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Abstract This paper proposes an alternative method of calculation based on the Least Squares method to determine the
longitudinal modulus of elasticity in timber beams with structural sizes. The developed equations require knowledge of three
points measured in displacements along the element, allowing greater reliability on the response-variable, using the static
bending test in three and in four points. The proposed methodologies were employed together, aiming to verify possible
differences between the values of the modulus of elasticity. The results for Eucalyptus grandis timber showed statistical
equivalence between the methods. Thus, the modulus of elasticity can be obtained by both schemes of structural tests applied.
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1. Introduction

Among the main materials used in the manufacturing of
structures, the wood is highlighted because it is a renewable
material with excellent strength/density ratio, about four
times if wood is compared with steel [1].

The project of wooden structures — as well as in other
materials — requires knowledge of some variables, as the
modulus of elasticity, obtained through the experimental
tests recommended by normative documents, which can be
destructive or not.

Insofar as the wood is an orthotropic and heterogeneous
material, and seeking a greater reliability, its characterization
in bending requires experimentation in elements with
structural sizes. In this context, only international normative
documents can be cited, since the Brazilian NBR 7190 [2]
(Project of Wooden Structures), which treats of the wood
characterization, it just contemplates the condition of
destructive test in small-dimensions and free from defects
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specimens.

The American standard ASTM D198 [3] (Standard test
Method of Static Tests of Lumber in Structural Sizes)
recommends static bending test in four points (Figure 1) in
the determination of the flexural modulus of elasticity (£,,),
expressed by Equation 1, where F is the force applied in the
proportional limit, L is the span between the supports, « is the
distance between the applied forces, b is the width of the
specimen, 4 is the thickness of the specimen and J is the
arrow obtained in the midpoint of the span.
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Figure 1. Four-points bending tests according to ASTM D198 [3]
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The American standard ASTM D3043 [4] (Standard
Methods of Testing Structural Panels in Flexure) uses the
structural model of static bending in four points in the
determination of the properties of strength and stiffness in
wooden boards, indicating the position of lower inertia of the
element (flatwise), as shown in Figure 2.
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Figure 2. Four-points bending tests according to ASTM D3043 [4]
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The modulus of elasticity calculated by the standard
ASTM D3043 [4], titled apparent (E,), and it is obtained by
Equation 2.
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In the Equation 2, Fsp, and Fjy, are the forces ()
corresponding to 10% and 50% of the maximum load
applied in the specimen, dsg., and d;-; are the displacements
(mm) corresponding to 10% and 50% of maximum load, b
and 4 correspond respectively to the width and height (mm)
of the cross-section of the specimen, a is the distance
between supports and the application point of force, and L is
the span between supports.

The American standard ASTM D4761 [5] (Standard Test
Methods for Mechanical Properties of Lumber and
Wood-base Structural Material) uses the bending test in
three points to obtain the apparent modulus of elasticity
(Equation 3) in upright boards (Figure 3), where I, is the

moment of inertia in relation to the “z” axis.

!

i

| L/2 , L/2 ,
b L !

Figure 3. Three-points bending tests according to ASTM D4761 [5]
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Two calculation methods proposed by the standards
ASTM D3043 [4] and ASTM D4761 [5] can provide
different values for the modulus of elasticity, justified by the
intensity and scale of shearing forces, leading to apparent
values for the flexural modulus of elasticity, whereas the
model of beams used in the development of the equations

3)

does not include the portion of the shear strength [6].

However, Bodig and Jayne [7] state that in a larger ratio of
beam length (L) by the height of the cross-section (h), the
contribution of shearing in the deflections calculation will be
smaller. For L/h relations, “equal or superior to 217, this
contribution is negligible [8].

The American standard ASTM D4761 [5], which adopts
bending tests in three points, proposes that ratio “L/h” for the
testing of upright boards must be among 17 and 21. In this
cases, the apparent modulus of elasticity (E) approaches of
the flexural modulus of elasticity (E,).

The European standard EN 789 [9] (Determination of the
Mechanical Properties of Wood-based Boards) recommends
the static bending in four points, according to the curvature
method, recording the vertical displacement at mid-span, but
on the other point among the loading operation. In this
condition, is preferable one point as far as possible of the
mid-span. The interpretation of the results is made from the
recording of the variation of the curvature in relation to the
applied loads. In this case, the flexural modulus of elasticity
(Equation 4) is based solely on the bending moment.
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In Equation 4, Fy, and Fjy, are the forces (in Kgf)
corresponding to 10% and 40% of the maximum loading
applied to specimen, d., and d;y.; are the displacements (in
cm) corresponding to 10% and 40% of maximum loading, L,
is the reference distance for measuring of displacement in
center span (in ¢m), and L, is the half of the length of the
shearing zone (in c¢m).

Wood structural composites, such as panels glued from
laminas (Laminated Venecer Lumber - LVL) and the boards
of laminated particles (Laminated Strand Lumber - LSL,
Oriented Strand Lumber - OSL and Parallel Strand Lumber -
PSL) are generally characterized in bending because of the
premises of calculation of American standard ASTM D5456
[10] (Standard Specification for Evaluation of Structural
Composites Lumber Products), which uses the static bending
test in three points in the determination of the modulus of
elasticity and the flexural strength of the laminas, being
evaluated for the two possible positions: the major and minor
moment of inertia, according to the composition of lamina in
the element formation [11, 12].

In Brazil, the researches involving the characterization of
wooden elements by destructive testing follow the premises
of methods and calculations contained in international
normative documents, which was cited in the studies of
Pigozzo [13], Fiorelli [14] and Miotto [15].

Like previously mentioned, the characterization of
wooden elements of structural sizes can also be performed
by non-destructive tests, which aim the determination of
physical-mechanical properties of a structural element
without the changing of its capabilities of use [16].

The advantage of the use of non-destructive tests consist
in the absence of the extraction of specimens, enabling the
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study of the structural integrity [17, 18], commonly
performed by ultrasound and transverse vibration tests.

Of the foregoing, the calculation models proposed by the
standard documents for the determination of the flexural
modulus of elasticity in wood elements (parts) with
structural sizes (by destructive tests) do not include methods
of optimization.

In relation to conventional non-destructive tests, it is
highlighted the need to acquire special equipments to
determine the modulus of elasticity.

This research proposes two analytical methodologies of
calculation, based on the Least Square Method and the Static
Bending test in three and four points, of a non-destructive
way, to determine the longitudinal modulus of elasticity in
sawn wood elements of structural sizes. The utilization of
analytical approaches is made for Eucalyptus grandis wood,
aiming to verify the difference between both methods.

2. Material and Methods

For the determination of modulus of elasticity were used
24 pieces of Eucalyptus grandis wood with dimensions of 6
cm X 16 cm X 200 cm, respecting the relation L >21-h,
disesteeming the influence of the shearing forces in the
deflection calculation [8].

The experimental test used in the determination of the
modulus of elasticity are considered non-destructive,
because of the largest value of displacement found is limited
to the ratio L/200, where L is the span between the supports,
expressed in centimeters. This is an average of small
displacements defined by NBR 7190 [2], resulting in
physical and geometric linearity to the wooden beams. The
schemes of tests for the determination of the flexural
modulus of elasticity by both methodologies of calculation
are illustrated in Figures 4a and 4b respectively.
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Figure 4. Bending tests: (a) Three-points with three dial gages, (b)
Four-points with three dial gages

L/3 L/3

The use of the methodology proposed in this study

requires the knowledge of the value of the analytical
displacements of the element in the positions of the three dial
gages (R1, R2, R3). The analytical displacement (V)
coincident with the positions of the dial gages for both
structural schemes of testing were obtained from the strength
of the materials by the Euler-Bernoulli’s beam theory, which
was written as function of the longitudinal modulus of
elasticity (E).

The modulus of elasticity calculated with the information
from the test models (Figure 4) is related to the idea of least
squares method (Equation 7), aiming to determine the value
of the modulus of elasticity with the lowest possible index of
residue generated between the values of the analytical (V)
and experimental (d) displacements. They are
unquestionably more accurate when are compared to
methods without optimization criteria, such as proposed by
standardization documents.
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The equality of the first derivative of Equation 7 to zero in
each case (Figures 4a and 4b) leads to values of the modulus
of elasticity, which minimize the residue between the
analytical and experimental displacements, expressed
respectively by the Equations 8 and 9, proving that they are
points of global minima by the criterion of the second

derivative.
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Equations 8 and 9 allow to obtain the longitudinal
modulus of elasticity for the structural schemes of static
bending in three (£, 3,) and four points (£, 4,), respectively.
In order to verify the difference between them, a confidence
interval of the difference among means was used, expressed
by Equation 10, where p is the population mean of
differences, X is the arithmetic mean of the differences, n is
the sample size, S, is the standard deviation of the

differences, and ¢ is the wvalue tabulated for

a/2:n=1
Student’s distribution “t” with n-1 degrees of freedom and
significance level a.

X ~tosont Sy /NN S USFtty5, 1S, /N0 (10)

3. Results and Discussions

The values of modulus of elasticity E,, 3, and E,, 4, (three
and four points) obtained for the woods of Eucalyptus
grandis are presented in Table 1.



80 André Luis Christoforo et al.:

Comparison among the Longitudinal Modulus of Elasticity

in Eucalyptus grandis Timber Beams by Alternative Methodologies

Table 1. Values of longitudinal modulus of elasticity E,, 3, and E,, 4, for
Eucalyptus grandis

E,3 (MPa) E.ip (MPa)
1 15987 15282
2 18623 19284
3 16548 16119
4 15098 15667
5 17220 16448
6 14635 15321
7 17994 17273
8 17661 17022
9 17184 17649
10 16659 17136
11 18313 18932
12 17270 16415
13 16943 17324
14 18679 18183
15 16302 16782
16 12227 12946
17 17132 16763
18 14653 13880
19 12425 12187
20 11466 10904
21 12438 13272
2 15867 14530
23 13224 13957
24 15481 15859

The confidence interval between the values of E,, ;, and
Enqgp is —246.28< 1 <320.78 , and as the zero is
located within the interval, it is stated that these are
statistically equivalent. Graphs of linear regression and of
residues between the values of the modulus of elasticity for
both methods of calculation are shown by the Figure 5,
whose adjustment equation and coefficient of correlation (R?)
obtained are respectively 7(x)=0.94-x+989.90 and

0.90.

4. Conclusions

Analytical methods of calculation proposed allow
determining the modulus of elasticity in elements with
structural sizes with a higher reliability when it is compared
to other methodologies, whereas it is based on optimization
concepts.

Through the strong correlation obtained and the statistical
equivalence found among the modulus of elasticity values of
the FEucalyptus grandis woods by both calculation
methodologies, it is found a small influence of shear strength
coming from the static bending model in three points,
because of the existence of shearing also in the load
application region. This situation exclusively results by the
measures of the wood elements respect the ratio between

length and height of the cross section stipulated in the study
of Rocco Lahr [8].

It is emphasized that this methodology can also be used to
specimens, and not only for sawn wood (lumber), but also for
glued laminated timber beams (glulam), wood-based panels,
etc, that can be aimed at other future research.
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Figure 5. Linear regression between E,, 3, and E,, 4, modulus of elasticity
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