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Central Field in Rotating Spherical Space in 5D
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Abstract A time-like geodesic motion in rotating 5D space is studied in framework of Kaluza-Klein theory and astro-
physical applications are proposed. For example of such space-time in 4D spherical coordinates with the space-like fifth
dimension a transition to the cylindrical frame is implemented. After this transformation a space is divided into two parts
that is interpreted physically as pair of the universe and anti-universe. The rotation in 5D space-time exhibits itself in 4D as
action of extra force, which reveals itself with observed radial motion of the material particle. Also it is considered similar
(3+2)D space-time in which additional dimension is time-like and a motion of space is hyperbolic. For these space-times it is
found geodesics with constant radius in 4D spherical coordinates and studied their small deviations in cylindrical frames.It
is shown that model with space-like fifth coordinate conforms to the basic properties of the Pioneer-effect, namely, a) con-
stant additional acceleration of apparatus on distance from 20 to 50 a.e., b) its increase from 5 to 20 a.e., ¢) observed absence

of one in motion of planets.
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1. Introduction

A five-dimensional model of the space-time was proposed
by Nordstrom[1] and Kaluza[2] for unity of gravitation and
electromagnetism. Klein[3] suggested a compactification
mechanis m, owing to which internal space of the Planck size
forms additional dimension. In his theory a motion of
particle having rest mass in 4D can be described by equations
of null geodesic line in 5D, which are interpretation of
massless wave equation with some conditions.

In development of this model 5D space-time is considered
as low energy limit of more high-dimensional theories of
supersymmetry, supergravity and string theory. They admit
scenario, in which particle has a rest mass in 5D[4, 5]. Exact
solutions of Kaluza-Klein and low limit of bosonic string
theories in 5D-6D[6] with toroidal compactification are
equivalent. Analogous conclusion is made in[7] with
comparison space-time-mass theory based on geometric
properties of 5D space without compactification and
braneworld model. Predictions of five-dimensional model of
extended space and its experimental tests are considered in[8,
9]. Cosmological model with motion of matter in fifth
dimension also is examined[10]. Astrophysical applications
of braneworld theories, including Arkani-Hamed-
Dimopoulos-Dvali and Einstein-Maxwell models with large
extra dimensions, are analyzed in[11]. EM model in 6D has
become further development in[12], where linear
perturbations sourced by matter on the brane are studied.
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In[13] it is proposed low energy effective theory on a
regularized brane in 6D gauged chiral supergravity. A
possibility of the orbits of particles around the extra dime-
sions in (4+n)D space, periodically returning in 4D surface,
is phenomenologically predicted in ADD model[14].
Phenomena, described by one-time physics in 3+l
dimensions, appear as various "shadows" similar phenomena
that occur in 4+2 dimensions with one extra space and one
extra time dimensions (more generally, d+2)[ 15, 16, 17].

In present paper it is considered some geometrical
construction in (4+1)D space-time with space-like fifth
dimension and rotation in 4D spherical coordinates with
transition thereupon to the standard cylindrical frame. It is
studied also (3+2)D space-time with time-like additional
dimension, where the motion is hyperbolic.

A motion of the particle in certain domain of space in
appropriate coordinates is assigned to be described with
sufficient accuracy by geodesic equations. Their solutions
lead to conclusion that rotation in 5D space-time exhibits
itself in 4D as action of central force.

In astrophysical applications proposed model of
space-time is of interest with respect to Pioneer effect. In
some papers[18, 19], see also review of efforts to explain
anomaly[20], presence of signal frequency bias is associated
with dependence of fundamental physical parameters from
time. Though it should allow for data[21], which witness
independence of direction of additional acceleration from
route of radial motion with respect to Sun. A radial
Rindler-like acceleration[22, 23] in itself also can't explain
the Pioneer effect because it is absent in planets motion[24].

2. Geodesics in Rotating Space
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Five-dimensional space-time having 4D
symmetry is  considered in  coordinate

spherical
frame

X; =(r,a,0,¢,y) , where a,0,¢,y are spherical
space coordinates and 7 = cf, where ¢ is light velocity

constant and 7 is time. Rotating space-time with space-like
fifth dimension[25] is described by metric

dS* =[1-a’*B(a)’ldt* —da* —a’[2B(a)g(y)dwdy +
+sin’ f(2)(d0’ +sin’ Mo )+ &*()dxr’], ()
where function f'(y) is continuously increasing and it is

taken g =df/dy . For the domain under review it is
assumed

B(a)=Ka™"?, Q)

where K is constant.
Transition to five-dimensional cylindrical coordinates

X! =(z,r,0,p,y) for 0< y<m is performed by

transformation
r=asin f(y), y=acos f(y). 3)
Geodesic equations in 5D for particle having rest mass are
du’ -
—+TUU =0, )
ds

where U’ are components of five-velocity vector and
F/iz are 5D Christoffel symbols of second kind. In spherical
coordinates for metric (1) these equations, with

FCO= 1 5)
take form
dc | K'drda Ka" dady _
ds? 2 dS dS 2 dS dS
Ka*? 40\  Ka™ do :
_ n2 N =1 - in(2y)sin’o| — | =0, (6)
s2nf ] 5 gl )

d’a K_[d_j _3Ka" drdy
das* 2 \ds

oY do\'  (dyY
—‘2——'2(9'2———=O,(7)
asin Z[ds) asin Usin Z(de a(dS

2 . 2
002000 e DAL DUy
ds* adsS ds asds 2 \dS

2
d—(f+z@d—¢+200t9ﬁd—¢+200txd—¢d—z=0,
ds*  adS dS ds ds ds ds ©)
d’y  KG-K'a)drda 4-K'adady
ds? 2¢°* dS dS 2a¢ dS dS

M)aw[w) _(1-K*a)sin’ O5in(2) (d(ﬂj _0.(10)

2 ds 2 ds '
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For particle with a rest mass the solutions of these
equations must correspond to given by metric condition

1=(1-K*a)U” -2Ka*UU* -U" -
_ sinZ Za2(U22 + SiIl2 9U32) _ a2U42.

(11)
Fromthe second equation ofthe system we obtain
KU’ 16 (dU'
U= 3y 14— |
4a'"” # { aK*U” ( as
12
—asin’y(U* + sin29U32))] } (12)

where g is +1. We name corresponding solutions as a
solution of type Iwith g7 =—1 and as a solution of type II
with g=1.

When particles move along geodesics, which are arcs of
circle:

U'=U>=U’=0, (13)
equations of motion have following solutions:
0 _ s OK
U, =o,U, == (14)
a
and
20 oK
Uy =—2_ U=~ (s

Va-ka” " d°a-Kka’
where o is 1,—1.

Change of passage of time is defined as relation between

intervals of proper time 1 = .[dS and coordinate time 7 .

For geodesic of type I for solution (14) chosen 0 =1 we
have
dr=dT, (16)
i.e. time dilation is absence. With motion of particle along
circular geodesic of type I (15) we obtain

dT =%\/4—K2adf.

(17)

3. Representation in Cylindrical Frame

After substitutions of coordinate transformation being
inverse to (3), namely,

a=+r"+y, f(y)=arccot®
r

metric (1) with (2) is rewritten as

dS? = (1= K*\r? + y?)dr? = 2K (7 + ) dr(ydr -

(13)

—rdy)— dr’ — ;’2(d92 +sin’ 6’d(02) - dy2. (19)
Geodesic equations will be
d’r K’r  dr dr K’y ﬂa’_y_l_

+ —_——t
dS2 2\/7-24_);2 dS dS 2,[7’24_);2 dS dS
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r*—y*) dr dy

2 +y*)*\dS ) 27 +y*)* dS dS

Kry (dejz Ky (dgojz B
T s ) TP sin“ 9| g

2
K
T 5/4(@ ] =0, 20
2(r +y )
dzr_ K’r (ﬁ) B K’ry dr dr
ds* 2.4 2 \dS) 27 +y*)" ds ds

_K3y2—3K 4y’ drdy K*ry® dr 2+
207+ dsds 207 +y*)\ds

sz(r -%) dr dy r(K2 Pyt +y )(d@)

207 + 922 ds as \/r +7 ds

2.2
JSEY AT [ )+ K'ry 3/2(@] _0.21)
Jr+y as) 207 +y")
2
d 0+gﬂﬁ_sm(29)(d(p) ~0, 22)
ds* rdS dS 2 ds
Lo 2drdp ) gd0do_o
ds*  rds ds ds ds
&y K_zy(ﬂjlw—w vy dedr
ds* 2fr?+y? \dS 2 +yH)" dSdS

K’ry drdy

i Kyt (dr)z K’r(r’ = y%) dr dy
20+ yhy ds dS 207 +y**\dS

2(r2 +yz)3/2 das ds

K2r2y o (dp K2’2y

- > > S 3
r +y dS 2 +y ds 2(}" +y ) dS

Components of five-velocity vector corresponding to co-
ordinates 7 and y are found by differentiation of trans-

formations (3) and will be
V'=sin yU'+acos yU*, V* =cos yU' —asin yU*.(25)
Condition given by metric (19) for the time-like path is

1=(1-K*rP + " W2 2K + y*) "V (V' -
— VY-V =PV +5in* V) -V*2. (26)
The non-zero components of five-velocity vector corre-
sponding to solutions of geodesic equations in coordinates
X, (13)-(15) are rewritten in coordinate frame X _ as

oKy 4 oKr

0 _ 1_
Vl _O-’Vl __(r2+y2)1/4’ I

7 @7

RGESS,

20
0 _
V”_(4_K2\/r2+y2)1/2’ 28)
1 _ oKy
V”__(z 2\1/4 2\/2 25127 (29)
rr+y ) @ -K\r+y)
4 oKr
= (30)

(r2 +y2)l/4(4—K2\/r2 +y2)1/2'
For y=0 (y =/2) they correspond with stationary

in 4D particle.
For motion in the neighborhood of

(7y,7y,72,0,0) with V=V,

are reduced to

point

=( geodesic equations

d’r K2 drdr K drdy _
o2 ~No12 0 (3 1)
ds 2 ds ds 25, ds ds
dr K*(dr) 3K drdy _
—2—— + 1/2 =0, (32)
ds ds ds dS
'y K’r,-3K K
4 )2/ + 0 1/23 dr@__ﬂd_y_ 0. 33
ds 2r dsdS 2 dSdS
Condition (26) takes form
1=(1-KrV? 2K, VV*—v"? —v*=. (34

For solutions of type I and II (27)-(30) being circular mo-
tion Eq.(21)yields non-vanishing radial accelerations

1
v _ -K, (35)
das
av, K?
=— ) (36)
ds 4-K 2\/ P4y
4. Metrics with Time-Like Fifth
Coordinate
A space-time with 4D  spherical coordinates

)?; =(7,a, é,gﬁ, ¥) having hyperbolic motion is de-
scribed by metric
ds* =+ K*a)dr* —da* +a*[2Ka "*dtdy -
—cosh 72(d0” +sin*0d@*)+d7*], (37
where y is assumed to be time-like and K s constant.
This metric can be obtained from (1) for (2), (5) by substi-

= V/
tution K =—-1K, y = 5—1;( and addition of (") in the

notation of other coordinates.
The geodesics equations for a particle motion along

time-like path are
_ ~\2
d*t K’ df da . _[do
sinh(2y)| — | —
( z)( dSJ

ds* 2 dsdS

Ka" dady Ka”
2 dSdS 2
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K53/2 d(ﬁ 2 Corresponding components of the five-velocity vector are
sinh(2 7)sin (p( S J =0, (38)  V'=cosh 7U' +asinh 7U*, V* =sinh 7U" +acosh 7U*. (50)
18 RAdFVY 3Ra™ dF d 40 Inverse coordinate transformation is written as
a T a”drdy . o5 = oy
W 7(%) 2 %%_ dcosh (dSJ a=\/r2—y2, Z=arcoth%. (51
dp 2 d7 Substituting this in (37) gives
~dsin’0 cosh Z( dSJ + (ﬁj =0 () dS*=(1+ K> =37 )d* —2K(F - 3°) " di (ydF -
- ~2 =2, 372 .. 27972 2
0 2dadd - d0dj_sin(0)(dp) —7dy)—dr” =7 (d0" +sin” 0dpT) +dy”. (52)
F"‘T%g +2ta Z%%‘T S =0, The same line element can be obtained by replacement

(40) K= —iI?,y =1y and addition of (") in the notation of
other coordinates in (19).
Geodesics equations for motion of particle having rest

&p 2dadp , Sdbdy o o 7404 _

ds* ads ds as ds dS dS 7 mmass are written as
i ROsRadEdi 44K da d @D dz“ K’ drdr dar K’y di dy
V4 + K a)dr da +K"a da dy vz — -
N G@tda 4+R'aaaay ) ds ds 2. [r ds ds
ds* ' 2a dSdS  2a dSdS I Y
(14 K2a@)sinh(27) (6 ) %(“’”j _ K+ dr dy
+ 5 a5 + 2r 2\ dS 2r-—y°)y" dS dS
e 2 F vm o e Ky (do Kiy ., (dp
1+ K’a)sin>@sinh27) (do )’ ——— — s’ +
( a)Sln S ( z) (_w} — 0. (42) C(v )1/4 (dSJ (172 _)72)1/4 Sin (p[ de
2 ds )
For particle with the rest mass the solutions of these K7)7 df 2 _
equations must correspond to given by metric condition 2( )5/4 ds R (53)
1=(1+K*a)U” +2Ka**U°U* -U" - . - 2 y o
_ h2 V&JZ((?ZZ + o 25(732)_'_&/2(742 d K r [dz—j &d_ﬂ[ﬂ_
cosh™ x sin . (43) 2\/r 5 ds 27 _v2)3/4 ds ds

Second equation of the systemyields

>3 — - - - S SO 2
. RU° 16 dUl K3y2—3Kw/r2—y2 dr dy Kzry2 dr N
U= =34+ 41—

45" Ak | as 27 -3y dsdsS 2( y*)"? ds
_ 2
- R Ly s 2 K*5(7 + 3°) dF dy V(K w/ -5%) do
~dcosh’ 7(U™ +sin*00%))] } N YL ﬁdS \/ as )
With hyperbolic motion for U'=U?*=U>=0 corre- )
sponding five-velocity vectors have non-zero components . KT —F =7") i v(d(f)jz ~ KZW2 (dﬁf _
- - YY) v2 =2\312 ?
Uj =o, UZ‘L%IE, (45) V7= B ATTABT s
a
_ d? 2drd 2 d
W 20 - ok f :—F—Q—M( ﬂ =0, (59
U”:—Vzv’ U”:_ﬁ- (46) das das dS 2 das
v4+ K a a “Nv4+Ka pE 2 dF dp 40 di
For solution of type Itinle dilation is absent: (f +— ra9 +2c¢ t(9 a9 =0, (56)
dT = d7, (47) ds i dS ds o ds dSs
and for solution of type II the increase of passage of the d2)7 K2)7 df K7 +3K4F* - dT dl”
proper time is given by W 27— dS 2(’72 _)72)3/4 dS dS
5 / 2=
T“ 4+K'adz. 4Ok ﬁ@_ R (&) KHE+5) &
Transition to cylindrical coordinates 2(}72 " dS as 27 -j)" dS 2 -7)" dS ds

)?é = (f,f é §5 )7) is realized by transformation K% 5 dg K% o, dq) Kzrzy a’j/
- = oo || T =50 | - =0.(57)
F=acosh 7, y=asinh }. 49)  Jir-yldS) [P-5 ds

=2 =2\32
27 3/

-y
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Condition given by metric (52) for the time-like path is
1= (1 +K2 [’72 _yZ )1702 _2K(F2 _y2)—1/4l70(y171 _
—FVHY V2 PR +5in2 0V + V2. (59

A non-zero components of five-velocity vectors
corresponding hyperbolic solutions (45), (46) are

70 _ ol oKy 4 _ oKr
Vi=o Vi = Vi =~ > 69
(7 =59 (7 =59
~ 20
0 _
Vi = (4+k2\/72 _ 3 G ’ (60)
V=~ oKy . (6D
(’72 —)72)1/4(4+K2\/772 _)72 )1/2
L I
Vi = 1/4 2 1/2 (62)
(P = )4+ K2\ -
For motion in the nelghborhood of point

(79,7, 772,0,0) with 1702 = 1703 =0 local solution is
found from reduced Egs. (53)-(57), which turned out to

d’t K*di di K dr dy
2 T TS e age 272 ge ge 0, (63)
ds’* 2 dSdS 27 dSdS
dF K*(diY 3K di dy
—2+— — | +t——5—=—==0, (64)
s ds) 2i'* dS dS
d’y K3r0+3Kdr dr K dr dy _
2 ~12 e e 0. (69
ds 277 dS ds”" 2 dsds

Condition (58) takes form
1=+ K i)WV2+2Ki VoV =V + V. (66)
For solutions of type [ and II Egs. (5§9)-(62) non-vanishing
radial accelerations are

AV} _ e dV,
ds ds

I N

>

5. Kaluza-Klein Model

In Kaluza-Klein theory the line element is brought in form
d’s = g!/dxidxj +eD*(Adx' + edy)’, (68)

i . .
where X' and g are coordinates and metrical tensor of

4D space-time, @ and A are scalar and vector potential.

Metrical coefficients and potentials are functions of x' and
y . Constant & equals 1 for time-like fifth coordinate y
and -1, when it is space-like.

In this form metrics (19) and (52) are represented by
line-element of 4D space-time

2
ds* = (1 -K? y—ja’r2 —2Ka."? ydvdr — dr* -
aé‘

163
— 1 (d6” +5sin*0dgp?) (69)
and potentials
A, =Kra."?, 4 =4,=4,=0, D=1, (70)
where it is denoted a, = r— 6y2
agi/’
If 4D metric satisfies cylindrical conditions 6. =0
Y
ratio of electric charge to mass in 4D is written as
4. 9 (71)
m  \1-0?
with scalar function
dy dx’
2
0=ed’| Ly 2| (72)
ds ds

In more general case with 4D metrical coefficients being
dependenton y therelationship between Q and g/m is

not identical[4], but value Q=0 also corresponds to
qg=0.

For considering space-time after substituting components
of'the found five-velocity vectors of the type I (27) and (59)

we obtain
0, =0. (73)

This value is interpreted as neutral charge of a test particle.
For solutions of the type II (28)-(30) and (60)-(62) scalar
function is

goKr
a!z\/4 +eK’a,
The light trajectory is assumed to be isotropic curve both

in 4D and in 5D: ds=dS=0. From (68)-(70) we obtain
solutions

(74)

O, =

dy _

O 75
dr 73

and

dyv  2Kr

dT & al/Z .

&

(76)

6. Astrophysical Applications

Considering phenomenology of particles motion in 5D we
assume that stationary in 3D space particles, having rest
mass, move in spherical or hyperbolic frames in 5D along
geodesics with constant radial coordinate: Eqs.(14), (15)and
(27)-(30) or Egs. (45), (46) and (59)-(62). It is suggested also
that in cylindrical frame the matter moves along fifth
coordinate in single direction, which is opposite to the
antimatter motion.

In case of the space-like fifth dimension the function f'
from metric (1) is
continuously

chosen so that its
increasing in

meaning is
intervals
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=[2m,7 +27mn] for integer N . Since value
r<0 is inadmissible in cylindrical frame we must

assume that function f  has discontinuity on the endpoints

of I

model of binary world consisting of the universe -
anti-universe pair[26-28] is considered under the
assumption that it possesses a large number of copies[29,
30], in which a physical laws are identical. In bulk a

halft I =[-m+27n,27n]
accordance with packet
condition (5) the intervals [, I
additional coordinate y .

which prescribes singularity. It can be avoided if

n 2

nto
With

contain values of

space-time put

of 4D anti-universes.

Rotation of one particle with

transition to cylindrical coordinates should be interpreted as
motion of particle and anti-particle through opposite
packets of branes, which conforms to CPT-symmetry of the
universe and anti-universe. Thus a birth of the pair

particle-antiparticle is assumed to occur in points
y=—+a,r=0, after which they move through
opposite packets of branes and annihilate, when

y=+-a,r=0.

6.1. Basic Properties of the Pioneer Effect Model

Recently much attention was attracted to the Pioneer
effect, which consists in additional acceleration of
spacecrafts Pioneer 10/11[20, 24, 31, 32]

a,=(8.74%1.33)x10™ cm s at dictances 1545

AU directed to the Sun[33]. We will analyze how much
studying models of rotating space conform to this data.
Motion of the spacecrafts and the planets will be considered
in the frame of the Sun.

For this analysis we must use geodesics of the type I
because, as it was shown in Sec. 5, for geodesics with
constant radial coordinate they correspond to the neutrally
charged particles. Their proper time coincides with
coordinate time for trajectories, which are the arcs of circle
(16) or hyperbola (47). Also motion of light is assumed to
correspond with equation (75), i.e. a light shift along the fifth
coordinate is absent.

In the Sun's gravity field motion of the particle with rest
mass is described approximately by equations

dv’

— 4V =G, (77)

where G’ is Schwarzschild-like force vector and left
terms correspond to Egs. (20)-(24) or (53)-(57). Denoting
. p_dv’ . .
acceleration W' = we divide it nto
dS

i _ i i ' .
W'=W,+W; , where vector W, conforms in case

G*=0, O=7m2 in the neighborhood of point
(45%,72,0,0) to equations

Central Field in Rotating Spherical Space in 5D

Wy =aG", (78)
wi=G' +r0(d(pj , (79)
d
w? =0, (80)
w)=¢G" 2 dr dg (81)
r, dS dS
wh=aG*. (82)

The accelerations Wéf
(63)-(65).

By using analogy with motion of particle in centralgravity
field in 4D, we take U, and dU,/dS for y=7/2 in

and dU,/dS for 7 =0
in hyperbolic coordinates as radial velocity and acceleration
observed in 4D surface of five-dimensional space-time.

correspond to Egs. (31)-(33) or

spherical coordinates or U,

6.2. Model with Space-Like Fifth Coordinate

In spherical coordinates in the neighborhood of point
(7,%,72,0,72) Eqgs. (31)-(33) correspond to system

(6)-(10) reduced to
d’t K_zﬁd_a Kro”2 da dy _ —0, ()
ds’ 2 dS dS 2 dS ds
2 2 2 12
d_j_K_(dfj 3" drdy (dzj _0, @4
ds ds 2 dSdS ds

d’y KQ3- Kzro)dz'da_l_4 Kzrodad)( 0. 85)
ds’ 2% dS dS 2r,  dS dS

For close to circular motion (13), (14) non-vanishing
five-velocities are written in form

Ul=c+a’, (86)
U'=a, (87)

oK
Ul =—+a", (88)

where @' are functions of coordinates. Substitution of
U, in (83)-(85)yields

‘i;;o - [j aa K por )

cigl =_ dj a’ - 0K2r0“2 o +K72a°2 +
RELCA I (%)
dd(? =-K 3;}?:22% a’a —4_2—]:%0!]0!4- (91)
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Equation (11) gives

0=20a"+(1-K’r)a” - 2K, a"a* - - r7a®”.(92)

1 i << u =
We consider case |’ |<<1 and assume a*=0 on

the surface y = 77/2 . First and second equations of system
(89)-(91) reduce to

do® K ,

=——ad, (93)
das 2
da' oK ,
—=-——a' (94)
ds 2
that gives
12
oo’ = > +H, (95)

where H is constant. Substituting this expression into Eq.
(94) and choosing H =0 we obtain
dal K2a12
=- . (96)
das 4

The average spacecraft's velocity on interval 20-50 a.e. is
about f’p =15+2 kms ' (See diagram in[24]) and for

approximation S =7 it approximately corresponds to
a' =5x107 . Therefore this equation turns out to be
2:2
oo K,
’ 4
e . _ -10
that with 7, =—a, yields K =(3.94£1)x10

7

cm " . For this value and made choice of S,H ,Eq. (95)

Table 2. Semimajor axes € in AU, eccentricities e, orbital periods P i years, mean squared radial velocities <r> in 10* cm s

coordinate 7, predicted magnitude of additional radial accelerations | 4, | in 1077 om s~

accelerations Aobs in 107 ms

conforms to (92) without small higher-order terms.
Additional acceleration of Pioneer 11 and its predicted
magnitude are contained in Table 1.

Table 1. Distance from Sun to Pioneer 11 r, in AU, its velocity i’p ,in

km s ', unmodeled acceleration Ep, in 10% cm s~ (See plans and

figure in[20]) and predicted magnitude of acceleration \i; [, in 107

-2

cm s
7, 6 12 20
7, 57406 12+15 14+15
a, 0715 62+19 9+04
|7, | 1264075 56+33 76+46

6.3. Additional Acceleration of Planets

In this section we will test proposed model by finding
additional acceleration for planets of the solar system and
comparing them with observations data. Further we will use

following denotations: 7 s gravity constant, M is the
Sun's mass, €) is its semimajor axis, e is eccentricity,

n=+/yM/CQ’ is unperturbed Keplerian mean motion,
P =27/n is orbital period and & is eccentric anomaly.

-1

5

2 and determined from observations anomalous radial

for the planets[2 1] and asteroid Icarus[34]

Yupiter Saturn Uranus Neptune Pluto Icarus
Q 52 95 19.19 30.06 39.48 1.077
e 0.048 0.056 0.047 0.008 0248 0826
P 11.86 29.45 84.07 63.72 248.02 112
()
4437 3.809 2242 0.3095 8386 190.9
0.037 + 27+16 (14.2+
7.6+5 5.6+3.5 2+12 S
|4, | 0.022 8.4)x10
(-1.34+ (0.058 %
A, 100 + 700 ) ] - - <63x10°
4.23)x10 1.338) x10
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Parameters of motion are given by equations
r=Q(l—ecosé), nt=~&—esiné. (98)

Differentiation of these relations with respect to ¢ yields

r=Qesiné&é, E=—— (99)
l—ecosé
and radial velocity is rewritten as
nQesin &
= (100)
l-ecosé
A mean squared radial velocity during half-period
PR 12
2
(i) = —I#zdt (101)
Py
after following from (99) substitution
1
dt=—(1-ecos&)d& (102)
n
will be
4 sinté L)
(A= == (103)
P° yl-ecosé

Values <V> for the planets, corresponding them Pio-
neer-like acceleration
2
K*(7
4 = K
4

and anomalous accelerations of planets 4, , obtained from

(104)

observations are in Table 2 . Predicted additional radial
acceleration for Yupiter, Saturn, Uranus is within the ob-
servation error and for asteroid Icarus it is close to upper

limit of A,

6.4. Model with Time-Like Fifth Coordinate

In hyperbolic coordinates in the neighborhood of point
(79,7, 72,0,0) Eqgs. (63)-(65) correspond to system
(38)-(42) reduced to

d’t K*dt da Kfom dady
s — 2= (105)
ds 2 dS dS 2 dSdS
3 dE df

d’a K? (drj

—2+ +

das das 2 dS dS
¢z KG+Kh)dedi 4+ RAdidy_
das? 24/2 ds dS 27, dS das

For close to hyperbolic motion (45) non-vanishing
five-velocities are written in form

-\2
r(d;() =0, (106)
ds

Ul=c+a’, (108)
U =a (109)

4 oK = _,
U ——W+a , (110)

where &' are functions of coordinates. Substitution of
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U’ in (105-(107) yields
d&o KZ ot 12761/2 s
S =7a a +TC¥OC , (111)
2 12 2
8y A B HE e 10
da* 3+K% o, 4+K% .
=—K——7%a'a' ———=>a'a’. (113
as 2r A
Equation (43) gives

0=20a"+(1+K*7)a™ + 2K, *a"a* —a" + i7a™. (114)

We consider case |
surface y = 0. Equations (111), (112) reduce to

&' |<<1 and assume @' =0 onthe

da’ _K*
A (115)
da' oK*> _,
B e

that gives

—12
ad°=a7+ﬁ, (117)

where H is constant. Substituting this expression into Eq.
(116) we obtain

da'  K'a" . HK*

ds 4 2
This result doesn't conform to the Pioneer effect, so far as
in accordance with this expression with increase of magni-

tude ofradial velocity corresponding growth of acceleration
will be positive.

(118)

For cylindrical coordinates in case V3 =0 in point
(7,,7,,72,0,0) from Eq. (64) we obtain

(119)

With condition |7 |<< 1,
unmodeled acceleration of Pioneer 10/11 on distance 20-50
a.e., but gives the same acceleration for Pioneer 11 on dis-
tance less than 20 a.e. and for planets of the Sun system that
contradicts data of observations (Tables 1,2).

this equation conforms to

7. Conclusions

Proposed toy-model of space is based on idea of double
manyfold Universe. It is supported by notion that closed
geodesic of elementary particle having a rest mass
corresponds to motion of the pair particle-antiparticle in the
mirror worlds.

Found solutions of geodesics equations corresponding to
the particle with a rest mass for cosiderig space-times
describe motion in a circle with space-like fifth coordinate
and hyperbolic motion with time-like fifth coordinate. Time
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dilation is absence for the solutions corresponded in the
Kaluza-Klein model to neutrally charged particle. In this
case the angular velocity is inversely proportional to the
square root of radius in spherical coordinates. In
astrophysical applications the center of the Sun has been
chosen as the center of this motion.

Analogy with motion in central gravity field in 4D is
employed for determination of velocity and acceleration
observed in 4D sheet for particles moving in 5D bulk. We
obtain approximate solution in the neighborhood of surface
with zero fifth coordinate in cylindrical frame for geodesics
deviating from having constant radius. With space-like fifth
coordinate a body in included 4D space-time with limited
velocity will have centripetal acceleration being proportional
to square of radial velocity and directed towards center of
rotaion of space in 5D. This acceleration is interpreted as
action of additional force in 4D. That roughly corresponds to
underlying properties of the Pioneer-effect, such as constant
additional acceleration of apparatus towards the Sun on
distance from 20 to 50 a.e., its increase from 5 to 20 a.e.,
observed absence of one in motion of planets. However,
presence of analogous acceleration in motion of bodies with
similar radial velosity, for example, asteroid Icarus, will be
significant for confirmation of this model. In case of
space-time with time-like fifth coordinate it isn’t found
geodesics corresponding to this effect.
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