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Abstract  Machine learning or statistical artificial intelligence examines averages in data to codify the best approach to 
make decisions based on the data, and the method notoriously requires large amounts of training data (statistically relevant 
amounts). On the other hand, data produced by systems that obey physical laws can use those laws as the deterministic 
structure for artificial intelligence, greatly reducing the requirement for large amounts of data to achieve high-precision 
performance. This article examines aspects of deterministic artificial intelligence comprised of self-awareness utilizing 
auto-trajectory generation followed by change-detection and identification, and then online learning. After the self-awareness 
algorithm is introduced, several auto-trajectory implementations are compared. Furthermore, learning methods are compared 
emphasizing recursive least squares and extended least squares learning compared to classical proportional-integral-derivate 
feedback implementations. Novel learning improvements realized 23.4% decreased mean error, and 34.0% decreased 
standard deviation compared to the standard recursive least squares optimal estimator error while max error decreased 33.0%. 
Four autonomous trajectory generation techniques were shown to produce accuracies form 10-4 to 10-9 with various 
computational burdens, providing a menu of implementation options. 
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1. Introduction 
Current methods of mechanical control have a robust 

heritage that hails from at least 1830 with Chasle’s theorems 
of motion Phoronomics [1], flowering in the last centuries 
[2-24] with both non-technical and technical aspects 
developed [25-66]. Contexts from the last centuries are 
renewed in this century, as nations threaten each other on a 
globe with multiple nations in space and the accompanying 
ability to strike each other with destructive weapon systems. 
Artificial intelligence is blossoming as the nations’ disparate 
government seeks competitive advantages for their national 
power. Despite the impetus in national security, artificial 
intelligence applied to economics has also been driven by the 
pursuit of wealth [52-53]. Advanced algorithms [31-62] for 
nonlinear adaptive system identification [48-53] and control 
[42-50] permitting improved performance of space missions 
[31-33, 55]  arise in  a time when  the United States  has   
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discovered a pre-occupation with low-end conflicts in the 
middle east amidst an increasing belligerent world of threats 
[29-33]. This realization culminated in the recent edict to 
create a new military service in the U.S. purely dedicated to 
space [61]. 

The manuscript emphasizes feedforward controllers, 
trajectory tracking, and automatic trajectory generation, 
highlighting a key feature of deterministic artificial 
intelligence requires autonomous trajectory generation. This 
article discusses recent research in the underlying 
technologies of deterministic (non-stochastic) artificial 
intelligence applied to spacecraft. 

1.1. Rotational Mechanics…also known as “the 
Dynamics” 

As described by Kane [18] Spacecraft rotate in accordance 
with rotations in accordance with Euler’s Moment Equations 
𝑇𝑇 = 𝐽𝐽𝜔̇𝜔 + 𝜔𝜔 × 𝐽𝐽𝐽𝐽 [3], where m is the mass of the object and 
[𝐽𝐽 ] is a matrix of mass moments of inertia; meanwhile 
kinematics [6] are mutually equivalent expressions of the 
inertial values in Euler’s equations. “The dynamics” are 
comprised of the kinetics described in Euler’s equations 
together with a chosen set of kinematics [60]. 
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1.2. Kinematics 

Several options are available to describe the inertial 
components of Euler’s equations, and researchers may 
choose kinematics to maximize their convenience and 
priorities. Reference [60] critically investigates kinematics 
expressions, revealing strengths and weakness of various 
forms. Key parameters used in the critical analysis include 
speed-of-computation and accuracy of representations 
providing a menu of options from which researchers can 
choose.  

1.3. Trajectory Generation  

The aforementioned feedforward architectures rely on 
modeling of dynamic system equations, and furthermore the 
control equations will be seen to necessitate formulation of a 
desired full-state trajectory: at least angular velocity and 
angular acceleration trajectories to formulate the control in 
addition to angular position to formulate the error. A key 
feature of deterministic artificial intelligence is the necessity 
of autonomous trajectory generation, and this feature is a 
main focus of this manuscript.  

2. Materials and Methods  
2.1. Rotational Mechanics Fed by Autonomous 

Trajectory Generators 

Figure 1 displays the topology of this investigation. Step 
inputs are accepted from users despite its mathematically 
singular form. These inputs demand the immediate task of 
autonomous trajectory generation to create mathematically 
smooth angular velocity and acceleration inputs for the 
control calculation. This calculation is performed by he 
deterministic artificial intelligence engine residing in the 
block labeled Actuators and Control. The control toques 
together with external disturbance torques are fed to Euler’s 
equations of motion contained in the block labeled System 
Dynamics. 

2.1.1. Necessity for Smooth Trajectories 

Cooper and Heidlauf [48] elaborate the issue of 
non-smooth trajectories with the following short illustrative 
expansion. Figure 2 illustrate three options for (one) smooth 
trajectory and (two) non-smooth trajectories. 

 

 

Figure 1.  System topology with artificial intelligent elements (equations 5,6,7) in the Actuators & Controls block requiring autonomous trajectories (per 
equations 9,10,11) to command the System Dynamics (per equations 1-4) in the face of arbitrary, unknown External Disturbances 

 

Figure 2.  Desired angle, rate, and acceleration trajectories evaluated for thirty seconds (abscissa) 
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Reference [48] reveals that any non-smooth feature in the 
commanded trajectory represents an unrealistic demand of a 
physical system and such should be avoided. Non-smooth 
points induce dramatic, unstructured excitation to the 
learning algorithm that carries only deleterious effects. 

2.2. Dynamics 
The physics-based dynamics are the foundation of 

deterministic self-awareness. Referring back to Figure 1, the 
Dynamics block contains equation 2 and a torque is provided 
by the Feed Forward Control section fed by the Torque 
Generator (the far left inputs of the topology). Equation (2)   
is equivalent to equation (1) expressed in body coordinates. 
In equation (1), m is the mass of the object and [𝐽𝐽] is a matrix 
of mass moments of inertia; while 𝐻̇𝐻  denotes the 
time-derivative, 𝑑𝑑

𝑑𝑑𝑑𝑑
.  
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= 𝐽𝐽𝜔̇𝜔 +  𝜔𝜔 × 𝐽𝐽𝐽𝐽   (2) 

Equations (1) and (2) are versions of the governing 
dynamics where 𝐽𝐽 is a matrix containing mass moments of 
inertia, angular velocity is depicted as ω , while angular 
acceleration is depicted by ω̇ . Coupled motion in the 
governing equations of dynamics are evident in the (𝜔𝜔 × 𝐽𝐽𝐽𝐽) 
term of equation (5), where 𝐻̇𝐻 is the angular momentum 
whose time-rate of change is 𝐽𝐽𝜔̇𝜔. Motion is all axes results 
from any motion in any axis due to the coupling terms, and 
the amount of motion in each axis is scaled by the mass 
moment of inertia terms, which behave like “gains”.  

Manipulation of equation (2) help isolate the angular 
velocity of the body per [60]. Differentiating yields the 
angular acceleration 𝜔̇𝜔  which appears in the produt 𝐽𝐽𝜔̇𝜔 , 
permitting multiplication by the matrix inverse [J]-1 and then 
integrated as per equations 2 and 3. Kinematic Euler Angles 
are calculated from these angular velocity 𝜔𝜔𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵  displayed 
in equation (3). 

∫(𝐽𝐽−1 ∗ 𝐽𝐽𝜔̇𝜔)  𝑑𝑑𝑑𝑑 =  𝜔𝜔𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵         (3) 
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      (4) 

Equation (4) illustrates how the dynamics in equation (2) 
form the basis of self-awareness. Notice the two equations 
are equivalent except equation (4) is designated as the 
desired torque command with subscript letter d. This 
equivalence acknowledges the dynamics as a statement of 
self-awareness, and therefore is the exact structure of the 
deterministic artificial intelligence control command. This 
command provides the structure for learning, and several 
instantiations of learning are explored in section 2.3, where 
the input to the learning algorithms is trajectory tracking 
errors. 

2.3. Determinisitic Artificial Intelligence 

The Actuators and Control block of the topology in figure 
1 contains the heart of the deterministic artificial intelligence 

algorithm, the ideal feedforward control that is formulated 
using the known-structure of the dynamics process governed 
by the inertial laws of rotational mechanics (i.e. Euler’s 
moment equations) in equations 1-4. The inside of the block 
is displayed for various parameterization of the deterministic 
artificial intelligence algorithm in figures 3-5 corresponding 
to equations 5-7. Equations 6 and 7 use a standard regression 
formulation of equation 4 to parameterize the problem 
permitting least squares learning algorithms in equations 6 
and 7 respectively, where equation 4 is the first estimate, 
while equation 5 is the estimate correction. [Φ]{Θ}  in 
equations (4)-(6) include the regression parameterization of 
the feedforward control, where {Θ}  is a vector of mass 
moment of inertia components.  

 

 

 

Figure 3.  Feedforward in the Actuators & Controls block of Figure 1 parameterized by the learning-dynamics adapted by proportional-derivative feedback 
as defined in equation (5) 

𝜏𝜏 = [𝛷𝛷]𝛩𝛩 − 𝐾𝐾𝑑𝑑(𝜔̇𝜔 − 𝜔̇𝜔𝑑𝑑) − 𝐾𝐾𝑝𝑝(𝜔𝜔 −𝜔𝜔𝑑𝑑)                                (5) 
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Figure 4.  Feedforward in the Actuators & Controls block of Figure 1 parameterized by the learning-dynamics adapted by recursive least squares feedback 
as defined in equation (6) 

𝜏𝜏 = [𝛷𝛷]𝛩𝛩 − �(𝛷𝛷𝑇𝑇𝛷𝛷)−1𝛷𝛷𝛷𝛷𝛩𝛩��𝛩𝛩                                    (6) 

 

Figure 5.  Feedforward parameterized by the learning-dynamics adapted by extended least squares feedback as defined in equation (7) 
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Notice, as illustrated in the system topology in figure 1, 
the deterministic artificial intelligence engines of figures 3-5 
required autonomous trajectories. Section 2.1.1 illustrated 
the impacts of non-smooth trajectories, and the remainder of 
this research utilizes simple smooth sinusoidal deterministic 
structures for autonomous trajectory generation. The next 
section examines various methods to calculate the trajectory 
revealing a family of choices yielding various accuracies 
with accompanying computational burdens.  

2.4. Sinusoidal Trajectories 

Prior to this point, we assumed a single method of sinusoid 
generation (MATLAB’s since function). In this section,   
the governing equation of feedforward control will remain 
unchanged from the sections above, but we investigate the 
impact of four different sinusoid generation methods in the 
Generate Trajectory block of figure 1, namely:  
 MATLAB’s Sine Function  
 4th Order Taylor Series Approximation  
 Low Precision Approximation Algorithm  
 High Precision Approximation Algorithm  
The effects of varying time-steps and commanded 

maneuver-time in feedforward control (everything to the left 
of dynamics block in figure 1) are investigates, in particular 
emphasizing the numerical accuracy and impacts on 
computational time for various methods. 

To accurately model spacecraft maneuvers a standard sine 
curve is used, 

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝜔𝜔𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡 + 𝜙𝜙)               (8) 
where 𝐴𝐴 is the amplitude of the maneuver or the desired 
angular displacement of the spacecraft. The rate at which the 
spacecraft completes the maneuver is the frequency of the 
spacecraft denoted as 𝜔𝜔𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 . The phase on the sine curve, 
used to shift the trajectory curve for smooth onset, is denoted 
by 𝜙𝜙. Using the Commanded Euler Angle and the Desired 
Slew time in conjunction with figure 1, the commanded 
maneuver is translated into a trajectory using various sine 
curves. Equation 8 above is elaborated with equations 9-11 
below to investigate and compare numerical methods.  

𝜃𝜃𝐶𝐶𝐶𝐶𝐶𝐶 = 1
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2� )            (9) 
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2� (𝐴𝐴)�𝜋𝜋 5� � cos�𝜋𝜋 5� 𝑡𝑡 + 𝜋𝜋

2� �     (10) 

𝜔̇𝜔𝐶𝐶𝐶𝐶𝐶𝐶 = 1
2� (𝐴𝐴)�𝜋𝜋 5� �

2
�− sin�𝜋𝜋 5� 𝑡𝑡 + 𝜋𝜋

2� �� (11) 

Using equation 9, the first and second time derivatives 
provide the commanded angular velocity and acceleration in 
equations 10 and 11. To ensure system stability, a quiescent 
time period is provided before the maneuver. The 
commanded trajectory is implemented over 5 seconds, after 
5 seconds of quiescent time. The simulation is continued  
for 5 seconds after the commanded maneuver to provide 
sufficient settling time. The Actuator and Control Block in 
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Figure 1 is fed by the trajectory generator and acts as the 
torque generator per equations 5, 6, and 7. The trajectory 
generator takes in a commanded body angle and then uses a 
sine wave in order to approximate the commanded maneuver. 
To help elaborate on this point, Figure 6 shows a square and 
a sine wave, both shifted up in amplitude such that they 
operate from zero to two instead of between negative and 
positive one. 

 

Figure 6.  Amplitude comparison of square wave to sine curve versus time 
in seconds 

Figure 6 illustrates trajectory options: step function versus 
sinusoidal trajectory, as illustrated by a comparison of square 
wave to sine curve. The square wave illustrates expected 
behavior if a step function was used to approximate the 
commanded maneuver, the spacecraft would essentially be 
expected to transition from the zero position up to its max 
amplitude position instantaneously. This is a physical 
impossibility. With the sine wave in the same figure we can 
see that the spacecraft machinery is afforded a ramp up and 
slow down period along with a relatively linearly slope in  
the middle. Basically, the half period of sinusoid within   
the square pulse of Figure 6 is used to provide a smooth, 
achievable input to the system, where achievable in 
emphasized since step-inputs (or any other such 
discontinuous command) are not realizable by physical 
systems that lack an ability to instantly teleport from one 
location to another without any elapsed time. 

Our original model’s trajectory generator follows 
equations 12 through 14 to approximate the commanded 
maneuver for Angular Position, Angular Velocity (ω), and 
Angular Acceleration ( 𝜔̇𝜔 ) via the MATLAB sine wave 
function. 
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2
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Equation 12-14 models the input command, where A is the 
maneuver’s commanded angle. The base frequency of the 
sinusoid (𝜔𝜔𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ) is (π/Δt) where (Δt) is the desired maneuver 
time. The 𝑡𝑡𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤  term allows for a quiescent period and -π/2 
term allows for a proper phase shift to implement the 
sinusoidal half period of Figure 6. The effect of this can be 
seen later on in section 3. Equations 13 and 14 are just 
successive derivatives of equation 12 used to generate 
angular velocity and acceleration which are fed into the ideal 
feedforward control equations 5-7, which resides in the 
torque generator block of Figure 1. This produces an output 
torque which drives the Dynamics.  

From equations 12-14 it can be clearly seen that the 
argument of the sine and cosine terms always follow the 
form of equation 15. We can use this to implement our 
Taylor Series and the other two other algorithms on equal 
footing. 

𝐴𝐴𝐴𝐴𝐴𝐴 =  � 𝜋𝜋
𝛥𝛥𝛥𝛥
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2
)         (15) 

The Taylor Series, as detailed in [62], is a numerical 
method that can be used to approximate other functions. In 
our model we substitute the sines and cosine from equations 
12-14 with equations 16 and 17. 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑆𝑆𝑆𝑆𝑆𝑆 = 𝐴𝐴𝑟𝑟𝑟𝑟 − 𝐴𝐴𝐴𝐴𝐴𝐴 3

3!
− 𝐴𝐴𝐴𝐴𝐴𝐴 5

5!
− 𝐴𝐴𝐴𝐴𝐴𝐴 7

7!
    (16) 

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝐶𝐶𝐶𝐶𝐶𝐶 =  1 − 𝐴𝐴𝐴𝐴𝐴𝐴 2

2!
− 𝐴𝐴𝐴𝐴𝐴𝐴 4

4!
− 𝐴𝐴𝐴𝐴𝐴𝐴 6

6!
     (17) 

The Taylor Series is a power series and additional terms 
could be included ad infinitum for greater precision; 
however, initial testing found that 4 terms provided a 
reasonable approximation while maintaining a viable 
runtime. Additionally, it was found that pre-calculating the 
factorial terms sped up computation time.  

The Low Precision (LP) and High Precision (HP) 
algorithms were found to be used in many applications, 
especially ones which required lower processing power such 
as mobile gaming. Ref [62] provided the baseline for 
adaptation of equations 18 and 19. Note that the same 
equation is used for sine and cosine expecting that the 
argument term is given a π/2 phase shift when applied to the 
cosine in equation 13. In equation 18, (+/-) indicates that a 
plus is used if Arg is less than zero and a minus is used 
otherwise. 
𝐿𝐿𝐿𝐿 = 1.27323954 ∗ 𝐴𝐴𝐴𝐴𝐴𝐴 (+/−) 0.405284735 ∗ 𝐴𝐴𝐴𝐴𝐴𝐴2 (18) 
𝐻𝐻𝐻𝐻 =  .225 ∗ [𝐿𝐿𝐿𝐿 ∗ 𝑎𝑎𝑎𝑎𝑎𝑎(𝐿𝐿𝐿𝐿) − 𝐿𝐿𝐿𝐿] + 𝐿𝐿𝐿𝐿            (19) 

Equation 319 provides additional smoothing to equation 
15 at the cost of computation time to implement a high 
precision mode. 

3. Results 
This section describes the results of each of the major 

areas of investigation. Autonomous trajectory generation is 
used to evaluate computational efficiency and produce 
guidance to researchers about minimum step-size and 
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numerical accuracy and computational time for several 
algorithms. Analysis is provided for comparison to the 
autonomous-rejection capability elaborated in the literature 
[42]-[57].  

3.1. Continuous Versus Non-Continous Trajectories 

The necessity for smooth trajectories claimed in section 
2.1 is evaluated first by normalized comparison displayed in 
figure 2 with corresponding numerical results listed in  
Table 1. 

3.2. Stability Investigations 

Stability of the combined system of deterministic artificial 
intelligence component algorithms is illustrated by nonlinear 

phase portraits in figure 8. The phase trajectories never 
exceed the arbitrary circle of non-infinite radius. 

Table 1.  Comparison mean errors corresponding to figure 2 

Method 
Mean Error (Yaw) 

Discontinuous 
Trajectory 

Continuous 
Trajectory 

PDI (Baseline) 0.43338 -0.0033441 

PID (Baseline) 0.69546 0.0014662 

RLS-PID 0.15596 -0.0020191 

RLS-PDI 0.36381 0.001074 

ELS-PID 0.29760 -0.0025604 

ELS-PDI 0.32679 -6.93 x 10-5 

 

  

(a)                                                   (b) 

Figure 7.  Yaw error (degrees) of iterated trajectories versus time in seconds with numerical assessment in table 1  

 

Figure 8.  Stability demonstration for Extended Least Squares Feedforward Controller, Traditional PID Feedback Controller, Enhanced Luenberger 
Observer, 15 Second Sinusoidal Trajectory 
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3.3. Trajectory Generation Computational Investigation 

3.3.1. Solver/Integrator Step-Size 

From a qualitative standpoint you can see that each sine 
generation algorithm created the intended Euler Angle 
movement shown earlier in Figure 6. Since we achieved the 
basic shape from each method (displayed in figure 9 where 
slight accuracy differences are visually apparent), we now 
turn our attention to analyzing the error and computation 

time associated with each for a given time step interval. We 
found that for a Runge-Kutta solver with step size of 0.01119, 
the MATLAB sine function “reached a point where CPU and 
MATLAB precision comes into play and shrinking step size 
does not necessarily result in reducing error”. With this in 
mind, step sizes of 0.1, 0.05, and 0.1 seconds were chosen for 
analysis, results of which can be seen in Figure 10 and  
Table 2. 

 

  

(a) Using MATLAB                        (b) Using Taylor Series 

  

(c) Using LP                                  (d) Using HP 

Figure 9.  30o Yaw maneuver vs. time (seconds) with feedforward control for various methods 

 

Figure 10.  Computation Time Results 
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Table 2.  Timing and Error Results 

Method 

Step Size Step Size Step Size 

0.1 second 0.5 seconds 0.1 Seconds 

Time(s) Error Time(s) Error Time(s) Error 

1-MATLAB 0.2423 1.02E-9 0.2459 6.36E-11 0.2685 1.02E-13 

2-Taylor 0.2434 3.53E-5 0.2471 3.53E-5 0.2720 3.53E-5 

3-LP 0.2416 2.81E-2 0.2459 2.81E-2 0.2682 2.81E-2 

4-HP 0.2417 3.25E-4 0.2456 3.25E-4 0.2666 3.25E-4 
1 Time and Error results averaged over 500 iterations per model 

One major inference to be drawn from Table 2 is that the 
Normalized Error columns show Taylor, LP, and HP 
algorithms are roughly step-size invariant within our test 
range; only the MATLAB function’s error reduces with step 
size in our model. Interestingly, the LP and HP functions can 
be more accurate than Taylor but we are more concerned 
with the final angle in coarse control (corresponding to the 
peak of sine curve) rather than the intermediate steps – so in 
this case, the Taylor Series is considered more accurate. 

The other major item of note is the difference in average 
computation time. While the MATLAB command is 
ultimately the most accurate at all step sizes, we can see that 
the LP and HP algorithms generally run faster. NOTE: 
Results were relatively inconsistent when run below 200 
iterations but at 500 iterations we stabilized with HP and LP 
usually running faster during a given test. Since HP would 
run faster than LP sometimes and vice versa, even at greater 
iterations; it is believed that this may come down to specific 
CPU architecture used and how a dual core processor 
handles calculations.  

4. Discussion 
Regarding sinusoidal trajectory generation, if your design 

has accurate fine control (e.g., robust feedback mechanisms) 
and can handle coarse control error on the order of 10-4,  
then it may be more prudent to utilize the HP algorithm, 
yielding reduced processing power and time resulting in 
lower power requirements and faster onboard calculations. A 
4th order Taylor Series is not recommended, due to longer 
computation times and less accuracy than the MATLAB 
function; while extending the order of the series would 
increase accuracy but also extend its runtime, thereby, 
reducing viability. Additionally, simulation results reveal 
that the fastest methodology may vary with CPU architecture 
indicating that there may not be a definitive answer for “best” 
trajectory generation method. This should be evaluated 
within the specific spacecraft design trade space. Very little 
information is available on the proprietary MATLAB sine 
calculations but future testing will investigate the LP and HP 
algorithms against MATLAB on a variety of CPU 
architectures. 

We developed a novel approach incorporating elements  
of deterministic artificial intelligence with extended least 
squares adapting an idealized feedforward controller 

compared to the standard recursive least squares optimal 
estimator realizing decreased mean error 23.4%, and 
standard deviation of the error 34.0%, while max error 
decreased 33.0%. 

Future work should continue the line of research of 
Nakatani, Cooper, and Heidlauf, but implement their 
damage-tolerant feedforward methods and the latest 
developments in disturbance analysis [63] to fashion 
nonlinear feedforward autonomous disturbance-rejection 
controllers, taking advantage of the computational advice 
revealed in this study.  
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