + 55084198, + $57554165,% +
S45518,5 + 871828, + S5085 0S5 + (S5 + 8,758, +
SPUSS 4 8282 4+ SIUSS 4 558 + 87838, +
SPBSSS, + 59880+ 8278 + 58T+ S2SS, +
11557285 + 8527185857 + 81155708 + S2OSAS, + 81185208, +
SP858° + S,S70Se b SuS08S 4+ SPsTS, +
S1SPHS3SE 4 829808, + 8,,52788S, + 852018S7S,? +
S,,579080 + 5205005, + 82803 4 8 4 g2, +
SSPRSE 4 SPUS3S, + SiSUSSS, 4+ SPERSAS? +
S11SYSES + 857780 1 5208580 + 811857082807 + 8575858,
b OSPMSS 4 SSTR828Y + SuSERSE 4 87808t +
SPISOS, + S,5P8087 + 8708857 + 829802 ¢
SSPS8Ss + 5288087+ S,Ss !+ sPUsS ¢
S5O 4 SPBSSS, 818528, + SPUSIS,? +
SuSPMST + 82088, 5,808+ SPCSSS +
S11520SAS 811859810 + S8 S, 5,858, +

S8 + 8,,559585108, + S5S8, 4 8,85 +
SBS48, + 85191807 4 5,188 1 819084+ 8,85 7088 +
SIS, - S1Ss TS0, + 83288 + 8,8 TS

SYTISASY 80808 8,85 08082+ 85'08.TS,}

SUESASS + 1,888} + 8,85 1%08.12 + 84160878,

SIBSBS, + 8,8510808, + 85508105, ¢ g,16g,16

SS8S28, + SR8+ 8,808+ 851

SuSIBSE 4SSO 8185088, + 859808,

SuSES 8180280 + 5,85 ESE + 851808,

S11S3 4SS+ 8185 8 4 82858, + 85,8, 2851 S,
SS287 48,8508 48, + 851985058, + 8,852,
S35, + S5 4 85178 + 551488, + 5,85 108,10
SOSS, + 5,,55078108, 1 S500518,2 + 8,850, 13

S6SESH 1+ S54s, 5,85 8108,2 + 551011,

S2S3S5 4 81,85018.108,7 + 8,,851008.16 1 5,008,154
SUSTS) 18,8780+ S5 Ase 4 8,75

11557851680 1 520557852 + §,,8:5850 + 557983 + 81,857
bOSTOSBS, + SIS0 8,828, + S.SRs2 +
SUSSS + 8,8185282 ¢ Sy08 38} ¢ S50 ¢
S80S+ 8858828 + 8,858+ 8,980, +
S115:508.15802 + S5482 1 8,855, + 5,558 + 8,515, 12
©OS8028 S8t S BSS, + 5,855 s, +
SIS 1§, ¢SS5, £ 558s s, +
S1,S5854802 + S:780585 4+ 8:95.028,5 + 8,858 48,° +
SuSHS + PSSt 4 SBSS, - 8,,85385 TS +
S8 + SIS+ 8,878, + S7082NS2 +
S11S57 S + (8112857085 + S11°S57%S5Sy” + 811785705 +
S,257785 + 8128718538, + 81282780 + 8,282 +
§,,2851%85.38,% + 8, 285 5 + 8,285 718 + 8,280 7S, +
§128510183 4 8,285 388 4 8,,2851328.95,% + 81,2851 288S5 +
§,2851580 1 8,,25,9°8.18)% + 8,288 + §,28572853 +
§,25558:58,% + 8, 28:828519 + 8,285,781 + 8, 25538515857 +
811285785 + 811857 + 5118578y + 81185785 + 811877 Sy” +
81185778y’ + 811857785 + 811857085 Sy” + 811857 785%Sy +
S1185708s 4+ S1StMSs + 811857858 + 811857+
S8 78S+ 81,8088t 81850+ 8,85 128 +
51185'85°Set + 811857285+ 81185785+ 8,,85MSs 0 +
5118578508y + 8118,°°S5" + §11857°85'°Sy> + 511857858y +
511857285'%8y> + 811857157 + 811850858y + 8118578578y +
S90S, + 55798.8,2 + 557657 + §76 1§76, + §708,% +
S99 + 853858 + §,3595.85, + §.3582 + S22, + 85708
155828, + 85295280 + S9BSE + 872858, + SPPSES,
508 1 95980 4 557018807 + S20SASs + 8528 8sS5 +
SP58:80t + 852878, + S8, + $:01878,2 + 8,298,108,
1527 1 S758, + 8274 1 SPBSIST + 85278, + 552548, +
SP0S2 1 g 289967 ¢ 9256125, 4 g2 ¢ 9243626
SEBSSSE 4 SP1828° + 529858 + SPPSS? +
SPBSMG, + SPBSA + S2108ASs + 5520887 + §228.7S,7 +
SPUSASH + S 188 A8, + 55193516 4 5,128,135, 1 5,190,165,
1+ S0 1 ST 080+ §1995.98,2 1+ 6165565, + 8,135,084
15408158, 1+ 5T 80, 4 5L 4TS 8 1 5 s s 1 8128
S5685.18,% 1 §51355.885¢ 1 8512817 4 5512888, + 85177820 +
S51245.205, + S, 1118108, + 5,145,164 §,1035,135.2 4 51015165,
1 S.08410805 + 5,7855108% + 8577835, * + §.55.1655 + 5,482
b 8,588, + SV 4 Si88.128, + ST + §yTS M +
S708415857 1 S39541285¢ + 085,188, + 5590821 4 5,965,128, +
S358887 + §528.18853 + 55598148, + 8208178, + §558:20, +

i S e

)
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S8+ 8,888, + 50858, + 85085208t +
(12522 + 825,265 + §,,25:2285 + §,25,952 +
S128338.28,2 + 8,288 + 8,288 + 8,282, +
§,28595.10 1 8, 28,188 + 8,28, 1978.58,2 + 8,,28516%8, 12 +
sisiest s sisils 5y s s g
811783 785 8"+ 811783 S+ 8117837 Ss T+ 811785 S5 Se” +
S288481 + 8, 284184 4 5,28,58.48,2 + 8,,2801 820 +
S8+ 8,,82MSY 4 8,828+ 8,8, %084 +
S1185 888 + 185100810 + 58,1198 4+ 8,,851028. 85, +
S118:78:20 + 81,5588 + 81,8570 1285 + 8,18, + 7% +
§,3928,2 4 §,388.6 4 §36562 | 939262 | gIGE 4 30 |
S84 + §298.12 4 52105262 4 g 2045204 4 g 2005862 4
S48 + S2PS4 + §848,2 + SP08S, + S2Bs +
S8 1052 4 g g l6 4 gigher L g 1%g6gd
5,1948.126,2 1 §,1826.5 1 g 177g 8 4 g 17Ig8g2 4 g 170564 4
5,028,174 g 101G 14g 2 | ¢ 157620 | ¢ 1385 1062 4 g 134g 16 |
5,325,105, 4 §,1249.22 | g 11699 | g llIg 12 | g 105g 1262 |
5,105.95.4 + g, 101G 18 | g 6620 4 ¢ T2g1dg2 4 g 66gIagd 4
§,028.205.2 + §,508. 1% 1 5951652 4 g38g 1354 53351654 1
S0+ SPSESAE + (81,257 + 8§,,25,268,2 +
§,282285 + 8, 28,385,164 5,,28728.198,2 + 8,285,258 +
5,48 4 §42252 4 G AIBG6 L g302g 4 ¢ 360 ag 2 ¢32GI10
50652 4 §300g 262 | 068G 2, ¢ 26g 14, ¢ 250 4 g 2Hg 2
+ 529056 4 g B8g 4 4 g 2266 4 g 2012 | g 8g g
§,248.125,2 4 g0 I8 | g Isgd 4 g ITgdg2 L o 1Tg 10 |
S,128480 + 8,165,456 + 5,1625.106,4 4 5. 1188 | g 112G 8¢ 2
+ 85,185,144 51065864 | G 100G 8g 6, g 90g 4G4 ¢ 52g 12y
S322S512S9j +6S340S512S94+S336S518S92+S334S512S96+S332S524+
S3 S5 Sg )x .

4. By (10), ¥ = 0. Then, compute 2'?(x) = xA" (x), ¥
=["D =6, and y"? = y"), respectively.

2. Set k= 13. Because k=13 > 2¢ =12, the recursion stops.

Finally, the error-locator polynomial 12(x) = Lo(x) of
degree 6 is obtained. By applying Chien search method, the
roots of Lg(x) are exactly the inverse of the six error locators
{0, 1, 2, 3, 15, 26}. A C++ program shows that the total
weight-6 error patterns with S; = 0 can be corrected.

4. Conclusions

In this paper, a study on the algebraic decoding of the
weight-6 error patterns of the algebraic decoding of the (89,
45, 17) QR code with reducible generator polynomial, pro-
posed by Truong et al. (2008), is presented. A detailed ex-
ample shows that the [IFBM algorithm can obtain a valid
error-locator polynomial Le(x) to correct the all weight-6
error patterns with S} = 0 in the (89, 45, 17) QR code.
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