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Abstract In this article we prove the substantiation of the method of full averaging for the set integrodifferential equa-

tions with small parameter.
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1. Introduction

As is generally known the absence of exact universal re-
search methods for many important problems of analytical
dynamics has caused the development of numerous ap-
proximate analytic and numerically-analytic methods that
can be realized in effective computer algorithms.

The averaging methods combined with the asymptotic
representations began to be applied as the basic constructive
tool for solving the complicated problems of analytical dy-
namics described by the differential equations. It became
possible due to the works of N.M. Krylov, N.N. Bogolyubov,
Yu.A. Mitropolskij, V.M. Volosov, N.N. Moiseev, etc. (see
[1-8]).

In recent years the development of the calculus in metric
spaces has attracted some attention [6-12]. Earlier, F.S. de
Blasi, F. Iervolino [13] started the investigation of set dif-
ferential equations (SDEs) in semilinear metric spaces. This
has now evolved into the theory of SDEs as an independent
discipline: properties of solutions [6-45], the impulse equa-
tions [6,7,41], control systems [42-45] and asymptotic
methods [6-8,46-50]. On the other hand, SDEs are useful in
other areas of mathematics. For example, SDEs are used, as
an auxiliary tool, to prove existence results for differential
inclusions [6,30,35,39]. Also, one can employ SDEs in the
investigation of fuzzy differential equations [7,10,25-27,
29,30]. Moreover, SDEs are a natural generalization of the
usual ordinary differential equations in finite (or infinite)
dimensional Banach spaces.

In this article we prove the substantiation of the method
of full averaging for the set integrodifferential equations
with small parameter. Thereby we expand a circle of sys-
tems to which it is possible to apply Krylov-Bogolyubov
method of averaging.
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2. Preliminaries

Let comp (R") (conv(R” )) be a set of all nonempty

(convex) compact subsets from the space R",
h(4.B)=min{ S, (4)> B, S,(B)> 4}

be Hausdorff distance between sets 4 and B, S, (4) is

r -neighborhood of set A4 .
Let A, B,C be in conv(R"). The set C is the Hu-

kuhara difference of 4 and B,if B+C =4, Ii.e.

C:AiB.

From Radstrom's Cancellation Lemma [51], it follows
that if this difference exists, then it is unique.
Definition [52]. A mapping X :[0,7] — conv(R") is

1€[0,7T]

differentiable in the sense of Hukuhara at if for

some & >0 the Hukuhara differences
x(e+a) L x @), x( L x@-a)
exists in conv(R") for all 0 <A <§ and there exists an

DX (t) € conv(R”) such that

lim h{Al [X(t—i—A)iX(t)],DX(z)]:O

A—0,

and

A0,

lim h[AI [x(;)ix(t_A)],Dx(;)] 0.

Here DX () is called the Hukuhara derivative of X (r)
at .

3. The Scheme of Full Average

Consider the Cauchy problem with small parameter
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DX =¢F |1, X, [®(t,5,X(s))ds|, X(0)=x,, (1)
0
where e¢>0 is a small

parameter, f,sE€ER,

F:R+xconv(R”)xconv(R”’)aconv(R") is a set map-
ping, (I>:R+><R+><conv(R")—>comp(R’") is a set map-

ping, Here the integral is understood in the sense of[52] (the
integral exists for example if X () is measurable and the

real mapping ¢ — h(X(t),{O}) is integrable on I C R, ),
X, € conv(R”).
Definition. A mapping X : [O,T} — conv(R”) is a solu-

tion to the problem (1) if and only if it is continuous and
satisfies the integral equation
T,X(T),fq)(T,s,X(s))ds

X(t)=X,+e [ F dr
0

forall ¢€[0,7].

In the beginning this section we associate with the equa-
tion (1) the following full averaged integrodifferential equa-
tion

DY =cF(Y), Y(0)=X,, 2)

where
T

%fF, (1, X)dt, F(X)

0

lim A =0, 3)

T—o0

F(6,X)=F(,X,V(t,X)), U(t,X)= ]@(r,s,X)ds 4)

Remark. In the beginning we will consider a case when
the limit (3) exists.
Definition. We say that the limit (3) exists uniformly in

X | if for any o >0 and any XEGEconv(R”) there
exists 7 (a) such that.

1 -
h ?[E(t,X)dt,F(X) <a,

forall 7>T(a).
Theorem. Let in domain.

Q:{(t,X)MZO,XGGGCO}W(R")}

the following hold:
1) F(t,X,Z) iscontinuous in

(t,X,Z) € R Xchonv(Rm);
2) ®(t,5,X) iscontinuousin (1,5,X)ER, xR, xG;
3) there exist continuous function 4(z,s), and constant

A such that
h(F(t.X,.2,).F (t.X,.2,)) < A[h(X,. X,)+1(Z,.2,)],

h(®(t,5,X,),0(t,5.X,)) < p(t,5)h(X,, X,)

forany X,,X,€G, Z,Z, 6c0nv<R"’>;

4) lim i, (1)=0, where

Mo fﬂo dT > :uo

f,ursds,

5) there exist constants v, M such that

WF(X)F(X,) <vh(X,.X,), h(F(x).{0}) <M
forany X,X,,X,€G;

6) the limit (3) exist uniformly in X € G;

7) for any X, € G'C G and ¢t >0 the solution of the

equation (2) together with a o -neighborhood belong to the
domain G.
Then for there

e’(n,L)€(0,0] £€(0,&"]
t€[0,Le""] the following statement fulfill:

h(X (2),Y (1)) <n., )
Y (t) are the solutions of the initial and the

and L>0 exists

that for all

any 7>0

such and

where X (¢),

full averaged equations.
Proof. Since.

X(1)=X, +ng

T,X(T),j@(T,s,X(s))ds]dT ,

t
+eh| | F|7,Y (7
/

Hence
+5f/\h[f<I>TsY dsfcI)Tsy(T))dS}dT+
[F 7',Y@'),[@(T,S,Y(T))ds}dﬂ{F(Y(TDdT].

Then we obtain h(X (t),Y(t)) <

f@TsX

0

dstI)TsY( ))ds

+ch




24 Tatyana A. Komleva ef al.:

<g/\fh d7'+€/\ffu7s

+€)\ffu78
fFTY f<I>TsY ds]deF dT

In the beginning we will estimate last summand in (6).
Divide the interval [0,Le '] into partial intervals by the

))dsd7'+

+¢ch (6)

. il
points {, =—, i=0,..,m, meN.
me

Then
eh| | F|r,Y (1), | ®(r,s,Y(7))dsldr, | F(Y(7))dr|<
[ r (7){ (7,5,Y (7)) S}JT{ (¥(r))dr
<N, 43,43,
where
T =) Ijh F|7Y(r f<I>TsY )ds)
F T,Y(ti),](b(T,s,Y(t[»ds ar,
0
2, =S [H(F(r (1)), F(¥ ()
m—1 |l T
Y,=¢y h| | F TY( )fd)(r,s,Y(t))ds dr,
i=0 4 0
jﬁ(Y(tl ))dT
As h(Y(T),Y(Ii)>§€M|T—ti| for all TE[[I t,+,] ,
i=0,m—1;then ¥ <
m—1 fitt T
<e [IR(Y () (1) +A [ ulrs ¥ (7). V(1)) ds|ar <
=0, 0

m—1 i1
>d7<5 Z/MZfT t, d7'<

i=0 1

vMI?

2m

Hence

))dsdT +
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EI+EZSML (/\+u)+s’\ T)dT <
2m
2
< )+ 2 ()= a(me),
2m m

where ((e)= sup 77z, [1] > etf, (t) = sfuo (t)dr
€ 0

0<7<L

Obviously, lim o(m,e)=0, and lirr(}ﬁ(e) =0
Now, we will estimate ¥,. From condition 6) of the

theorem it follows that there exists the increasing function
6(r) such that

1) limf(t)=0

t—00

D H| [ F(r.x)dr, [ F(x)ar| <),
Then ;3 < 0
§5'§h jF T,Y( ) j@(T,S,Y(tI))dS dT,fF(Y(ti))dT +
v [ Flrrie), folns (), [ Flvie))ar <
<2my(e),
where (e )Tsel[zg][rﬂ[;]}, T=ct
By (6), we have h(X ()Y (1)) <
§5)\fh<X(T) Y(r dT+5)\]ju(T,s)h<X( )Y ( ))dsd7'+
+€)\ffu Ts)h ))ds dT—I—oz(m 6)+2m¢( )
<€)\fh dT—|—E)\ff,uTv )dch—‘r

+AML( (e )+a(m,5)+2mz/}( ).
Using Gronwall-Bellman's inequality, we obtain
h(X(1),Y (1)) < (co(m,e) + AMLB(g) + 2mij ()™ ™)
Fix m. Then for any 1> 0, there exists ¢, >0 such
that the following estimate is true for 0 <e <¢;:

a(m,e)+AMLB () +2my(g) < min {n,a}e (+L)
B(e)<1.
Hence we obtain k(X (1),Y(1))<y forall £€[0,Le '].
This concludes the proof.
Now we consider a case when the limit (3) not exists.
Then we associate with the equation (1) the following inte-
grodifferential equation

t,Y,f@(t,s,Y(t))ds s
0

DY =¢F

Y(0)=X,. (7
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Theorem. Let in domain
Qz{(t,X) |t>0, XEGECMV(R")}

the following hold:
1) F(1,X,Z) iscontinuous in

(t,X,Z)e R, xchonv(R”’);

2) ®(1,5,X) iscontinuousin (f,5,X)ER, xR, xG;

3) there exist continuous function ,u(t,s), and constants

A M such that
h(F(t,X,.2,),F(t,X,,2,)) <A[h(X,,X,)+h(Z,.Z,
h(@(l,s,Xl),(D(t,s,Xz))g,u(t,s)h(Xl,Xz),
h(F(1,X,2).{0})<M,
forany X,X,,X, €G, Z,ZI,ZZEConv(R’">;

8 tim (1) -

1[
:;[MO(T)dT, ,UO(T

0, where

)E]u(T,S)dS

5)forany X, €G'CG and t>0 the solutions of the
equations (1) and (7) together with a o -neighborhood be-

long to the domain G'.
Then the statement (8) fulfill:

h(X (2),Y (1)) < AMLB (e) 9,

where 1€[0,Le '], B(e)= sup T, [1]
€
Proof. By (1) and (7) we have A(X (1), (1)) <
<eh fF X T),f@(T,s,X(s))ds
0 0

fFTY

0

dr,

dr |+

T),j@(T,S,Y(S))dS

P

F T,Y(T),ffb(T,s,Y(s))ds

JF T,Y T),]@(T,S,Y(T))ds

Hence we obtain h(X(t),Y(t)) <

<g)\fh dT+E/\ff,LLTS

+6A]ju(7,s)h Y(s).¥ () ds dr

As we have for all ¢€[0,Le']

+eh dr,

o

dr|.

( ))dsdH—

h(Y(s),Y(T)) <eMls—7|<ML;

then by (9) we obtain (8). This concludes the proof.

5. Conclusions

Here we used the approach of Hukuhara at definition of
the derivative which has essential shortages. However the
given approach is well investigated by many authors. Also
in the literature exist other approaches to definition of the
derivative[7,8,11,12,25,40], but also they have the shortages.
It is easily possible to show that this outcome will be true
for some other cases with little changes.
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