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Abstract

In this paper, we have studied the dynamics of a predator-prey system with seasonally varying quantity of

additional food to predator. We have compared the biological control path of the system through variation of seasonal
changes. Bifurcation analysis is done with respect to strength of fluctuation and angular frequency of fluctuation respec-
tively. We have discussed that in the case of periodically varying parameters, we cannot always reach the target state
through additional food to predator, but it always oscillates around the target point.
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1. Introduction

The dynamical relationship between predator and prey
population is one of the main themes in ecology. The clas-
sical ecological models of interacting populations typically
have focused on two-species continuous time systems with
one prey and one predator. Many scientists[1-3] have studied
about classical two-species continuous time system as well
as three or more species food chain model[4, 5] with Holling
type II functional response. We now concentrate about a two
species food chain model considering seasonal effects on the
system. Let us consider the following predator- prey model
with Holling type II functional response.

dx x xy
Yy (1 _ _) _

dt v/ 1+4+x
dy axy
Ty (1

Where, “a” and “d” are respectively the “maximum
growth rate” of predator and “death rate” of predator in the
absence of prey. The constant “y” is the “carrying capacity”
of the prey population. Its various modified forms have
received great attention from both theoretical and mathe-
matical biologists, and have been well studied. P.D.N.
Srinivasu et al[6] explored this model and introduced addi-
tional food to predator using following assumptions:

(a) Predators are provided with additional food of con-
stant biomass which is distributed uniformly in the habitat.

(b) The number of encounters per predator with the
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additional food is proportional to the density of the addi-
tional food.

(c) The proportionality constant characterizes the ability
of the predator to identify the additional food.

They have introduced the following predator-prey system
where additional food is provided to predator.

dx x xy
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Where “o” represents “quality” of additional food (ratio
between predators handling time towards additional food
and per prey item ) and “€” represents “quantity “of addi-
tional food. The additional food is assumed to be either
non-reproducing prey or some food source. They did not
make any distinction regarding the additional food like
sub-suitable, complementary, essential or alternative. They
have assumed that supply of additional food is maintained
at a specific constant level[6-8]. But in reality, it is difficult
to maintain supply of additional food at constant level. Here
we assume that the supply of additional food is periodically
varying[9-14] with time. This periodic variation can change
the dynamics of the system significantly. Therefore, inves-
tigation of predator-prey models with periodically varying
additional food to predator is more important for both theo-
retical as well as practical field. In this paper we consider
quantity of additional food & in the model (2) as periodically
varying parameter in time due to seasonal variation. In par-
ticular, we consider & = §y(1 + dcos(mwt)), where the pa-
rameter & represents the strength of fluctuations and ®
represents the angular frequency of the fluctuation caused
by seasonality and &, be the constant quantity of additional
food supply in the population. Under this modification
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model (2) takes the following form
dx x xy
dt x(l B 7/) 1+ ag,(1 + dcos(wt)) + x
dy _ Blx+ato(1 + dcos (ot))]y —dy 0o
dt 140k, (1 + dcos (ot))+x

In this paper, we first compare the biological control path
of the system (3) in presence of both low and high quality
of additional food to predators by varying the strength of
fluctuations parameter 6 in section 2. We have also ana-
lysed the dynamics of this model through bifurcation analy-
sis with respect to strength of fluctuations parameter 6 and
angular frequency o for low as well as high quality of addi-
tional food respectively in section 3. Finally conclusion is
given in section 4.

2. Predator-Prey Control Path Due to
Strength of Environmental
Fluctuations

In this section, we have studied some important observa-
tions of the dynamics of system (3) through numerical
simulations. We have analysed the path of controllability of
the system (3) with additional food to predator. According
to Srinivasu et al[6], the additional food is of high quality if
o < B/d and it is of low quality if o > B/d. Here we have
analysed the biological controllability for both cases of a.
We have considered the ecosystem parameters as y = 6.0,
=0.3,d=0.2, ® =0.1 and different values of & in the range
0<d8<1.
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Figure 1. Biological control path of predator-prey system (3) for different
values of parameter 6 taking low quality of additional food o =2, £0 = 1
for predator.

We first take low quality of additional food and choose o
=2, & = 1 for predator. We fix the target level (x*, y*) to
be (3, 3). Taking without any fluctuation 6 = 0, from figure
1(a), we observe that it is possible to reach the target state

(3, 3) starting from the initial point (1, 1). This indicates
that it is possible to reach target state exactly for the system
(3). Taking the strength of fluctuation 6 = 0.2, the figure 1(b)
shows that the system (3) cannot reach the target state ex-
actly, but it is possible to reach small neighbourhood of
the equilibrium point(3, 3) initiating the path at(l, 1)
through limit cycle. From figure 1(c), figure 1(d), figure 1(e)
and figure 1(f), we observe that it is not possible to reach
the target state. But we also observe that the periodicity of
the control path changes significantly depending on the
value of 6. That is the dynamics of the system (3) with sea-
sonal variation is more complex than a system without sea-
sonal effects.

Next, we take high quality of additional food and we
choose a = 1.1429, &= 1.4. The control path of the system
(3) with high quality of additional food starting from the
point (1, 1) is shown in figure 2. In this case, we fix the
target level to be (1, 3). From figure 2, we observe that it is
impossible to reach the target state taking any value of § €
[0, 1]. It illustrate that the path of the system (3) tends to
high periodic orbits around the target level (1, 3) for non-
zero value of & in (0, 1].
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Figure 2. Biological control path of predator-prey system (3) for different
values of parameter & taking high quality of additional food a = 1.1429, &,
= 1.4 for predator.

Therefore, from the above discussions we can conclude
that the system (2) with proper choice of additional foods to
predator can reach a target level. On the other hand for the
system (3) we cannot reach exactly the target level but os-
cillates around the target. This means that if environmental
fluctuation is taken into account the supply of additional
food is not sufficient to control the dynamics of a preda-
tor-prey system.

3. Bifurcation Analysis

Bifurcation analysis is an important tool to investigate the
dynamics of a system. In this section, we investigate the
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biological controllability of the system (3) with additional
food to predator assuming periodically varying quantity of
additional food. We have done bifurcation analysis of the
system (3) with the set of hypothetical ecosystem parame-
ters, most of which are taken from Srinivasu et al.[6]. The
parameter values are taken as y = 6.0, B = 0.3, d = 0.2,
which are remain unchanged throughout simulations. Here,
we have done bifurcation analysis with respect to strength
of fluctuation o and angular frequency ® for both low and
high quality of additional food to predator.

We first fix low quality of additional food as a =2, =1
and o = 0.1. Figure 3 shows the bifurcation diagram with

respect to strength of the fluctuation 8 in the range 0 <3 < 1.

The resulting bifurcation diagrams figure 3(a) and figure
3(b) shows that the system (3) has a dynamics including
limit cycles, period-2 orbits. Next, we allow the high quality
of additional food o = 1.1429, &= 1.4 for predator. From
figure 3(c) and figure 3(d), we can conclude that the dy-
namics of the system (3) shows limit cycle and high peri-
odic orbits. Figure 3 depicts that the prey population have
high extinction risk.
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Figure 3. Bifurcation analysis of the model (3) with respect to strength of
fluctuation 6 with low and high quality of additional food to predator.

Now, we have analysed the bifurcation diagram of the
system (3) with respect to angular frequency ® for both low
and high quality of additional food to predator taking 6 =
0.1. Figure 4(a) and figure 4(b) are the bifurcation diagrams
of the system (3) with respect to angular frequency o taking
a =2, &= 1. The figure 4(a), figure 4(b) shows that the sys-
tem has limit cycle oscillations only. On the other hand,
taking high quality of additional food o = 1.1429, &, = 1.4,
from figure 4(c) and figure 4(d), we can conclude that the
system (3) have high periodic oscillations. The figure 4(c)

and figure 4(d) also shows that prey population has extinc-
tion risk.

Therefore, we observe that a two dimensional system
produces more complex dynamics with seasonal variation
than a constant environment. A two dimensional preda-
tor-prey system can be controlled with supply of additional
food to predator. But a system with seasonal variation can-
not be controlled with only additional food to predator.
From bifurcation analysis we have observed that the system
have high extinction risk.
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Figure 4. Bifurcation analysis of the model (3) with respect to angular
frequency o with low and high quality of additional food to predator

4. Conclusions

In this paper, we have investigated the dynamics of a
predator-prey system with periodically varying quantity of
additional food to predator. We have compared the control
path of our model with the model having constant supply of
additional food. We have done the bifurcation analysis of
our model with respect to strength of fluctuation & and an-
gular frequency of oscillation @ separately for different set
of parameters values. We have noticed that the modified
predator-prey system with periodically varying quantity of
additional food exhibits very interesting and complex dy-
namics. We can conclude that the system dynamics is
highly affected by periodically varying quantity of addi-
tional. With constant supply of additional food, a system
can reached the target point with suitable choice of addi-
tional food to predator, but a system with periodically
varying quantity of additional food cannot reach the target
point. It always oscillates around the target point for sea-
sonal variation of quantity of additional food. In spite of the
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supply of additional food to predator, the bifurcation analy-
sis shows that the system has high extinction risk due to
environmental fluctuation. This means that if environ-
mental fluctuation is taken into account the supply of addi-
tional food is not sufficient to control the dynamics of a
predator-prey system. We suggest that the proper choice
of additional food in biological conservation and pest con-
trol, the quality and quantity of additional food should be
determined with the knowledge of angular frequency and
strength of fluctuation of additional food.
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