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Abstract  In this study, analytical-statistical solutions of the characteristics in gradually expanded channel flows, such as 
velocity profile, turbulent shear stress profile  and profiles of turbulent kinetic energy, energy dissipation rate, and 
dispersion coefficient are derived. Then, the comparisons of the analytical results are made with the results of 2-DH with 
depth-averaged numerical model solution. Good trends and agreements are obtained, and the expanding angle takes an 
important and relevant role on the main effect  of these hydrodynamic items. These analytical-statistical solutions can be 
used for real applications on water power plant and water quality control. 
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1. Introduction 
As the direct result of turbulence generates at the boarders 

of a free or submerged case inlet jet, the fluid within the jet 
undergoes both lateral diffusion and decelerat ion, and at the 
same time, flu id from the surrounding region is brought into 
motion  in  more exp licit terms. The difference in  velocity 
between a jet and the region into which it is discharged gives 
rise to a pronounced degree of instability, and the latter 
steadily decaying through viscous shear forming energy 
dissipation rate. In view of the Newtonian principle of 
motion between  action and reaction, moreover, it  is realized 
that deceleration of the fluid in the jet can occur only through 
simultaneously acceleration of the surrounding fluid, so that 
the total rate of flow passing through successive sections of 
the jet actually increases with distance from the outlet. In the 
cases of β＝0°, 0°<β<4.6°, and β≧4.6°, the circulating flow 
situation happens from the entrance until certain distance 
downstream. Within the circu lation region, convective term, 
diffusion term, bottom stress, and the dispersion term in 2-D 
model exist due to the reason for the depth-integrated 
method from 3-D flow equation. The new velocity profile 
must be re-derived, and then the analytical turbulent shear 
stress, turbulent kinetic energy, and energy dissipation rate 
profiles are shown respectively for different β situations. 
After those procedures, the comparisons between numerical 
and analytical results are done to express the validity and 
reliability of the analyses.  
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2. Analytical Results  
In Luo[1], the proposed resultant equations are : 
1. For 0°<β<4.6°, p﹡=1.105β–0.565β²+0.08β³≦0.5: 
A. Primary velocity profile 

   (1) 

B. Turbulent shear stress profile  

              (2) 

C. Turbulent viscosity coefficient 

           (3) 

D. Turbulent kinetic energy profile  

 (4) 

E. Energy dissipation rate profile  

                (5) 

F. Dispersion Coefficient 
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     (6) 

and 
U(y)– U (y)=U'(y)           (7) 

where U  (y) is the integration of U(y) with respect to the 
width B along the flow 

 (8) 

2. For β≧4.6° and p﹡=0.5 for β≧4.6° : 
A. Primary velocity profile 

    (9) 

B. Turbulent shear stress profile  

           (10) 

C. Turbulent viscosity coefficient 

         (11) 

D. Turbulent kinetic energy profile  

 (12) 

E. Energy dissipation rate profile  

                   (13) 

F. Dispersion Coefficient 

       (14) 

3. For β＝0°: 
A. Primary velocity profile 

          (15) 

B. Turbulent shear stress profile  

               (16) 

C. Turbulent viscosity coefficient 

         (17) 

D. Turbulent kinetic energy profile  

  (18) 

E. Energy dissipation rate profile  

                (19) 

F. Dispersion Coefficient 

         (20) 

3. Comparisons  
The 2-DH numerical models are based on the depth 

averaged equations as follows: 
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And 2-DH k-εequations: 

 (24) 

 (25) 

  (26) 

         (27) 

             (28) 

      (29) 

                (30) 

Based on Rodi[2] suggested , in near-wall region, a  
logarithmic velocity profile with neglecting the prevails 
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fluctuating pressure the 2-DH k-εcan be reduced to:  

            (31) 

The values recommended by Launder and Spalding[3] on 
Eq. (25) are as follows: 

(32) 
The 2-DH gradually expanded flow numerical scheme 

with different angel of β, such as Yu et al[4] and Gayathri S. 
et al. [5], is in Fig.1, and the comparisons between numerical 
and analytical results are following in Figs. 2, 3, and 4, 
respectively. 

4. Conclusions and Application 

1. The analytical primary velocity profiles, profiles of 
turbulent kinetic energy and energy dissipation rate for two 
dimensional horizontal plane d iffuser-wall flows outside of 
the turbulent boundary layers are compared with the 
corresponding situations from the numerical results. It can 
be seen from Fig. 2 that the uniform velocity at inlet of 0.5 
m/s decreases as it moves downstream. These velocity 
profiles at x =0.5, 1.0, 1.5, and 2.0 m are in Fig. 3 together 
with k and ε, which shows that k and εdecrease as x 
increase but at slower rate than U. The turbulent kinetic 
energy shows the smallest reduction from upstream to 
downstream. These are due to the jet flux and the increasing 
of turbulent boundary thickness along the flow, respectively. 
The more uniform decreasing on velocity along the flow to 
the downstream for a given divergent channel  makes the 
flow better stable even with a little b it decreasing with k 
and ε, this regulation will give good flow control before 
the flow goes into power plant in order to avoid the damage 
on the instruments. 

2. The comparisons of analytical and numerical results 
about velocity, turbulent kinetic energy and energy 
dissipation rate for different β-value at the position of x =2.0 
m from the inlet  are shown in Fig. 4. From this figure in the 
case of β ＝ 3°, the differences between analytical and 
numerical results on the velocity profile and two turbulent 
items are very limited. When β＝6°, which is located in the 
region of transition zone of d iffuser-wall flows from small 
core-angel to big one, the comparisons of primary  velocity 
profile, turbulent kinetic energy and energy dissipation rate 
between analytical and numerical results give a little s maller 
values than the ones for β＝ 3°, but the trends and the 
agreements are still agreeable and acceptable.  

3. In the case of big core-angel diffuser-wall flow, such as 
β＝30° or β＝60°, which show higher values of  k and 
εthan the results of β＝3° and β＝6° shown. From Fig. 3, 
the analytical results of primary  velocity and the two 
turbulent items are larger than the numerical ones at the 
positions near the inlet, such as x =0.5m. This is due to the 
different distribution forms of primary velocity, the 
parabolic distribution for analytical result while logarithmic 
formula for the numerical one. The logarithmic distribution 

has higher turbulence and energy loss near to the wall, 
therefore, the higher turbulent kinetic energy and energy 
dissipation rate with larger primary velocity are presented 
near wall, too. And the parabolic form for analytical 
solutions just express the inverse phenomena.  

4. Whenβ<0°, the dispersion coefficient can be expressed 
as the following equation, Eq.(33), and after the comparisons 
of the magnitude of turbulent viscosity and dispersion 
coefficients with different β-value for d ifferent relative 
width, the results are obtained as Eqs. (34) and (35), then the 
relative scales of mean dispersions coefficients are presented 
in Fig. 5. 

(33) 

(34) 

   (35) 

5. W ith the following expressing equations for energy loss 
coefficient, kL, on the situation of gradually expanded flow,  

 (36) 

and the analytical result of  kL is compared with the result 
from Gerhart, et al[6] in Fig. 6. Good trends  are obtained. 

From the trends of turbulent kinetic energy and energy 
dissipation rate of Fig. 4, it is found that these two turbulent 
items will increase significantly with increasing the 
half-angel, β. These are because of the phenomena of the jet 
flux, which reduces the primary  velocity and  increases the 
velocity fluctuation at the same time, and the increasing of 
turbulent boundary layer thickness, which has much more 
strong eddies with larger energy loss. Generally speaking, 
the analytical results based on the plane turbulent free jets 
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for d iffuser-wall flows can be valid for wide range of 
β-value, such as from β＝3° to β＝60°. The transfer due to 
diffusion or dispersion phenomena from Yang C. S. et al[7] 
can be study and discuss further and compare with the 
diffusion or dispersion coefficients for d ifferent divergent 

angels of this research. Here, in Fig. 6, of 2β=180°, the kL 
is between 1.0 and 1.1, and this result has good match one 
with that of abruptly expanded flow situations on radius or 
width ratio  equal to zero, which means β=90°, in Fig. 7. 

  
Figure 1.  Grid system used in two dimensional depth-averaged model of β＝3° with L＝3m, Δx＝0.1m, Δy＝0.01m, Δt＝0.06 sec 

 
Figure 2.  Comparisons of analytical and numerical primary velocity profiles for β＝30°, U0=0.5m/s, h0＝0.15m, and B0＝0.10m 
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The energy dissipation rate, ε , in Fig. 4, has the consistency with the trend of Fig. 6, on energy loss coefficient, and this 
shows us again that flow regulat ion with divergent channel can effectively reach flow unifo rmity with reduction of the 
turbulence in main  flow d irection for mit igation on the damage risk of power p lant. We also can get some good information 
from Eqs. (34) and (35), for both turbulent viscosity for sedimentation and dispersion coefficient for contamination. These 
parameters express the significant efficiencies on solid particles spreading or settlement on the width direction to protect 
the turbines. 

 
Figure 3.  Comparisons of primary velocity U, turbulent kinetic energy k, and energy dissipation rate ε, between analytical and numerical results for 
diffuser- wall flow with β＝30°, ν＝0.001m2/s, U0=0.5m/s, h0＝0.15m, and B0＝0.10m.along the primary flow direction 
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Figure 4.  Comparisons of primary velocity U, turbulent kinetic energy k, and energy dissipation rate ε, between analytical and numerical results for 
different  diffuser- wall β- value flow with ν＝0.001m2/s, U0=0.5m/s, h0＝0.15m, B0＝0.10m, and X＝2m .along the primary flow direction 
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Figure 5.  Distributions of dimensionless dispersion coefficients value outside boundary for differentβ-value with B0＝5m, X＝10m, U0＝0.7m/s, 
friction velocity 0.050m/s, κ＝0.4, and h＝0.15m 

 

 
Figure 6.  Comparison of energy loss coefficient, KL, for gradually 
divergent wall flow between approximate results and experimental ones 
from Gerhart, et  al (1985) 

 
Figure 7.  Comparison of energy loss coefficient, KL, for Abruptly 
expanded channel flow between approximate results and experimental ones 
from Gerhart, et  al (1985) 
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