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Abstract  Owing to several uncertainties in the modelling of a system, checking for “robust stability”  is, in fact, a more 

practical goal for any designer. In this, instead of a single matrix A, a family of matrices (A + δA) has to be checked for 

negative definiteness. This led us  to the question “How long does a computer take to check the sign definiteness of a family  

of matrices?” Mathematically, we still have a system of d ifferential equations, but each of the coefficients belongs to 

certain interval, g iving rise to “families of polynomials”. The family  of polynomials must be tested to be certain that all the 

roots lie in the left half of the complex plane. We simply consider the 4 bounding polynomials of Kharitonov and run the 

algorithms developed above 4 times. Ev idently, the savings in computational time is huge.  This paper exp lores the 

computationally faster algorithm to determine the robust stability  of an interval of polynomials. 

Keywords  Robust Stability, Kharitonov‟s Theorem, Hurwitz Polynomial, Faster Algorithm, Computational Complexity  

 

1. Introduction 

The robust stability of a linear t ime -invariant control 

system containing a plant which has some transfer function 

coefficients subject to perturbation. The set of transfer 

functions generated by varying these coefficients in 

prescribed ranges correspond to a box in parameter space is  

referred to as an interval plant. The stability of such system 

is a problem in the theory of robust control with structured 

perturbations. Kharitonov‟s theorem (Kharitonov, 1978)  

that deals with the stability of an interval polynomial could 

be appropriately generalized to deal with this problem. 

The analysis of control systems with parameter 

uncertainties has generated much interest in the area of 

robust stability. As uncertainties in system parameters 

manifest themselves in coefficient variat ions in the plant 

characteristic polynomial, many approaches have sought to 

determine conditions under which one can guarantee that 

the roots of the perturbed characteristic polynomial lie  in a 

prescribed region, generally the LHP. 

Several proofs of Kharitonov‟s theorem are available in  

the literartu re. An alternat ive p roof  o f Kharitonov‟s 

theorem on the stability of linear time-invariant continuous 

systems under parameter variations is presented by Yeung 

and Wang (1987). The theorem is proved based on the three 

lemmas. The problem of the robust stability  of a linear  

 

* Corresponding author: 

kavithaslvm@gmail.com (Kavitha Panneerselvam ) 

Published online at http://journal.sapub.org/control 

Copyright © 2013 Scientific & Academic Publishing. All Rights Reserved  

 

time - invariant control system containing a plant, some (or 

all) of whose transfer function coefficients are subject to 

perturbation within prescribed ranges is described by 

Chapellat and Bhattacharyya (1989). 

The proof of Kharitonov‟s theorem for the robust 

stability of interval po lynomials using the second method of 

Lyapunov was presented by Mansour and Anderson (1993). 

As the Hermite matrix can be used to construct a Lyapunov 

function to prove Hurwitz stability, then the above result 

was considered as a Lyapunov - Kharitonov link. Tempo 

(1992) explored the emerging research area of robust 

stability and study its interplay with computational 

complexity. They combine the theorem of Kharitonov with 

the test of Routh and showed that the number o f elementary 

operations required for the solution of this problem is at 

most O (n
2
) 

In this paper, we present a computationally faster 

algorithm which runs in  O (n ), saving the running time by 

an order when compared to the conventional Routh – 

Hurwitz (R – H) criterion. Th is paper exp lores the 

computationally  faster algorithm to determine the robust 

stability of interval of polynomials. The robust stability is 

determined by applying our faster algorithm using row 

reduction operation. 

This paper is organized as follows. In section 2 we rev isit 

the Kharitonov‟s theorem. In section 3 we shall present our 

computationally faster algorithm based on the Hurwitz 

determinant and derive its running time. In section 4 we 

present several illustrative examples highlighting the saving 

in computational complexity  of the stability problem, 

particularly when the order of the system is very high. We 

conclude the paper in section 5. 
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2. Kharitonov’s Theorem Revisited 

Kharitonov‟s theorem is used to determine the stability of 

an uncertain system by defining four bounding polynomials 

and applying Routh - Hurwitz test to each of them. It gives 

a necessary and sufficient condition for all polynomials in  a 

given family  to be Hurwitz stable (Callier and Desoer, 1991) 

In this, the family of polynomials considered is obtained by 

allowing each of the polynomial coefficients  to vary 

independently within an interval. It shows that stability of 

this family of polynomials  can be determined by looking at 

the stability of four specially constructed vertex polynomial.  

2.1. Theorem Statement 

Consider the set A  of monic real polynomials of degree 

n  of the form 

  2 1
0 1 2 1,  = n n

np s a a a s a s a s s
     (1) 

where for some given ia  ia   , the coefficients are 

constrained by 

1.,0,1, =     <0  niaaa iii         (2) 

To each vector n
naaaa  ),,,( := 110   corresponds to 

a polynomial of set A, and conversely; thus thinking in 

coefficient space, we think of A  as parallelopiped in 
n  

whose edges are parallel to the coordinate axis of 
n  

 We say that the polynomial  asp ,  is Hurwitz iff 

  0, asp   Cs , (i.e.  s in Re  s   0).  

 We say that the set A  is Hurwitz  iff p  0, As , 

 Cs , equivalently, iff every polynomial in A  is  

Hurwitz  

2.2. Hurwitz Polynomials 

The following well known elementary lemma is the basis 

of our proof. 

Lemma. 

1. If the real monic polynomial is Hurwitz, then all its 

coefficients are positive and ))(( jparg  is a strictly 

increasing function of  . 

2. The real polynomial p  of degree n  is Hurwitz  

 

   

( ) , ( ) ;

( ) ( )  ( ) = .lim
2

i arg p j is a well defined continuous function of

n
ii arg p j arg p j



  

 


 


  




 

Proof: 

1. Since )(sp  is monic Hurwitz, it can be factored as 

2 2( ) = ( ) [( ) ]i k k

i k

p s s s         (3) 

where the i ‟s are the real zeros of p, (hence 0>i ), and 

the  kk j  ‟s are the complex conjugate pairs of zeros of 

p, hence 0>k . The above mentioned equation shows that 

all the coefficients of p are positive. The fact that arg  p )( j  

is strictly increasing is immediate by calcu lation using this 

equation, or geometrically  obvious by drawing a diagram 

showing the constellation of zeros in C . 

2.   (a) is immediate since there are no zeros on the 

j  axis.  

(b) As   increases from 0 to  , arg(j )  i   increases 

by 
2


 and that of   22

    kkj    increases by  . 

Since there are no zeros in C , the net increase is /2n .  

  Sketch of proof: 

Suppose that p  had one real zero 1z  with 0>1z ; then 

)( 1zjarg   would decrease by 
2


 as   increases from 

0 to  . Hence (ii) would be violated since p has degree n, 

and the net increase in argument of the LHS of (ii) would be 

strictly less than /2n . 

3. Proposed Algorithm  

Given the characteristic polynomial, we first build the 

Hurwitz matrix H  in )(nO  time. Then, we perform the 

closed row-reduction operations. The resultant matrix is an 

upper triangular matrix. An inspection of diagonal elements 

of resultant matrix for their sign completes the test. This 

algorithm is applied for all the four specially constructed 

vertex polynomials. 

3.1. Row Reduction Operation 

The well known Hurwitz matrix associated with the 

polynomial  (Guilleman, 1967)  is given by 

1 0

3 2 1

2 1 2 2 2 3 1

0 0

0
=

n n n n

a a

a a a
H

a a a a   

 
 
 
 
 
 





   



  (4)  

Li (2007) proposed a new and very simple criterion for 

testing the positive (negative) definiteness of certain 

matrices, including the Hurwitz matrix. In contrast to the 

traditional criteria, where n  determinants are computed, 

this new criterion needs only one determinant to be 

computed. 

It is well known that the sign of a determinant is preserved 

when certain row-reduction operations, i.e., adding a scalar 

multip le of another row to a given row, are performed on the 

square matrix. Further, if these row-reduction operations are 

carried  out on a set of k  rows, resulting in a new set of k  

rows, the operations might be said to  be closed. Effectively, 

we might reduce a given square matrix to a triangular matrix 

via these two operations while maintain ing the sign of the 

determinant. We use the following theorem from (Li, 2007) 

Theorem: 

The characteristic polynomial of a square matrix A , 
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nn
nn asasasaAsIs  


1
1

10==)(  , where 

niai 0,1,=0,> , is a Hurwitz polynomial i f and only if the 

Hurwitz matrix above (eqn.4) can be reduced to an upper 

triangular matrix of the form. 

' ' '
11 12 1 1

' '
22 2 1

'
1 1

n

n
n

n n

a a a

a a
H

a





 

 
 
 

  
 
 
 





 
        (5) 

via a series of closed row-reduction operations. We omit  

the proof here as it may be readily found in the reference 

cited. 

Since we need the Hurwitz matrix to be positive defin ite 

for the stability of the polynomial, we apply the above 

theorem to devise a faster algorithm as follows. The speed of 

our algorithm is due to the fact that many entries of the 

matrix H  are zeros. 

For the square matrix   nn
ijaA =  of order n , the 

closed row-reduction operations performed at each step may 

be given by 

1,
1 1

,

=  = 1,2, , 1, = 0,1, , 1
k i

k k i
i i

a
R R R i n k n

a


 

 
   
 
 

  

 

 
(6) 

When such operations are performed on the Hurwitz 

matrix H , we obtain the triangular matrix nH . An 

inspection of the diagonal elements of nH  for sign change 

completes the test. 

3.2. Algorithm 

For each of the four Kharitonov polynomial 

1. Form the Hurwitz matrix H .  

2. Perform modified gaussian elimination r closed row 

reduction to get nH .  

3. Examine the diagonal elements for sign change.  

4. If there is a sign change in the diagonal elements, the 

polynomial is not Hurwitz stable.  

5. If all the four set of polynomials are Hurwitz  stable, 

the system is proved for its robust stability.  

6. If any one set of polynomial is not Hurwitz the system 

is not robustly stable   

Table 1.  Test for Hurwitz stability For example 1 

S. No 
Polynomial 

 
H  nH  Comments 

1 

 

 

 

 

)(1 sK  
























30000000

500600300000

703005006003000

11270300500600

0011270300

0000112

  

 

























30000000

437.08351.250000

67.11265.33320000

1126018000

00112450

0000112

  

 

 

 

 

Hurwitz stable 

2. 

 

 

 

)(2 sK  

 

 

 

























30000000

500700300000

702405007003000

11470240500700

0011470240

0000114

  

























30000000

390.98417.490000

64.86168.09178.5000

11461.48120.8100

0011452.860

0000114

 

 

 

 

 

Hurwitz stable 

3. 

 

 

 

)(3 sK  

























40000000

450600400000

803004506004000

11280300450600

0011280300

0000112

  

 

























40000000

333.95194.560000

77.59271.08267.44000

11272.73212.7300

00112550

0000112

 

 

 

 

 

Hurwitz stable 

4. 

 

 

 

 

)(4 sK  
























40000000

450700400000

802404507004000

11480240450700

0011480240

0000114

 

























40000000

241.26196.160000

75.95183.32145.54000

11473.63150.9100

0011462.860

0000114

 

 

 

 

 

 

Hurwitz stable 
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4. Illustrative Examples 

4.1. Example 1  

Consider the system given in ( Bhattacharyya, Chapellat  

and Keel, 1995) 

2
2 1 0

3 3 2
6 5 4 3

a s a s a
G(s) = 

s (a s a s a s a )

 

  
 

with the coefficients being bounded as 

400][300,0a , 700][600,1a , 500][450,2a , 

[240,300]3 a , 80][70,4a , 14][12,5a , 1][1,6a . 

Verify whether the system is robustly stable. 

The characteristic polynomial of the closed loop system is  
6

6
5

5
4

4
3

3
2

210 = )( sasasasasasaasK   

Since all the coefficients are perturbing independently, we 

can apply Kharitonov‟s theorem. The four Kharitonov 

polynomials are: 

1. 654321   12  70  300  500  600  300 = )( sssssssK   

2. 654322   14  70  240  500  700  300 = )( sssssssK   

3. 654323   12  80  300  450  600  400 = )( sssssssK   

4. 
654324   14  80  240  450  700  400 = )( sssssssK    

The table 1 shows the Hurwitz stability test of four 

Kharitonov polynomials. The diagonal elements of 1nH , 

2nH , 3nH  are 4nH  are positive, hence the Kharitonov 

polynomials )(1 sK , )(2 sK  )(3 sK  )(4 sK  are Hurwitz 

stable. The given system is robustly stable. 

4.2. Example 2  

Consider a fifth-order interval polynomial g iven in  

( Bhattacharyya, Chapellat and Keel, 1995)  

5
5

4
4

3
3

2
210            = )( sasasasasaasK   

whose coefficients are specified as follows  

10][5,0a , 28][20,1a , 22][20,2a , 20][4,3a , 

10][7,4a , 1][1,5a . 

The four Kharitonov polynomials are  

1. 54321   7  20  22  20  5 = )( ssssssK   

2. 54322   10  4  20  28  10 = )( ssssssK   

3. 54323   7  4  22  28  5 = )( ssssssK   

4. 54324   10  20  20  20  10 = )( ssssssK 
 

From the results shown in table 2, it is clear that, among all 

the four Kharitonov polynomials, three polynomials are not 

Hurwitz stable. Hence the given system is not robustly 

stable. 

Table 2.  Test for Hurwitz stability For example 2 

S. No 

 

Polynomial 

 

H  nH  Comments 

1 

 

 

 

 

)(1 sK  



















50000

2220500

72022205

0172022

00017

  





















50000

19.4913.26000

718.8613.9900

01716.860

00017

  

 

 

 

 

Hurwitz stable 

2. 

 

 

 

)(
2

sK  

 

 





















100000

20281000

104202810

0110420

000110

  























100000

20.8727.17000

109.511500

011020

000110

  

 

 

 

Not Hurwitz 

stable 

3. 

 

 

 

)(3 sK  



















50000

2228500

7422285

017422

00017

  

 























50000

22.1727.31000

727.83200.8300

0170.8570

00017

  

 

 

Not Hurwitz 

stable. 

 

 

 

4. 

 

 

 

 

)(4 sK  



















200000

20201000

1020.10202010

011020.1020

000110

  























100000

9.480.0471000

1019.059.502800

011018.100

000110

  

 

 

 

Not Hurwitz 

stable 
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4.3. Computational Complexity 

The computational complexity of robust stability is 

defined as the min imal number of elementary operations 

needed to check if the family of polynomials is robustly 

stable. 

Given the characteristic polynomial, we first build the 

Hurwitz matrix H  in )(nO  time. Then, we perform the 

closed row-reduction operations. While doing this second 

step, we quickly observe that there are several zeros below 

the principal d iagonal of H . The number of non-zero  

elements below the principal diagonal to be made zero, for 

upper triangularization, fo llows a simple arithmet ic 

progression. In general, we see that for a given n , the 

number of operations needed is )( BAnO   for some 

constants A  and B . Thus, an otherwise quadratic t ime 

complexity has now become linear, thereby saving the 

computations by an order. The number of operations to test a 

single polynomial is about )( BAnO  . In case of robust 

stability, four polynomials are to be tested for Hurwitz 

stability. The number of operations is just the four times of 

the time complexity. 

5. Conclusions 

In this paper, we have discussed about Kharitonov‟s 

theorem on robust Hurwitz stability of interval polynomials. 

We also proposed a computationally faster algorithm to 

determine the robust stability of the characteristic 

polynomial. The t ime complexity of the robust stability 

problem is greatly reduced by the proposed method. The 

algorithm may also be demonstrated for its numerical 

stability, by applying it to the interval of polynomials having 

irrational coefficients. 
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