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Abstract In the present paper we propose an algorithmbased on Homotopy Perturbation Method to solve the fractional
Ecosystem model and show the efficiency and accuracy of the algorithm . This Ecosystem model is solved with time
fractional derivatives in the sense of Caputo. The nonlinear terms can be easily handled by the using He’s Polynomials. The
numerical solutions of the Ecosystem model reveal that only a few iterations are sufficient to obtained accurate approximate
analytical solutions. The numerical results obtained are presented graphically. The four different cases are considered and
proved that the method is extremely effective due to fractional approach and performance. Comparing the methodology
(FHPM) with the some known technique (HPM) shows that the present approach is effective and powerful. The proposed
scheme finds the solution with the help of Mathematica and without any restrictive assumptions. We imp lement it to four

different problems.
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1. Introduction

Ecosystem models play an important role to know the
dynamics of the system. Such models are formed by
combining known ecological relations with data gathered
from field observations ([1]-[8]). These models are then used
to make predictions about the dynamics of the real system.
However, the study of deficiencies in the model leads to the
generation of hypotheses about the possible ecological
relations that are not yet known or well understood. Models
enable researchers to simulate the conclusions of large-scale
experiments that might be too expensive to performon a real
ecosystem. These also enable the simulation of ecological
processes over very long period of time (may be some
process may take centuries of time in reality), However this
can be done in a matter of minutes in a computer model.
Ecosystem models have applications in a wide variety of
disciplines, in particular, to natural resource management.
An important aspect any model evaluation is the validation,
that is, the process of confirming that the model behaviour
corresponds to reality. The results of the model can be
validated by comparison with field data, but this technique
limits the validation to a particu lar set of field conditions. We
obtain a sequence of equations in which the solution at any
stage is close to the solution at nearby stages. In the present

* Corresponding author:

piushsingh82@gmail.com (Piush Kumar Singh)

Published online at http:/journal.sapub.org/ije

Copyright © 2012 Scientific & Academic Publishing. All Rights Reserved

paperwe discuss the fractional Ecosystem model and solve it
using Homotopy Perturbation Method.

We consider the following fractional ecosystem model
given by fractional initial value problem of the type:

Dx(t)=f(x(1).y(n) D y(1)=g(x(2),»(n)
with initial conditions x(0)=1, y(0)=~1. Here fand

g are arbitrary functions, J)% denotes the fractional
derivative in the sense of Caputo.

2. Basic Definitions

In this section, we give the related definitions and
properties of the fractional calculus from [9].

Definition 2.1. A real function h(l),t > 0 is said to be

in the space Cy,‘ueR, if there exists a real number

P> U h(t)=t"h (1),
h, (t)eC(O,oo), and it is said to be in the space CZ if

such  that where

and only if " e C, neN.
Definition 2.2 The Riemann—Liouville fractional integral

operator (J"‘)
heC,,pu=—1, is defined as

of order >0, of a function,

(a>0),

Jah(z):ﬁ [[(t=2) h()as
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Joh(t)=h(t), where (Z) is the well-known
Gamma function.

Some of the properties of the operator J“, which we
need here, are as follows:

For heC,,u>-1,a,>0and y>-1:
W J“IPh(t) =T h(1),
@ J I h(t)=J"Th(1),

o o)

Definition 2.3. [10] The fractional derivative D of
h (t) in the Caputo’s sense is defined as

o=l
n-l<a<nneN,t>0,heC’.

The following are the two basic properties of the Caputo’s
fractional derivative [10]:

() Let heC",neN. Then D*h,0<a<n is well
definedand D*heC .

@) Let n—-l<a<nneN and heC,,u>-1.
This leads to

(7D (1) =h(e)- S 1 (0°)

OH—}/

) ! (")(r)dr, for

3. Analysis of HPM

The Homotopy Perturbation Method (HPM), which
provides analytically an approximate solution, is applied to
various nonlinear problems ([11]-[14]). In this section, we
introduce a reliable algorithm to handle the nonlinear
ecosystems in a realistic and efficient way. The proposed
algorithm will then be used to investigate the system given

by:
Zah v+ & (v ysy,)
t):;azi( + & (tnyr,)
f):i%( g (tLyy-y) O
Dy, (t Zam ¥ +8, (L3 yrey,)

subject to the initial condmon,

»(0)=¢ »(0)=c¢, y,(0)=c, )

where g is a nonlinear function for each i=1,2,..n.
Using the homotopy perturbation method we can construct
the following homotopy for i =1,2,...n,

)= a;(t)y; = pg (t.yy22,) @)
=1

where pe[O,l] is the homotopy parameter, which takes

values from zero to unity. In case p =0, equation (3)

becomes a linear equation given by:

Z%

and when p is 1, equation (3) turns out to be the original
equation given as system (1). Assuming that the solution of
the system (1) is a power series in p given by:
Vi = yi(O) + pyi(l) + pzyi(2) + p3yi(3) + p4yi(4) +... (5)
Substituting equation (5) in equation (3), and equating the
terms having identical powers of p, we obtain a series of
linear equations in the form:

Zay

)Y 4)

Ly (0)=c,

p* Dy

p':D" y,-”(t)

_Zal/

I
)

g (£3). 10(0)

@ L0

the function gi(l),gi . g,

where

following equation:

2| 79+ py
AR A
=g/ (630", 2,)

(0)

) ©)

+p'y P+ iy +
+ 2y, 4

g (6070, 2, Ot V0,

— +p2g(3) £, yl(O)Dyz(O)a'"a yn(0)7y1(l)n
y2(1)’_”’yn(l)’yl(z)’yz(z),m’yn(z)

Now taking p =1 in the equation (5) it gives the

+...

solution of the system (l) .It is obvious that the above linear

equations are easy to solve, and the components yi(k),
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k>0, of the homotopy perturbation solution can be
completely determined as a series solution,

Finally, we approximate the solution
= Z pkyl.(k) (l‘) by the truncated series
k=0
N-1 ()
=>.r' ©6)
k=0

It is also useful, for the system (l) to construct the

homotopy, for i =1,2,...,n
pza

where pe[O l] In this case, the term Za
Jj=l1

(t NYa- yn) (7

() is

1)

combined with component y;

Zla,-,-(l)y()
=

so on. This variation reduces the number of terms in each
component and also minimizes the size of calculations. By

the and the term

is combined with the component yi(z) and

substituting equation (5) in equation (7) we obtain the

following series of linear equations:
P’ Dy (1)=0, y"(0)=c,
p' Dy ()=
S0, 051+ (1), 5 (0) =0
Dy (6)=
zay y +g )( (0) y(l))’ yi(z)(o):()
p’:D* @(t)z

zay y +g )(t,y(o),y(l),y(z)), y
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p :D"y,.(“)(z) -

Zay y, ) 4 gl (t,y(o),y(l

4. Numerical Example

In this section we show the application of the algorithm
based on HPM given above to solve four different linear and
non linear fractional Ecosystem model.

Example 4.1. Consider the linear system[15]

Dx(t)=y(1),

D%y(t)=2x(1)-y(1), (8)
subject to the initial conditions
x(0)=1, y(0)=-1, (9)

We construct the Homotopy

D“x(t) = py(t)

D y(1) = p(2x(t) - »(1))

To solve the system given in Eq. (8) we construct the
Homotopy as given in Eq.(7) putting Eq. (5) then initial
condition (9) in Eq. (7) and then comparing the like

powers of p we get,

p* D" =0, p°:D*y" =0, (10)

Lopa () _ (0) 1. pa () _ 5 (0) _ (0)
p DXV =y, p DTy =2x" -y, ()
p2 :Dax(2) :y(l)’ p2 :Day(z) :2)6(1) _y(l)’ (12)
p :Dax(3) :y(z)’ p3 .Day(3) _2x(2)_y(2), (13)
p4:D0!x(4)=y()’ p :D%y (4) 2x( (3),(14)

p’:D” ()—y(),p :Day(5):2x()_y(4 ,
(15)

Using the operator J/”, the inverse operator of D, on
both side of linear equations from (10) — (15) with initial

conditions (9) we get

=)=t A= [y“”}(—l)'(lta )y
+a
2) _ ga| .| _ > () _ ral . _( <\ P
=y }‘(3)(“2&) =[] =( et
da Sur
@ = ga| 3 = (11 t O _ [ 07— (1), p |
i B RO ey )=
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2a 3a
() _ qa[5, 0 _ 0] _ ! () _ ja[r, 2 _ @7_ !
y=J"2x" =y |=(-5); , v =J"2x"7 =y |=(11 ,
al J= )(1+2a) il J=(m 1+3a)
da Sa
(4) =J“ |:2X(3)— (3)i|= -21 4 , () =J% 2 “4) _ @4 ]_ 43 4 ,
yoT = )(1+4a) )= )(1+5a)
The solution of (8) is given by:
X(t) = Zx(i) (t) a 2a 3a 4a S5a
0 SRS S S S S W S § W S

(1+a) |(1+2a) |(1+3a) |(1+4a)  |(1+5a)

(t) = 3 @) (t) o 2a 3a 4a Sa
4 ;y ST WL SN § RS, } SR 'Y
(1+a) |(1+2a) |[(1+3a) |(1+4a) |(1+5)

+...
the graph of which is given below:

From Fig. | and Fig. 2 we see that the solution obtained by the proposed algorithm for ¢ =1 is same as the solution

obtained by [16]. Also figures 1 and 2 show the solution for other different values of ¢ . Fig 1 and 2 show the solutions in red
by HPM of the original system and by HPM of the fractional ecosystem model by blue thick dots.
Example 4.2. Consider the predator — prey system[15].

D“x(t) = x(t)—x(t)y(t),

Dey(t)==y(t)+x(t)y(2), (16)

subject with the initial conditions

(17

We construct the Homotopy

a=.25

X E

Figure 1. Plot of x(l)vs t
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yiEl

-

Figure 2. Plot of y(t)vs t

To solve the system given in Eq. (16) we construct the Homotopy as given in Eq. (7) putting Eq. (5) then intial
condition (17) in Eq. (7) and then comparing the like powers of p we get,
p° DX =0, p°:D*y" =0, (18)
p' - D% = 5 _x(O)y(O) ’

(19)
P Dy = 00 _ 0
P DX = 5 _ O, 0 0 0 o
P D) = O 0 00
Y G G IO N RN U N SRNC NO

PNy NG SN I UNC RN U 1)

Now using the operator J“, the inverse operator of D, on both side of linear equations from (1 8) — (21)with initial

condition (17) we get,
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hence the solution 0f(16) is given by

x(t) = ix(i) (?)

ta t2a t2a
—14(0.5) 1 (0.25) ——— + (.125) ———+ ...
H )(l+a)+( )(1+2a)+( )(1+2a)+
W0 =3y"0) . 5
~ = (0.5)+(0.25) ———+(.125) ———+ ..

)(1+2a) ( )(1+2a)

This is the accurate and exact solution of the system (1 6) , [7], using Homotopy Perturbation Method.

xi£ a=75
7k a=7

1i b

10 |

—t

T
>

Figure 3. Plotof X(¢)vs 1

YiE
08 &=.05
va [
07 ="
o F &=.3
e [
a=1
[
i [
1 1 1
02 04 0 [} 10
» I

Figure 4. Plot of y(l)vs t

Fromthe Fig. 3 andFig. 4 we see that the solution obtained by the proposed algorithm for @ =1 is same as the solution
obtained by [16]. Also fig. 3and 4 show the solution for other different values of « .

Figure 3 and 4 showthe solutions of HPM to the ecosystem model by red colour and that of the fractional ecosystem model
by blue dots.
Example 4.3. Consider the predator — prey system
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Dx(t)=ax(t)—bx(t)y(t)—cx(t)z(¢), (22)
D73 (1) == (1) +ex(1) (1)~ (1) =(2).
D*z(t)=—gz(t)+hx(t)z(t)—iy(¢)z(¢),

where a,b,c,d,e, f,g,h andiare constants, subject to the initial conditions

x(0)=cl, y(O)zcz, Z(O)=C3, (23)
We construct the Homotopy
Dx(¢) = plax(t)=bx(t) y () ()Z(t))a
D%y = p(—dy(t)+ex(t) Z(t))

D"z(t) = p(-gz (1) + hx(1) 2 ( ) v(1)z(1)),
To solve the system given in Eq. (22) we construct the Homotopy as given in Eq. (7) putting Eq. (5) then intial
condition (23) in Eq. (7) and then comparing the like powers of p Wweget,

p*:D*x=0,p": D" y(°> = 0 p* D" =0, (24)
p':D%x ()—ax —px\? cx() (0),
p D"‘ —dy +ex’ fy (25)

p :D“z():—gz +hx%z )—ly( )Z(),
P D =) (x4 0 ) (5020 4 x00),
PP Dy ==y e+ 5030 - (00 4 500,

P70z =g (020 4 X020 (5020 4 5 00),

(26)

Using the operator J* the inverse operatorof D on both side oflinear equations from (24) . (26) with initial condition
(23) we get,
x© =5 (O) =c,

_Je [axw) _ b0, _ cx<°>z(°)] = ¢ (a—be, —cc,)

= ge [wgn_b(x( 0 40 024 0 ))}

ac,(a—bc, - cc,)=bec, (-d +ec, - fe,+a-be,—cc;)| 1@
N =ceg, (—g+he, +ic, +a—be, —ccy)

W =y(0)=c,,
W = J“[ dp'” + ex ) ﬁz(o)z(oq =c,(—d—ec,— fe;);

Y = Ja[ ") +e( PONU +x(1)y(0))— f( 050 +y(l)z(°))}

—dc, ((—d +ec, —fc3)+eclc2 (—d +ec, — fc,+a—bc, —cc3))— (2
= fczc3 (—g+l’lcl +i02 —d+€cl —fC3)
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Z0) — ) (O) —¢,,

ta
Z(l) = Jta [_gZ(O) + hx(O)Z(O) - ly(O)Z(O):| - C3 (_g + hcl - lCz )-.

L2 Z Ja[ gzl +h( 0,0 1 0, ())+i(y(0)z(l)+y(l)z(0)ﬂ

[—gq ((—g+hcl —ic,)+heie; (—g +he, +ic, +a—be, _CC3))J *

+ic,e; (—g —d +he, +ic, +ec, — fc;)

Hence the solution is given as
x(1) = x"(t)
i=0

t* ac, (a —be, —cey ) —bee, (—d +ec — fe;+a—be, —ccy)| 1
—+ :
(1+a) —ce,c, (g +he, +ic, +a—be, —cc;)

= +cl(a—bc2 —cc3)-.

(1) =2y
i=0
=c,+c,(—d—ec, — fc,) m=—
2 2( 1 f3) (1+a)
—dc, ((—d +ec, —fc3)+eclc2 (—d +ec,— fe, +a—be, —cc, )) 2
+
—fe,es (=g + he, +ic, —d +ec, — fe) (1+2a)

z(t) = i z(1)

=c¢;+¢,(—g+he —ic,)

l—

+(—gc3 ((—g+hc, —ic,)+heey(—g + he, +ic, +a—be, —cc3))+ic2c3 (—g—d+he, +ic, +ec, - fc3)) (:;a)
which is the accurate /exact solution of the system (22) using Homotopy Perturbation Method .
Example 4.4. Consider the system [17]
D“x(t) = ayx(t) — by’ (t)—%)xy(f;),
Dy (1) —ary () 2O 330200 .

d, +x(t) d, +y(t) ’
D(1)= azz(t)——d‘:iszz),

Where a,,b,,d,,v,,a,,v,,d,,a,,v,,d,,Vv;,andd, are model parameters assuming only positive values , with the initial
conditions

x(O)—c , y(O)—cz, Z(O)=C3, (28)
multiplying the first equation of (27 by the factor (d +x ) , the second equation of (27) by the factor

((d1+x(t)),(d2+y(t))) and the third equation ( ) by the factor (d +y( )) To solve the system given in Eq.
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(27) we construct the Homotopy as given in Eq. (7) putting Eq. (5) then intial condition (28) in Eq. (7) and then
comparing the like powers of P we get,
po :Dax(O) =0, po :D“y(o) =0, pO :DaZ(O) =0, (29)

p: (do +x1 )D“x(l) = aodox(o) +a, (x(o) )(2) —-b,d, (x(o) )(2) -b, (x(o) )(3) - vox(o)y(o) ,

pl :(dldz + d1y(0) + dzx(o) + x(o)y(o))Day(l) =

2 2
_aldldzy(()) —ad, (y(o) )( ! _aldzx(o)y(o) _alx(o) (y(o) )( )
+vd, x5 4 v, ) ( ) )(2) , dly(O)Z(O) B v2x(0)y(°)z(0)

2
P (d3 + y(o))Daz(l) = —a2d3z(0) + azy(o)z(o) -V, (Z(O)) , (30)

using the operatorJ;” the inverse operator of % on both side of linear equations from (29)—(30) with initial

condition (28) we obtained,
0 = @ (0) =c,

(1) _ ye
x=J,
(d0+x(0))
(2) _ VGG *
= —b —
(aoq ()(Cl) do+C1J|(1+a)

W =y(0)=c,,

2 2 2
—addy” —ad, ( O )( NG NC RN ( O )( RINUNUING ( O )( )

(d1d2 + dly(o) + dzx(o) + x(o)y(o) )

Hence the solution is given by
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x() =Y x0(1) =a+| aq—b(a ) -
i=0

y(t) — Zy(i) (t) =c, +| —ac, +
i=0

Z(t) — Zz(z)(t) =C3+| a4,y — p
i=0

149

a
VyCiCy t +
dy+¢ )|(1+a)
ta
VICIG, V66 "

This is closed formofsolution of the system (27) using HPM.

4. Conclusions

In this paper we have introduced an algorithm based
Homotopy Perturbation Method to solve the fractional
ecosystem model. The method has been applied to get exact
and accurate solution for linear and nonlinear systems of
fractional Ecosystem model, the solution obtained matches
with the solution of the original ecosystem for a=1 and both
the variables (populations) increases with time while value
of o decreases and the solution converges to the original
solution of the linear and nonlinear ecosystem model as the
fractional parameter a tends to 1 as found in two examples.
This method can also be applied to similar linear and
nonlinear models in other systems. Further it is also verified
that the FHPM is more efficient than HPM.
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