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Abstract The framework of this study relies primarily on Bandura's work, who conceptualised that efficacy beliefs have
an impact on how individuals motivate themselves to act. Bandura was the first to coin the phrase collective-efficacy to
describe an individual's beliefs about the abilities of his/her group to perform a particular behaviour. Research has shown that
groups with high levels of collective-efficacy beliefs outperform groups with low levels of collective-efficacy, and that high
collective-efficacy enhances groups' as well as individual's attainments. The question of how perceptions of group capability
might be strengthened is an understudied area in efficacy beliefs research. We offer cooperative implementation of a multiple
solution task in a self-directed professional learning community setting in a higher-education mathematics classroom to
enhance collective-efficacy and attainments. An average class containing 17 female student-teacher was chosen for this
qualitative action research. Eighteen open interviews and 10 open non-participant observations were conducted, and 20 field
notes were taken pre- and post-intervention. Results showed enhancement of mathematics collective-efficacy beliefs and
attainments. This exploration into the antecedents of collective-efficacy beliefs found the multiple solutions task in a
cooperative learning form to be a potentially powerful organisational context conductive to the development of students'
collective-efficacy beliefs that facilitate group and individual learning. Helping to ensure that students have the necessary
thinking skills to learn effectively is one of the most important mathematics challenges. Transforming their classes into small
organisations with strong collective-efficacy can provide students with a means to achieve this goal.
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efficacy,  collective-efficacy  involves interactive,
1. Introduction coordinative and synergetic social dynamics [3]. According
to Bandura [1], the CE beliefs of groups can affect their goal
setting; motivation; effort; persistence with challenging tasks
or situations; the type of future they seek to achieve; how
they manage their resources; the plans and strategies they
construct; and their vulnerability to discouragement. Thus,
CE is associated with traditional motivational mechanisms
such as direction, effort levels, persistence, shared thoughts,
stress levels, goal attainment and achievement of groups. A
vast amount of research has shown that groups with high
levels of CE outperform groups with low levels of CE [4].
High efficacy groups and low efficacy groups differ in
several ways.

The framework of this study relies primarily on the work
of Bandura [1], who conceptualised that efficacy beliefs
have an impact on almost everything individuals do in their
lives, how they think, motivate themselves, feel and behave.
He coined the phrase collective-efficacy to describe an
individual's beliefs about the abilities of his/her group to
perform a  particular  behaviour, and  defined
collective-efficacy (CE) as a group's shared belief in its
conjoint capabilities to organise and execute the courses of
action required to produce given levels of attainments. CE,
just like self-efficacy, is believed to be shaped by four major
sources: mastery experiences, vicarious experiences, verbal
persuasion and affective states [1, 2]. Unlike individual  1.1. High and Low Collective-Efficacy

The existing literature on CE converges on the conclusion
saral 0@012.net il (Sara Katz) that groups 'who are confident in their ability to succeed are
Published online at http://journal.sapub.org/edu more effective than those who doubt themselves [1, 3]. For
Copyright © 2015 Scientific & Academic Publishing. All Rights Reserved example, a recent meta-analysis showed that CE has a strong
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positive relationship with group performance, for example,
in studies on reading and mathematics [4], replicating the
results of an earlier meta-analysis [5]. Groups characterised
by high CE are likely to have high performance expectations,
work hard, set more challenging goals, persist in the face of
obstacles, and are ultimately more likely to succeed than
groups who do not share this belief [6]. High efficacious
groups are generally positive environments that are
characterised by engagement, camaraderic and cohesion
[7, 8, 9]. Conversely, low efficacious groups are more likely
to experience apathy, uncertainty and a lack of direction [1,
8]. Research has shown that the dysfunctional characteristics
associated with low efficacy include heightened anxiety [1]
and less vigilance in decision-making processes [10].

1.2. Effect of Collective-Efficacy on the Group and on the
Individual

Most research on CE (also labelled 'group efficacy' or
'team efficacy') examines relationships between group
perceptions and aggregate group processes. For example, CE
has been shown to relate to group cohesion [9, 11],
cooperation and communication [12]. Only a few multilevel
studies have linked CE with individual outcomes, such as
perceptions of self-efficacy (e.g., 13), and group work
behaviour (e.g., 14). Researchers found that members of a
group who believe in the group's collective capabilities are
more likely to be motivated to work individually on tasks
that contribute to group success. In contrast, self-efficacious
individuals are unlikely to exert as much effort on behalf of
their group if they believe that their group is incapable of
handling challenging tasks [15, 16]. These observations are
consistent with the theoretical arguments of Lindsley, Brass
and Thomas [17], who noted that such cross-level effects are
possible because efficacious groups create a context in which
constructive individual behaviours are expected. Therefore,
the aim of this study was to enhance both dimensions of
group work: the interpersonal group work behaviour and
progress, and the individual's behaviour and progress. CE
has only recently begun to receive attention regarding its role
in an educational setting, and the question of how
perceptions of group capability might be strengthened is an
understudied area in CE belief research [2, 18]. Therefore,
we aimed to advance the awareness and diagnosis of CE
perceptions, and to suggest ways to enhance them. The
research questions were as follows:

1. What was the nature of CE in the mathematics class
pre-intervention?

2. What constituted the CE of the mathematics class
post-intervention?

3. How did the group work to achieve its goals? What
were the learning community conditions that helped
enhance the development of CE?

2. Methodology

2.1. Participants

A mathematics class of 17 female student-teachers in a
college of education was chosen. The students' capabilities in
various areas in mathematics were average, with two
students slightly higher than average.

2.2. Design

The need for a detailed exploration of CE, the need to
focus on individuals in their natural authentic setting and the
need to tell the story from the participants' perspectives all
provided the rational for our decision to undertake a
qualitative action study. The flexibility and openness of the
qualitative approach enabled revelation of tacit knowledge
and better understanding [19]. Communicating and
remaining in the field of the study for a prolonged period
allowed us, first, to create a picture of the participants' reality
in our mind, and second, to reflect deeply on our professional
work as producers and enhancers of knowledge. All
student-teachers gave written informed consent to their
participation. They understood that the study was designed
to enhance their functioning in mathematics. We made every
effort to maintain their anonymity using code numbers. The
participants were allowed to read the results of the analysis,
if they so wished.

2.3. Research Tools and Procedure

Three research tools were used in this study: Open
interviews, open non-participant observations and field notes
taken pre- and post-intervention.

Nine pre- and nine post-intervention interviews were
conducted with key informants. The interviews were
audio-recorded and transcribed. During the interviews, the
participants were given an open-ended request asked to tell
us about anything related to their perception of the group's
capability to execute the courses of action required to
perform well in mathematics, in the classroom and at home;
to tell about the group's past experiences in learning
mathematics; about how much support they received from
their peers; about cooperation in the group, and about what
made mathematics difficult for them. Informative and
elaborative questions were used and the atmosphere was
relaxed. Communication was pleasant and the students'
reactions to the interviewers were supportive.

Five pre- and five post-intervention observations were
conducted, each lasting 35 minutes. The researchers took 10
pre- and 10 post-intervention field notes regarding the
student-teachers' CE. The study procedure included data
collection, analysis, intervention, renewed collection of data,
reanalysis and conclusion drawing.

2.4. Intervention

We used a multiple solution task, which required bridging
areas in mathematics, integrative thinking processes,
high-order thinking, finding out connections and
relationships, elaborations, generalizations and production of
mathematical knowledge [20] in a collective form of
learning.
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This task suited this type of learning in that every solution
to the problem found by anyone in the group could be added
to the group's progress. This task was a challenge for them as
a group and as individuals. We created a professional
learning community that fitted the constructivists approach
to the Instruction-Learning-Culture, which believes that
instruction promotes the development of active learners who
make use of knowledge, investigate, and evaluate their own
achievements. We fostered teacher-student cooperation in
learning where the teacher was considered a coach rather
than the sole source of knowledge.

2.4.1. Presentation of the Task

The students were required to solve a task using as many
different methods as possible, and using tools from different
areas of mathematics. On obtaining the results, a discussion
was held to consider the different mathematical aspects of
each solution method offered by the students. Subsequently,
they were asked to find additional solution methods. Given
clues, they were asked what could be added to the task to
increase its level of difficulty. Students had to turn the
problem into a more complicated and advanced activity.
They were also asked whether the same solution methods
could be used in the new extended task as the methods found
during the initial stage.

The intervention was implemented during two lessons
lasting two hours each. The goals of the activity were stated
as a challenge for the whole group, which had to work
cooperatively for the group's success. The responsibility to
find solutions was the group's responsibility. The members
of the group asked one another questions, thought aloud,
offered solutions, compared and discussed various solutions,
and encouraged, helped and evaluated one another. Each
suggestion was checked by all group members. The teacher
did not put himself in a judgmental position of authority. The
group could feel the teacher's enthusiasm, which became
infectious.
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Figure 1. The task

2.4.2. The Task
Given a square ABCD, the length of its side is 2a, as

shown in Figure 1. Straight lines were drawn from vertex D
to points E and F, which are the midpoints of the sides AB
and BC, respectively. Calculate EDF.

Denoting: EDA =0, EDF =2a..

2.4.3. Stages of Preparation before Obtaining Solutions

a) By connecting points E and F, one obtains quadrilateral
DEBF, which is a kite, and therefore:
DB 1L EF , EG=GF=GB.

b) Calculate the following segment lengths using the
Pythagorean theorem:

DE =DF=a./5,
EF=ay2 , DB=2a/7 , EG = GF = BG = 23
DG=DB—BC=3af

¢) Calculate the area of triangle A DEF:

(1) By subtracting the areas of the right angled triangles
from the area of the original square.

(2) From the product S, ppp = % -EF-GD.

(3) By using Heron’s formula — which requires
command of algebraic manipulations due to the
presence of expressions with radicals.

=3

In all three methods we obtain: § ADEF =5 32 .

2.4.4. Calculation of the Angle
Method A — Trigonometry of right-angled triangles
(1) From triangle A DAF :

tand== = 8=26.57° =

1
2

= 200=90°—20=236.86°
(2) From triangle ADEG :

tana:% = a=1843° =

= 20.=36.86°
Method B — Using the Law of Cosines in the triangle
ADEF (DE =DF):

EF’ = 2DE’ —2-DE”cos2a.,

Substituting the values of EF and DE, we obtain:
cos2o0=0.8 = 20.=36.86°

Method C — Using the Law of Sines in triangle A DEF:

EF _ DE _ _DE
sin2o. ~ sin(90°—a) ~ cosa.’

Substituting the values of EF and DE and using the
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formula for the sine of a double angle, we obtain

sino = % , and using the formula c0oS20.=1— 2sin’ a,
we obtain:

cos20.=0.8 = 20.=36.86°

Method D — Using the area of a triangle:

From the trigonometric formula for the area of a triangle,
we obtain:

_ DE%sin2a _ (aV5)’sin2a
Saper = 5 = 3

_3.2
=3a’ =

— Qi _3
—SlIlzoc—5

sin2a. =% = 200=36.86°

Method E — From analytic geometry:

We place the vertices of the square in a system of
coordinates, where vertex D lies at the origin, and the
coordinates of the other vertices are:

A(0,2a) , B(2a,2a) , C(2a,0), and also: E(a,2a) , F(2a,a),
as shown in Figure 2. Using this notation, the slope of
straight line DF is kDF = %, the slope of straight line DE is

k. =2, and from the formula for the tangent of the angle
between two straight lines, using their slopes, we obtain:
tan2o =3 = 20.=36.86°.

4
A(0,2a) E(a,2a) B(2a,2a)
F(2a,a)
.
D(0,0) C(2a,0)

Figure 2. Method E
Method F — Using vectors.

We denote: b;\=g I)k:y, with |E|:|X|:2as

as shown in Figure 3.

DE =u+1v
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DE - DF = (u+1v) - (v+1u)=
=u-v+Iui+Ivi4qu-v=
=1-4a’+71-4a’ =4a’

DE -DF =|DE |- | DF | - cos20. =
=a+5-ay5-cos2a =5a” cos2a

By comparing the two expressions we obtain:

cos20.=% = 200=36.86°
A E B

=
)

20

Figure 3. Method F

Method G — Using complex numbers.

We place the square in a Gauss plane, as shown in
Figure 4.

The coordinates of the points A, B, C, D, E and F are
shown in the figure.

FDC = ¢,
EDC =@,
200=0, - @,

Using this notation, the representation of the complex
number DE is:

DE =a +2ai =aJ5cisQ,
and that of the complex number DF is:
DF =2a+ai=aJ5cisQ,

Therefore, using the trigonometric representation, we
have:

DE _ a5cisg,

DF — a/5cisq,

In the algebraic representation we have:

=cis(p, —@,) =cis2a
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E:a(l_"%):ﬂ_'_ii
DF a(2+1) 55

Hence, cis2a = % + % , and therefore:

coszoc=% = 200=236.86°.

yi
A(2ai) E(a +2ai) B(2a +2ai)
F(2a+ai)
200 3
@ N
D(0) C(2a)

Figure 4. Method G

Method H — Finding the angle from a known triangle.
Let EH be the altitude dropped from the vertex E to the
side DF of the triangle ADEF .

From the area of the triangle and the length
5a _3a
DF = a5 =25, we find that EH ===, and from the
=5 N
4a

Pythagorean theorem we find that DH = 5

Hence it follows that the lengths of the sides of the
right-angled triangle A DHE satisfy the ratio 3:4:5. We

know that in that triangle the angles are approximately 37°,

53°, 90°.

2.4.5. Some Suggestions by the Students for Increasing the
Level of Difficulty

a) Making the calculation of the angle with the points E and
F not being the midpoints of the sides, as shown in Figure 5
(the formed quadrilateral is not a kite).

A—E B
F
D C

Figure 5. Suggestion A

b) Making the calculation of the angle with the points E and
F placed at different locations on the continuations of the
sides outside the square, as shown in Figure 6.

F
B A B
D e

Figure 6. Suggestion B

c. Making the calculation of the angle with the points E and F
being the midpoints of the sides of a rectangle, as shown in
Figure 7.

Ag— ——B
F
D Lc

Figure 7. Suggestion C

d. Making the calculation of the angle with the points E and
F being the midpoints of the sides of a rhombus with a given
angle, such as 45°, 60°, as shown in Figure 8 (A kite is
formed).

A E

gs—"

D C

Figure 8. Suggestion D

2.4.6. Analysis of the Methods for Solving the Original Task
and the Proposed Extensions of the Task

As part of their joint work, the students found the solutions
from 1-4, where most of them found the solutions from 1-2,
which were based on finding segment lengths using the
Pythagorean theorem, followed by the use of trigonometry of
right-angled triangles. Naturally, these solutions were the
simplest and suitable for students who had not yet possessed
full command of the advanced tools (the Law of Cosines, the
Law of Sines, analytic geometry, complex numbers and
vectors). Some students did use the advanced tools, based on
their experience in dealing with more complex tasks in
which there were no right angled or isosceles triangles, but
did not obtain the desired result during the time allotted by
the teacher to that end. The second part of the first meeting
was dedicated to a discussion of the methodical aspects of
the task regarding the following points: during which stage
of the aforementioned solutions the students might make
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mistakes or encounter difficulties; was each stage given
precise mathematical justifications as required; why do some
students immediately start with the 'improved tools', even
though simpler methods exist. After providing some hints,
the students were asked to find solutions using 'improved
tools' e.g. a joint computer. In this part, methods e to g were
found. A methodical discussion was held, and its main
conclusion was that the ability of using 'improved tools' had
tremendous importance, since only these tools could allow
the students deal with more difficult tasks, and that the
'simple tools' are particular cases of the 'improved tools'.

In terms of changes in the task aimed at increasing its
difficulty, it is important to note that the proposals that
appear in the paper are only part of the proposals offered by
the students. One student suggested constructing a
computerized applet (using the GeoGebra software) to
investigate the task dynamically, as the data of the problem
change (as proposed by the students), in order to observe
their effect on the result immediately on the screen.

In a feedback page, the students mentioned their
satisfaction with dealing with the problem, and that the use
of the 'improved tools' was an opportunity for practice for
them. In general, the students noted that solving a task using
different methods revealed the interrelation between the
different branches of mathematics, and brought out the
beauty of mathematics.

2.5 Data Analysis

A CE diagnosis was reached by using constant
comparative analysis and grounded theory techniques
[19, 21]. The unit of analysis was a statement/an idea. The
units were gathered under categories/constructs by initial,
axial and selective coding. Analysis began during data
collection and continued after its conclusion. The constant
comparison of units was adapted, changed and redesigned as
the study proceeded, and resulted in a refined list of
categories that were developed into conceptual abstractions
called constructs. Core constructs containing dense
descriptions of evidence were formed. The concept map was
sampled only when repetition of the same constructs was
obtained from multiple cases and when new units did not
point to any new aspect [21]. The qualitative methodological
frame wused for analysis was the criteria-oriented
methodology, which assumes that open analyses are often
influenced by researchers' own perspectives [22]. Charmaz
[21] argued that preconceived theoretical concepts may
provide starting points for looking at the data, but they do not
offer automatic codes for analyzing these data. Of all
qualitative frames, criteria-oriented methodology is closest
to quantitative methodology. We spent a long time in the
study setting, thus enabling interpretation of the meaning
that individuals attributed to their beliefs. This methodology
produced a CE beliefs diagnosis pre- and post-intervention.
Data source triangulation [19] was used to ensure the
trustworthiness of the findings presented in the study. We
made an effort to verify what students were describing in
their interviews using the other data sources. Member checks
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were employed to ensure the integrity of the study.
Triangulation was achieved when the content articulated by
the student-teachers during interviews became evident in
their actions and when information was repeated several
times in different interview settings. The researcher's results
were compared with those of an external rater (n = 10), and
agreement was achieved.

3. Results

Data collection included 2321 units of evidence
pre-intervention and 2102 units post-intervention. Emerging
results were as follows:

3.1. CE Beliefs Diagnosis Pre-Intervention

We wished to obtain a picture of the students' CE beliefs in
mathematics pre-intervention. Seven constructs emerged
from this analysis, as illustrated in Figure 9:

The first construct, containing 37% of the evidence, shows
descriptions of a frontal teaching style, e.g., the teacher
explains theorems and the students write in their notebooks,

"When one student answers a question, the rest sit

passively". (Observation).

The second construct (26%) describes students' apathy
to mathematics activities:

"I never raise my hand in maths lessons unless I'm

asked to do so". (Interview)

The next two constructs contain evidence of difficulties
(12%) and low self-confidence (10%). Student attainments
were reported as average (9%):

"We don't know math'; "We can't do it"; "We usually
get Cs and Ds, also Bs...but that is rare". (Interviews)

Students experienced average levels of motivation,
thereby creating an atmosphere that neither encouraged nor
discouraged performance behaviours. The students emerged
as indifferent and often expressed resistance to engage in
performance:

"D. shrugs shoulders at the teacher's request to prove
the theorem, after a few requests, the teacher turns to
another student, who says he doesn't know".
(Observation)

Looking at the class as a group showed uncertainty, lack
of direction, low cooperation and communication, and
sometimes heightened anxiety when students were asked to
present their work. Peer support was low; each student learnt
individually, although they sometimes worked in pairs (1%).
Successful past experiences, although very low (5%), gave
us the hope that change is possible. This constituted the
answer to question 1.

3.2. CE Beliefs Diagnosis Post-Intervention

To answer the question of how the students' CE beliefs
about mathematics learning looked post-intervention, we
analysed the data gathered following the intervention.
Emerging constructs are illustrated in Figure 10:
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M Frontal teaching
M Apathy towards engaging in
activities

M Learning difficulties
10%

M Low self-confidence

H Average attainments 12%

M Successful past experiences

W Peer support

Figure 9. The students' pre-intervention CE belief profile to learn mathematics

M Positive CE, pride and success
4% 3% 2%

10%
B Cooperation and
communication
M Excitement and fun
B Teacher behavior
B Learning difficulties

m Conflicts between students 32%

49%

Figure 10. The students' post-intervention CE belief profile to learn mathematics
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The first emerging construct describes positive CE beliefs
towards mathematics, satisfaction, high morale, pride in
belonging to this group and success at producing multiple
solutions to one problem (49%). CE was enhanced and
students' attainments were improved:

"If we found eight solutions, we can try more. Please
give
us more problems like this one". (Observation)
"I feel free to act in class". (Interview)
"I've never been so good before! We are not stupid”.
(Observation)
The second construct describes

cooperation and communication (32%):
"We discussed every method and evaluated the pros
and cons and helped each other; we wanted to
succeed". (Interview)

The third (10%) describes excitement and fun:

"One student moves to the corner of the class where he
works with another student. Two show their solution
to the class and get feedback. They are busy again.
They seem happy and excited". (Observation)
"I had fun, I made my suggestion, they said it was
great". (Interview)
"I connected what we studied in the past to this and it
came up". (Interview)
"This task is interesting and stimulating”. (Interview)

interactive work,

The fourth (4%) construct contains evidence of the teacher
working as one of the students:

"I can't see the teacher; he is probably busy in that
corner with the students". (Observation)

Learning difficulties did not disappear (3%) but they were
not mentioned. Instead, success was emphasized and
conflicts between students were rare (2%). Inter-rater
agreement on data analysis was 86%. This description was
the answer to questions two and three.

4. Discussion

This qualitative study explored a multiple solution task
learned cooperatively in a self-directed professional learning
community, which was shown to enhance student-teachers'
mathematics CE beliefs and attainments as individuals and
as a group. In this section, we will discuss the use of the
qualitative methodology and tools for diagnosing CE beliefs
for mathematics; how this task and its organisation enabled
enhancement of group and individual CE beliefs and success,
and the contribution of this action research to our
professional work.

4.1. The Use of Qualitative Methodology for Diagnosing
CE Beliefs for Mathematics

This study suggests a broadening of the methodology for
diagnosing efficacy beliefs for mathematics, suggesting a
qualitative method of assessing CE. Efficacy beliefs have
been assessed by quantitative questionnaires, in which
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students are asked to rate their confidence about their group's
capability to perform a specific task on a certain level, which
ends in a score on a scale. We believe that a final score is
insufficient for a deep understanding and therefore offered a
profound analysis to elicit and diagnose beliefs in a more
detailed, authentic and precise manner than via
questionnaires. This macro-analytic assessment observes the
individual's mechanism of mathematics efficacy beliefs as a
whole, which is not only close to reality, but is the authentic
reality itself. This methodology suits our purpose in that it
uses authentic tools in an authentic setting, and offers
students a fair chance to present themselves as they wish.
The participants responded positively and were willing to
supply information about their beliefs, personality and
experiences. The constructs were generated by repeated
analyses, and qualitative validity was achieved. The close
researcher—participant  relationship facilitated  the
participants' open reflection and cooperation with the
researcher, and the attainment of new insights. For tracing
problems and tailoring interventions, an open profile of
efficacy beliefs is far more effective than an efficacy score
on a scale.

4.2. The Contribution to Achievement of the Multiple
Solution Task and its Organisation

Developing students’ ability to think, prove and reason is
an important goal of the mathematical curriculum standards
in many countries [23, 24, 25]. Both the task and its
organisation contributed to achievement:

4.2.1. Using a Multiple Solution Task for a Group Activity

A multiple solution task is a significant learning process
in which students can develop and strengthen mathematical
thinking, understanding and knowledge, and expand their
horizons. It involves renewed effort to focus on seeking
solutions, not just memorising procedures. Using one
method to solve a problem might leave the students
indifferent, but offering different solutions to the same
problem might elicit excitement and wonder [26]. We found
that the multiple solution task was appropriate for a group
activity, in that it gave every member of the group a chance
to try his/her own capabilities in a 'protected’ unthreatening
environment. A first attempt that ended in failure did not
scare the students, who looked for new ways, while
encouraging and helping one another. Solving problems in
multiple ways cooperatively allowed students to compare
and evaluate the pros and cons and to develop flexibility,
which reduced their sense of isolation. Pedagogically, it was
not only application of knowledge, but also its assessment.

4.2.2. Developing Divergent Thinking: Connecting Different
Mathematics Realms

Problem solving and proofs have always played a major
role in mathematics. Furthermore, using a number of
different proof techniques — from within and between
several mathematics domains—to solve one specific
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problem can demonstrate the connections between these
domains. In this study, using methods from a wide variety of
different mathematical domains, students found solutions to
one specific, interesting geometry problem. This task
promoted divergent thinking, which facilitated the
production of eight solutions. When material is approached
from different points of view, it enhances students’ high
order thinking and understanding, which is very important
for mathematics development. Mathematicians tackle a
mission from different points of view. By encouraging our
students to do the same, they, too, learned to appreciate the
value and the pleasure in this task. It was fascinating to
realise how this contributed to the CE beliefs of the group:

"I felt free to try things in maths because I did it
with my friends". (Interview)

Connecting various mathematics branches and arriving at
elegant aesthetic solutions provided a great feeling of
accomplishment.

4.2.3. Creativity

The notion of divergent thinking is theoretically and
empirically associated with creative potential [27]. The
multiple solutions offered by the students showed the
creative potential in connecting various domains of
mathematics. Students wused previous knowledge in
Euclidean geometry, trigonometry, analytic geometry,
vectors, algebra, complex numbers and various theorems to
produce novel, original and unexpected solutions. The
multiple solutions for one task demonstrated the connection
between different areas of mathematics, which, according to
Stupel and Ben-Chaim [27], gives the students the sense that
mathematics is an interconnected science and not a
collection of isolated topics. In most school textbooks
worldwide, mathematics problems are organised according
to specific topics that are presented in the curriculum.
Students tend to understand that certain problems are
connected to specific topics and, hence, assume that only one
method exists for solving each problem. They emphasised
that the NCTM (National Council of Teachers of
Mathematics, USA) standards [25] also recommend that
teachers present tasks that exhibit the connection between
different mathematical domains. Although this is not easy,
there is certainly a need to encourage such activities in class
[26]. Teachers would do well to apply knowledge from
different mathematical domains, as much as possible, to
promote better understanding and high order thinking, which
contribute to creativity. Leikin [28] found that
multiple-solution tasks encouraged three hallmarks of
mathematical creativity: fluency, flexibility and novelty.
This task invited the students to search for different solutions
in various directions, and when performed as a group
mission, fostered CE beliefs.

The multiple possibilities demonstrated the aesthetics,
beauty, wealth and elegance of mathematics. Multiple ways
of thinking is a basis for creativity as it leads to unexpected
novelties and understanding of mathematics, which have the

potential to enhance human society.

4.2.4. Creating a Supportive Setting for CE Beliefs
Development

It was obviously not the task alone that promoted
mathematical CE beliefs, but the mode of implementation.
The cooperative learning served as a context in which CE
information sources could emerge: CE beliefs are likely to be
both individually and socially constructed. The extent to
which the organisational context fosters group cohesion is
likely to be the extent to which the sources of efficacy
information are socially constructed, and a shared belief in
the group's capacity emerges [29]:

The interpreted result of previous performance is the most
powerful source of efficacy information because having
performed a task provides the most authentic proof of ability
to perform in the future [1]. Given that CE beliefs are
socially constructed, the group mastery experiences, (e.g.,
any solution obtained), were positively interpreted,
evaluated and nurtured as part of the organisational learning,
which contributed to CE development.

CE beliefs are also influenced by vicarious experiences
[1]. Vicarious experiences are the interpreted result of
someone else's performance gained from observing someone
model a skill or perform a task. Part of one's vicarious
experience also involves social comparisons made with
others. Social comparisons and peer modelling are powerful
influences on developing self-perceptions of competence.
Viewing a successful performance raised the observer's
efficacy beliefs that the group possesses the capabilities to
perform a similar activity successfully:

"M. did it! Yeah! I'm lucky to be in this class".
(Observation)

As Ross et al. [29] suggested, vicarious experiences were
derived from increased interactions among students.
Knowledge was exchanged and students benefitted through
learning from their peers and from their teacher, who acted
as a member of the group. Their belief in the ability of the
group as a whole increased. Opportunities for cooperative
learning influenced the students' perception of vicarious
experiences by exposing them to their friends' knowledge
and skills.

Social persuasion, the third source of efficacy beliefs, is
the interpreted result of encouragement or feedback from
others about the effectiveness of the group [1]. Ross et al. [29]
suggested that the interactive dynamics of a group is likely to
determine whether the group members can be persuaded that
they constitute an effective team. Therefore, organisational
processes that support team cohesion are likely to influence
the group members' perceptions of social persuasion. In this
study, we found that cooperative learning influenced the
students' perceptions of social persuasion. The opportunity to
benefit from their peers' knowledge and skills in
collaborative conversations convinced them of their group
effectiveness. The following shared personal practice
example might be illustrative:
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"Let's connect the two ideas. I see another solution—
look"! (Observation)

"T've learned a lot from D. We discussed which solution
was easier, which was more elegant".

(Observation)

Social cognitive theory suggests also that group dynamics
plays a role in CE [1], hence, positive working relationships
acted as a source of social persuasion encouraging the
students to believe that their group was capable of being
effective in the future. Collaboration also allowed students to
assess their friends' teamwork behaviour [14]. As the
students in this study experienced how well the group
worked together, they had a sense of CE. Several studies
have investigated collaboration as a factor that might have a
promoting influence on CE. The student working with a peer,
as in the present study, must evaluate the peer’s idea, then
his/her own idea, select appropriate ideas and then build on
them. On the one hand, the peer’s different background and
knowledge base may contribute different perspectives for
consideration. On the other hand, diversity may be very wide,
causing difficulty in finding an agreed-upon solution [30]. A
low percentage of disagreement was found. We gave our
students the chance to work collaboratively to stimulate the
discovery of multiple solutions because we all learn by
examples, by watching techniques, strategies and approaches
used by others in the creative process. The literature review
indicates that cooperative interaction has considerable
impact on the stimulation of higher order thinking and
creativity [31]. Working collaboratively afforded the
students a genuine feeling of enthusiasm and joy exhibited
by many creative people as they make something new [32].

Affective states are the fourth source of efficacy beliefs
that contribute to CE [1]. The atmosphere that we created in
this class tolerated pressures and crises concerning the task,
and caused positive affective states when students were
coping with the mathematics problem. Positive emotions
emerged after successes. The students gained a sense of
commitment to accomplish the task. Positive interactions
generated excitement about their work that generated
feelings of confidence that this group could successfully help
them learn. The organisational conditions that supported
group interaction, collaboration and cohesion supported the
social construction of CE beliefs by reducing the stress
usually associated with mathematics tasks. This study
extends the findings by suggesting some more specific
supportive behaviours that influenced our students' CE: the
dispositions of openness and caring influenced the students'
perceptions of positive emotional states. Sense of
community imbued students with feelings of confidence in
the group's ability:

"I'll do my best in this class; together we can do a
lot"! (Interview)

4.2.5. Creating a Self-Regulated Learning Community

Mathematics research shows that self-regulation has an
effect on mathematical performance [33]. The students
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believed that opportunities to take on challenging tasks,
practise their learning, develop a deep understanding of
subject matter, exert effort, and take responsibility would
give rise to their academic success, which is supported by
literature [34]. In part, these characteristics may help to
explain why self-regulated learners usually exhibit a high
sense of self-efficacy [35]. These learners hold incremental
beliefs (as opposed to fixed views) about intelligence and
attribute their successes or failures to factors within their
control, e.g., effort expended on a task, effective use of
strategies [36]. Creating a self-directed learning community
that takes responsibility over its learning processes fostered
CE beliefs.

4.2.6. The Role of the Teacher

According to the literature, social persuasion might entail
encouragement of feedback from a leader [29]. The teacher
did not stop reinforcing the students when working inside the
group:

"What a beautiful solution"! Turns to another
student: "'Dan, isn't it great, ha?" (Observation)

The teacher's pleasure and enthusiasm fostered a positive
mood that influenced CE beliefs. This result is in line with
more recent studies of the impact of transformational
leadership actions on CE (e.g., 37), and performance
feedback that influences CE beliefs [6, 8].

The teacher used strategies, expended effort, persisted,
had high performance expectations, worked hard and gave
clues when students faced obstacles. The students
experienced cohesion.

"M., we've got to do it, we can! Let's try
trigonometry". (Observation)

They wanted to contribute to the group success and
succeeded in attaining the outcomes. The teacher provided
opportunities for group members to interact, which led to the
emergence of CE beliefs. We found ourselves in a classroom
with a high degree of mutuality, shared responsibility and
confidence in the conjoint capability of the group.

"We are good because everyone wants to do it well".
(Interview)

The students became enthusiastic, too. We could see that
they were having fun and felt the beauty of Mathematics.
Our observations and impressions created a holistic
understanding of a group, whose cooperative learning
created a sense of cohesion that influenced CE.

4.2.7. Enhanced Group and Individual Attainments

Researchers have found that CE beliefs contributed to
team performance over and above the team's actual
capability [6]. Evidence shows that the attainments of the
students in the present study outperformed their attainments
pre-intervention, and that the teacher and the students were
surprised at the outcomes:

Teacher: "I've taught many classes of this level before,
and have never seen such noticeable and remarkable
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progress; you did a wonderful job" ! (Observation)
Student: "I feel I'll do better in maths from now on".
(Interview)

This research provides new theoretical insights for
advancing performance in mathematics. CE has important
performance implications for improving operational
outcomes in mathematics higher education.

4.3. Reflection on our Professional Work

Social cognitive theory posits that an individual's
behaviour is primarily learned through his/her observation of
others as well as through interaction with his/her
environment. Thus, by observing the reciprocal relationships
between members of the group, we discovered that this
group of student-teachers believed that they could work
together to produce effects, and that they persisted and made
the effort for the success of the collective learning task. The
group's aspiration and motivational investment in their
undertakings, their morale and resilience to stressors, and
finally, their high performance accomplishments, also
fostered mathematics individual's self-efficacy. We
researchers had long conversations among ourselves. We
sensed the progress was being made and came to the
conclusion that group attainments are the product not only of
the shared intentions, knowledge and skills of its members,
but also of the interactive, coordinate and synergistic
dynamics of their transactions. This idea supports Bandura's
theory [7].

5. Conclusions and Implications for the
Future

Mathematics educators agree that linking mathematical
ideas by using more than one approach to solving the same
problem is an essential element in the development of
mathematical knowledge, reasoning, flexibility and
creativity (e.g. 25, 38, 39). By encouraging students to look
for multiple solutions to a problem, we gained a real feeling
of working as mathematicians, who connect between the
various branches of mathematics and discover original
solutions. Mathematics educators are advised to introduce
many authentic multiple solution tasks into their teaching
program. Mathematics teachers should have rich,
multidimensional pedagogical content knowledge so that
they may incorporate a variety of problem-solving methods
and strategies into their teaching [40]. The NCTM [25]
standards call for special initiative from the teachers in this
regard.

This research has demonstrated the potentially powerful
nature of CE beliefs to raise students' effort, resilience and
learning outcomes in mathematics. Confidence perceptions
that start to emerge after team formation appear to influence
subsequent individual behaviour [7, 16]. According to the
literature, factors that have been argued to influence CE
perceptions include process interventions aimed at
increasing cooperation [8], verbal persuasion by a leader [12]

and positive feedback on initial performance [14]. Early
efforts that target each of these factors, according to the
results of Tasa et al. [16], have positive long-term
implications for the group. Therefore, we recommend
organising such activities in mathematics teaching. In light
of this research, it would be reasonable to advise groups to
build a strong sense of CE, to be sure they set more difficult
goals, overcome obstacles and ultimately achieve success.

This exploration into the antecedents of CE beliefs found
the professional cooperative learning community to be a
potentially powerful organisational context conducive to the
development of students' CE beliefs that facilitate student
learning. This study represents a step forward in furthering
our understanding of how a task in an organisational context
influenced the development of a group's CE beliefs and
attainments. The first theoretical implication of this study,
then, is that both the multiple solution task and the group's
organisational context were significant antecedents of
mathematics CE beliefs, and future research should expand
this line of research.

The findings of this study suggested that the teacher
played an important role in fostering the interactive
dynamics necessary for the development of CE by acting as
part of the learning community. His actions not only
influenced the perception of mastery experiences, vicarious
experiences, social persuasion and affective states, but
focused students' attention on the group as a whole. The
literature supports these findings. Wu, Tsui and Kinicki [41]
found that certain leadership actions can be positive
predictors of CE because they elevate the salience of the
group and its capabilities. Further research might investigate
specifically how the teacher's leadership actions influence
students' CE.

In terms of practical implications, this intervention
increased CE beliefs with the outcome expectation of
increased student achievement. Our findings suggest that
attention should be paid to classes as professional learning
communities that develop cooperative learning.

Helping to ensure that students have the necessary
thinking skills to learn mathematics effectively is one of the
most important challenges. Transforming their classes into
small organisations with strong CE can provide students with
a means to achieve this goal.

REFERENCES

[1] Bandura, A., 1997, Self Efficacy. The Exercise of Control,
Freeman & Company, N.Y.

[2] Goddard, R. D., Hoy, W. K., and Hoy, A. W., 2004,
Collective-efficacy  beliefs: Theoretical developments,
empirical evidence, and future directions., Educational
Researcher, 33(3), 3-13.

[3] Bandura A., 2006, Adolescent development from an agentic
perspective. In F. Pajares and T. Urdan, Eds. Self-efficacy
Beliefs of Adolescents, Information Age Publishing,



(7]

[10]

(11]

[12]

[14]

[15]

Education 2015, 5(4): 98-110

Connecticut. 1-44.

Stajkovic, A. D., Lee D., and Nyberg, A.J., 2009,
Collective-efficacy, group potency, and group performance:
Meta-analysis of their relationships, and test of a mediation
model., Journal of Applied Psychology, 94, 814-828.

Bandura, A., 2000, Exercise of human agency through
collective-efficacy., Current Directions in Psychological, 9(3),
75-78.

Gully, S. M., Incalcaterra, K. A., Joshi, A., and Beaubien, J.
M., 2002, A meta-analysis of team-efficacy, potency, and
performance: Interdependence and level of analysis as
moderators of observed relationships., Journal of Applied
Psychology, 87(5), 819-832.

Young, C. S, and Samson, D. 2009, How team efficacy
beliefs impact project performance: An empirical
investigation of team potency in capital projects in the process
industries., World Academy of Science, Engineering and
Technology, 54, 955-960.

Gibson, C. B, and Earley, P. C., 2007, Collective cognition in
action: Accumulation, interaction, examination, and
accommodation in the development of group efficacy beliefs
in the workplace., Academy of management Review, 32,
438-458.

Lent, R.W., Schmidt, J, and Schmidt, L., 2006,
Collective-efficacy in student work teams: Relation to
self-efficacy, cohesion, and performance., Journal of
vocational Behavior, 68, 73-84.

Tasa, K., and Whyte, G., 2005, Collective-efficacy and
vigilant problem solving in group decision making: A non
linear model., Organizational Behavior and Human Decision
Processes, 96, 119-129.

Lee, C., Tinsley, C. H., and Bobko, P., 2002, An investigation
of the antecedents and consequences of group-level
confidence., Journal of Applied Social Psychology, 32,
1628-1652.

Lester, S. W., Meglino, B. M., and Korsgaard, M. A., 2002,
The antecedents and consequences of group potency: A
longitudinal investigation of newly formed work groups.,
Academy of Management Journal, 45, 352-368.

Chen, G. L., and Bliese, P. D., The role of different levels of
leadership in predicting self- and collective-efficacy:
Evidence for discontinuity., Journal of Applied Psychology,
87, 549-556.

Tasa, K., Taggar, S., Seijts, G.H., 2007, The development of
collective-efficacy in teams: A multi-level and longitudinal
perspective., Journal of Applied Psychology, 92, 17-27.

Chen, G., and Kanfer, R., 2006, Toward a systems theory of
motivated behavior in work teams., Research in
Organizational Behavior, 27, 223-267.

Tasa, K., Sears, G. J., and Schat, A. CH., 2011, Personality
and teamwork behavior in context: The cross-level
moderating role of collective-efficacy., Journal of
Organizational Behavior, 32, 65-85.

Lindsley, D. H., Brass, D.J.,, and Thomas, J. B., 1995,
Efficacy — performance spirals: A multilevel perspective.,
Academy of management Review., 20, 645-678.

Fives, H., Looney, L., 2009, College instructors' sense of

[29]

109

teaching and collective efficacy., International Journal of
Teaching and Learning in Higher Education, 20(2), 182-191.

Stake, R. E., 2010, Qualitative Research. Studying how
Things Work, The Guilford Press, NY, London.

Schunk, D., and Zimmerman, B., 2007, Influencing children's
self-efficacy and self-regulation of reading and writing
through modeling., Reading and Writing Quarterly, 23, 7-25.

Charmaz, K., 2014, Constructing grounded theory: A
Practical guide through qualitative analysis, Sage
Publications, London, 2nd ed., 116-152.

Guba, E. G, and Lincoln, Y. S., 2005, Paradigmatic,
controversies, contradictions, and emerging confluences. In:
N. K. Denzin and Y. S. Lincoln, Eds., The Sage Handbook of
Qualitative Research. London, Sage Publications, London. 3rd
edition, 191-215.

Jones, K., 2010, Linking geometry and algebra in the school
mathematics curriculum. In: Z. Usiskin K. Andersen and Z. N.
Zotto, Eds., Future Curricular Trends in School Algebra and
Geometry, Charlotte, Information Age Publishing, US.
203-215.

Lowrie, T., Logan, T., and Scriven, B., 2012, Perspectives on
geometry and measurement in the national curriculum. In B.
Atweh M. Goos R. Jorgensen and D. Siemon, Eds., Engaging
the Australian Curriculum Mathematics: Perspectives from
the field. Mathematics Education Research Group of
Australasia, Online publication, 71-88. Retrieved from
http://www.merga.net.au/node/223.

NCTM., 2000, Principles and Standards for School

Mathematics, Reston, VA, Author, 40.

Stupel, M. and & Ben-Chaim, D., 2013, One problem,
multiple solutions: How multiple proofs can connect several
areas of mathematics., Far East Journal of Mathematical
Education, 11(2), 129-161

Sanz, M. L., and Sanz, M. T., 2013, How creative potential is
related to meta-cognition., European Journal of Education
and Psychology, 2, 69-81.

Leikin, R., 2009, Exploring mathematical creativity using
multiple solution tasks. In R. Leikin A. Berman and B.
Koichu, Eds., Creativity in Mathematics and the Education of
Gifted Students, Sense Publishers, Rotterdam. 129-135.
DOI 10.1007/s10857-012-9229-9.

Ross, J. A., Hogaboam-Gray, A., and Gray, P., 2004, Prior
student achievement, collaborative school processes, and
collective teacher efficacy., Leadership and Policy in Schools,
3, 163-188.

Kurtzberg, T., and Amabile, T., 2001, From Guilford to
creative synergy: Opening the black box of team-level
creativity., Creativity Research Journal, 13 (3,4), 285-294.

Sharma, Y., 2014, The effects of strategy and mathematics
anxiety on mathematical creativity of school students.,
Mathematics Education, 9(1), 25-37.

Sternberg, R. J., and Williams, W. M., 2003, Teaching for
creativity: Two dozen Tips, The center for Development and
Learning.

Fast, L.A., Lewis, J. L., Bryant, M. J., Bocian, K. A., Cardullo,
R. A., Rettig, M., and Hammond, K. A., 2010, Does math



110

[34]

[33]

[36]

[37]

Sara Katz et al.:

Enhancing Collective-Efficacy in Mathematics through Cooperative Implementation

of a Multiple Solution Task in a Higher Education Classroom: A Qualitative Action Research

self-efficacy mediate the effect of the perceived classroom
environment on standardized math test performance? Journal
of  Educational Psychology, 102 (3), 729-740.
Http://dx.doi.org/10.1037/a 0018863.

Perry, N. E., Phillips, L., and Hutchinson, L. R., 2006,
Preparing student-teachers to support for self-regulated
learning., Elementary School Journal, 106, 237-254.

Pintrich, P. R., and Schunk, D. H., 2002, Motivation in
Education:  Theory, Research, and Applications.,
Merrill-Prentice Hall, Upper Saddle River, NJ.

Dweck, C. S., and Master, A., 2008, Self-Theories Motivate
Self-Regulated Learning. In D. H. Schunk B. J. Zimmerman,
Eds., Motivation and Self-Regulated Learning: Theory,
Research, and Application, Routledge, New York, NY,
31-51.

Schaubroeck, J., Lam, S. S. K., and Cha, S.E., 2007,
Embracing transformational leadership: Team values and the
impact of leader behavior on team performance., Journal of

[40]

[41]

Applied Psychology, 92(4), 1020-1030. Doi:

10.1037/0021-9010.92.4.1020.

Ersoz FA., 2009, Proof in different mathematical domains.
ICME Study. 1, 160-165.

Liekin, R., and Lev, H., 2007, Multiple solution tasks as a
magnifying glass for observation of mathematical creativity.
InJ. H. Wo H. C. Lew K. S. Park and D. Y. Seo, Eds., Korea:
Proceedings of the 31st International Conference for the
Psychology of Mathematics Education, 3, The Korea Society
of Educational Studies in Mathematics, 161-168.

Steele, M. D., and Rogers, K. C., 2012, Relationships
between mathematical knowledge for teaching and teaching
practice: the case of proof., Journal of Mathematics Teacher
Education, 15, 159-180.

Wu, J. B, Tsui, A. S., and Kinicki, A. J., 2010, Consequences
of differentiated leadership in groups., Academy of
Management Journal, 53(1), 90-106.



	1. Introduction
	2. Methodology
	3. Results
	4. Discussion
	5. Conclusions and Implications for the Future

