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Buckling Analysis of Piezolaminated Plates Using Higher
Order Shear Deformation Theory
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Abstract Buckling analysis of piezolaminated plate subjected to combined action of electro-mechanical loading is
considered for the present work. Higher order shear deformation theory based finite element method is used to performthe
analysis. An isoparametric eight noded element is employed in the finite element formulation. Studies are conducted for
different ply orientation and plate aspect ratios of piezolaminated plate with different electric condition of the piezoelectric
layer. Buckling loads are found out for simply supported piezoelectric laminated plates. Piezolaminated plates consist of
cross ply symmetric and antisymmetric orientation of laminates with piezolayer attached at the top and bottom of the plate.
Results presented for buckling analysis of plates are verified with other numerical solution available in the literature and

further results for future re ferences are provided.
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1. Introduction

Over the last two decades plenty of work has been carried
out on analysis of piezoelectric laminated structures
including smart beams, columns and plates. The increased
use of piezolaminated smart structures in structural
application is stimulating development of different methods
and solution techniques for the accurate analysis of
piezolaminated structures. Some of these methods are
Galerkin method, Finite element method, and Reddy’s
higher order shear deformation theory. Also the
experimental investigation of smart piezolaminated
structures has attracted some attention. The need of such
smart structures with high stiffness and low weight in
engineering applications has led to the gradual replacement
of many isotropic materials/structures with light weight
piezo-composites. The piezoelectric material possesses a
coupled electromechanical property having a direct and
converse piezoelectric effect. The availability of these
piezoelectric ceramics in the form of thin sheet makes them
well suited for use as distributed sensors and actuators to
control structural response in shape, vibration and buckling.

Berlincourt et al.[1] and Mason[2] discussed the
fundamentals of piezoelectricity in brief. Takagi[3]
presented definition of smart materials and structures with
notable arguments and detailed comments. The limitations of
classical plate theory and first order shear deformation
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theories forced the development of higher order theories to
avoid the use of shear correction factors, to include correct
cross sectional warping and to get the realistic variation of
the transverse shear strains and stresses through the thickness
of plate.

Tzou and Zhou[4] studied linear dynamics and distributed
controlof piezoelectric laminated continua. Donthireddy and
Chandrashekhara[5] developed a mathematical modelbased
on a layerwise theory for laminated composite beams with
piezoelectric actuators to study its shape control. Soares et
al[6] analysed piezolaminated composite plates using
refined finite element models based on higher order
displacement fields and studied structural optimization. Artel
and Becker[7] investigated numerically the effect of
electromechanical coupling on the interlaminar stresses and
the electric field strengths at free edges of piezolaminated
plates. Oh and Lee[8] studied geometric nonlinear analysis
of cylindrical piezolaminated shells based on the multifield
layerwise theory using finite element method for the thermal
and piezoelastic loading. Tzou and Gadre[9, 10] carried out
theoretical analysis for vibration control of a multilayered
thin shell coupled with piezoelectric actuators. Batra and
Liang[11] analysed the steady state vibrations of a simply
supported rectangular elastic laminated plate with embedded
PZT layers. They used three dimensional linear theory of
elasticity. Oh et al.[12] worked on postbuckling and
vibration characteristics of piezolaminated composite plate
subject to thermo-piezoelectric loads. Shen[13, 14]
presented post

buckling of shear deformable laminated plates with
piezoelectric actuators under complex loading condition
including thermo-electro-mechanical loading. Wang[15]
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investigated elastic buckling of column structures with a pair
of piezoelectric layers surface bonded on both sides of the
columns. The governing equation coupling the piezoelectric
effect was derived based on the assumed distribution of the
electric potential in the flexural direction of the piezoelectric
layer and an eigenvalue problem was solved using the direct
difference method. Liew et al[16] carried out stability of
piezoelectric FGM rectangular plates subjected to
non-uniformly distributed load, heat and voltage. For
carrying out analysis element free Galerkin method was
emp loyed.

In the present work stability analysis of piezolaminated
plates is carried out considering higher order shear
deformation theory. Piezolaminated plate studied is
subjected to combined action of electromechanical loading.
Linear through-the-thickness electric potential distribution
is assumed for each piezoelectric sub-layer. Temperature
field is assumed to be uniform for the orthotropic layers of
the laminate and for piezolayer. Finite element formulation
considers an isoperimetric eight noded rectangular element.
Parametric studies are conducted to demonstrate the
influence of boundary condition, ply orientation and plate
aspect ratio on stability of piezolaminated plate with
different electric condition of the piezolayer. Numerical
results are presented considering simply supported and
clamped piezoelectric laminated plate.
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2. Finite Element Formulation

Finite element formulation is based on higher order shear
deformation theory which do not need shear correction factor
as that of first order shear deformation theory. And hence for
considering the effect of shear deformation displacement
field of HOST is assumed as follows

* *

u =1u, +z€x+zzu0 +z39x
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(1)

Where, u, v and w are the displacement of any point in
the plate domain in x, y and zdirection respectively. u, v,
and w, arethedisplacement of midpointofnormal. 6,, 6,
are the rotations of normal at the middle plane in x and y

* * * *
direction about y and x axis respectively. Uy, Vo Wy, Qx

*
and l9y are higher order terms which accounts cubic

variation of normal.

Figure 1. shows a piezolaminated composite plate
provided with piezoelectric patches at top and bottom
ssurface of the plate. Fiber can be oriented with reference to
the horizontal axes and is modelled in finite element
formulation.
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Figure 1. Piezolaminated composite plate provided with piezoelectric patches at top and bottom surface
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Strain-Displace ment Relations
The strains associated with the displacement model as per
higher order shear deformation theory are given by

2 * 3%
gx:gXO+ZZX+Z gx0+Z Zx
8y—8y0+Z}(y+Z 8yO+Z Zy

2 3

E,=E, 0T ZY,+Z &, T2 Zy
_ 2 * 3%
7xy _gxyO +Zny +z 8xy0 +z ny

2 * 3 _%*
V=@ Y2 Y2 O +Z27 X,

2 * 3 %
V=@, tz),, 2 ¢, +z2 ), 2)
Where,
T
ou ov Ouy Ov
[gxo gyO gz() gxyO ]T = |:a_xo a_)i) x a_;+a_;:|
r oo, 00, _ . o0, 00,7
[)(x Xy Xz nyJ = o E 0 aerE
* * * * T
x x « I |Ou, Ovy Ou, O0v,
[5xo £y0 gxyO] - ox Oy oy i ox
. . .y _|oer 26 gt 00]
— X x 4
[Zx Ay Xy ]r ox oy oy ox
r a * a =T
* * _ * WO * WO
[¢x ¢y:|T - 30x ax 3 ey ay

. v ]= {2”0 + 8@%

Shell Hement and Shape functions
8-node rectangular element is employed as shown in
figure
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Figure 2. Eight-nodded rectangular element

Shape functions are given as,
For comer nodes:

N(En) = %(Héé)(lwm)(—l%é+nm),
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for i=1,2,3,4
For middle edge node
Ny(E.rp) = %(1—52)(1—77)
Ny(Ep) = %(l—éz)(Hn)
No(&orp) = %(Hé)(l—nz)
Ny(Eun) = %(1—5)(1—772) @)

Displacement field
The displacement field associated with the eight nodded
element can be written as

(5
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Strain within the Flement
Strains associated with the displacement field can be
written as follow,
a. Middle plane membrane strains

L N
E, =&, + &
p p V4 (6)
3x1

in  which gf,

components of middle plane membrane strains and
combining linear and non-linear terms membrane strains are
given as,

and gé,v are linear and non-linear
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Curvature strains/Bending strains
Curvature strains are linearly related to bending

displacement as,
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Hence,

(1D

and shear strains can separately be written as,

. {y}
2H;1 Vyz

In which {gp }: {gb }and {7} are membrane, bending and

(12)

shear components of strains respectively. € is combined
6x1

'

strain vector of membrane and bending strains. & is a
2x1

vector containing shear strains. Subscript ‘p’ stands for
in-plane, ‘b’ for bending, ‘L’ for linear and subscript ‘N’
stands for non-linear.

Displacement-strain relation

Strains are related with displacements using strain
displacement matrix as follows,

£=82 (13)

Electro-Mechanical Coupling

For piezolaminated plates two constitutive relationships
exist including the effect of mechanical and electrical
loading as given by eq. 14. Variation of temperature effect is
neglected in formulation.

(D= [elie} + [e] {7 |

{oh=lclet- L] e (14)
And hence,
o Qr 9y Gy Gy O 0 o
% O Oy &y Gy 0 0 “y
i = Oy Oy Gy Oy O 0 &
Ty Oy 9y Yy 9y O O 118y (15)
Xz 0 0 0 0 Q5'5' Q56 gxlz
) Lo 0 00O Oy,
[0 0 e,
0 0 ezz Ee
X
_ 0 0 323 Ep'
0 0 0 y
O eys 0 EI?
z
_ex() 0 0

Where, {D} is electric displacement vector,[e] is dielectric
permittivity matrix, ¢ is the strain vector, {g} is the

dielectric matrix. {E } is the electric field vector, [G] is the

stress vector and[C] is the elastic matrix for constant electric
field.
Electrical Potential Function

¢; and ¢A; are the electric displacement at any point in

the actuator and the sensor layers, respectively, the electrical
potential functions in terms of the nodal potential vector are

given by '
P = [Npa] {¢5}
¢ = v, ]l (16)

Where, [Npal and leSJ are the shape function
matrices for the actuator and sensor layers, respectively.
{¢:} and {¢f} are the nodal electric potential vector for

the actuator and sensor layers respectively and can be given
as follow.

0 =18 D2 Buserrerien 617

B T S s} an
Stiffness Matrix Equations
Element stiffness matrix can be written as,
efoe e ks Joet= e+ ] om)
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Where,
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ke )= [ (8.1 [e18,)av .

Va

ki) = [ke ] = [ (B eIz Jar

Vs

and [K¢,] = [ 8. lels.Jav

Vs
Thus the element equation in the global stiffness matrix
can be written as

K1} + [k, 1t |= |7 ]+ [F]

Equilibrium and incremental Equations
Virtual displacement principle is employed to obtain
equilibrium equation. Equilibrium between internal and

@1)
(22)

external forces has to be satisfied. If ¥ represents the
vector of the sum of the internal and external forces.

v} = &} - {P} (23)

Where, {R} represents the external forces due to imposed

load and {P} is a vector of internal resisting forces. The
equilibrium state is achieved when {‘P} =0.

(v} = R} + 5 (o) (o} av

_% Vj[g;f{pa} av

- % Vj[EP]T (D) dv + i{aN}T (oo }dV

Where V, V, and V; are the area of the entire structure,
sensor layer and actuator layer respectively. Considering the
work done by external forces due to the applied surface

24
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traction and applied electric charge on actuator the equation
for external work done can be written as

T (_ e
{R} = I{u} {G(x,y)} dA + j¢a q,(x,y)d429)
4 4
Stability equation
The geometric stiffness matrix is associated with the xand
y coordinates. The characteristic equation of stability is

T ke alk ) -F o
(k)= 2k, (oo - {7} @

Where, the lowest magnitude of eigen value gives critical
buckling load and the vector {dé‘}represents the buckled

mode shape. And the eigen value problem is solved to get

buckling loads.
(k]+ 2k, ] a5} =0 (28)

3. Results and Discussions

Buckling analysis of piezolaminated plates have been
carried out for different ply orientation considering
symmetric and antisymmetric cross-ply lamination schemes.
Buckling of smart piezolaminated plate is examined
subjected to uniform axial compressive force at the edges.
Furthermore for piezolaminated plate, critical mechanical
buckling loads are obtained for different thickness to span
ratios of piezolaminated plates and for closed and open loop
electric condition.

3.1. Buckling of Simply Supported S quare Multilayered
Plate (0°/90°...),

Table 1. Non-dimensional critical buckling load ( N = Gcrbz /E2 h? ) for simply supported multilayered cross ply laminated plate

a’/h theory Layer Degree of Orthotropy (E1 /Ez)
3 10 20 30 40

5 present 4.5479 7.1726 94143 10.8521 11.8872
Owen and Li[17] 4.5597 7.1758 94178 10.8573 11.8867

10 present 54031 9.9543 15.3227 19.6863 23.3341
Owen and Li[17] 54026 9.9590 15.3201 19.6872 23.3330

20 present 3 5.6578 11.0735 18.3872 25.2481 31.6928
Owen and Li[17] 56679 11.0727 18.3879 25.2476 31.6949

50 present 5.7546 11.4457 19.5111 27.4985 35.3947
Owen and Li[17] 5.7521 11.4414 19.5135 27.4983 35.3957

100 present 5.7641 11.5081 19.7069 27.8731 36.0231
Owen and Li[17] 5.7680 11.5048 19.7000 27.8727 36.0220

5 present 4.6011 7.5455 10.2731 12.1089 12.8271
Owen and Li[17] 4.6078 7.5445 10.2727 12.0834 12.8344

10 present 54221 10.1611 15.9969 20.9499 25.1145
Owen and Li[17] 54208 10.1609 15.9976 20.9518 25.2150

20 present 5 56734 11.1364 18.6426 25.7910 32.5842
Owen and Li[17] 5.6730 11.1370 18.6413 25.7923 32.6137

50 present 5.7527 11.4585 19.5615 27.6044 35.4832
Owen and Li[17] 5.7531 11.4531 19.5605 27.6037 35.5819

100 present 5.7675 11.5018 19.7136 27.9037 36.0621
Owen and Li[17] 5.7683 11.5086 19.7140 27.9028 36.0740
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Effect of orthotropy is studied for simply supported square multilayered plate subjected to a uniformuniaxial compressive
force at the edges. Laminated plate is having cross ply orientation of layers. Critical buckling loads are tabulated in Table 1
for effect of orthotropy of individual layers, the ratio of span to thickness (a/h) and the number of layers of simply supported
square multilayered composite plates. Material property adopted is as follow.

E E G G
2L 34040, 23 =1, 212 T3 _ g6,
E, E, E, E,
Gy
B 0.5 and g1y = 3= pp3 = 025
2

Results are found in good agreement with that of refined finite element solution given by Owen and Li [17].

3.2. Buckling of Simply Supported S quare Piezoelectric Laminated Plate (p/0°/900/900/00/p)

The piezoelectric laminate with piezolayer attached at the top and bottom of the plate is subjected to a uniaxial uniform
edge compressive force Ny. Hence a square piezoelectric laminated plate of thickness of 0.01 m and side length ‘a’ is having
simply supported boundary on all four edges. The laminate consists of a (p/0°/90°/90°/0°/p) Graphite-Epoxy sublaminate
provided with two PZT-5A attached on outersurface of the plate. Each piezoelectric layer has thickness of0.1h, whereas each
elastic layer has a thickness of 0.2h. Elastic and piezoelectric material properties are as shown in table 2.

Table 2. Elastic and piezoelectric properties for Graphite-Epoxy and PZT-5

Elastic Properties Piezoelectric Properties

Properties Grphite-Epoxy PZT-5A Properties Grphit-Epoxy PZT-5A
E11(Gpa) 181 61.0 d3; (102 m/V) 0 171
Ey (Gpa) 103 61.0 dyp (107 m/NV) 0 -171
E33 (Gpa) 10.3 53.2 d33 (10 m/N) 0 374
Gy (GPa) 717 22.6 di5 (10 m/N) 0 584
Go3 (GPa) 287 21.1 dp4 (102 m/V) 0 584
Gz, (GPa) 717 21.1 g11 (10* F/m) 0.0031 153

V12 028 035 222 (10* F/m) 0.0027 153

023 028 038 g33 (10°F/m) 0.0027 15

V32 033 038

The effect of span to thickness ratio on critical uniaxial
buckling load (Na*/Ey.h%) of simply supported square
laminated plate with different electric condition is shown in
figure 3.

25
20
15 —&— Open Loop
NCI’
10 —— Closed Loop
5 = Without piezo
effect
0 T T T T 1
0 20 40 60 80 100

a/h

Figure 3. Effect of span to thickness ratio on normalized critical buckling
load of simply supported symmetric cross ply piezolaminated plate
(p/0%/90°/90°/0°p)

From figure 3 it can be observed that critical buckling load
increases for piezoelectric effect. Also piezoelectricity has
little effect on the buckling load of the laminates with
closed-circuits than that of open loop. There is an increase of
7.9 % in critical buckling load for piezolaminated plate than
that of without piezoeffect. Hence critical buckling load can
be considerably increases if plate is subjected to piezoeffect.
For lesser vaues of a/h ratio % variation in critical buckling
load is found to be 3.3 % for open loop electric condition
than that of closed loop.

3.3. Buckling of Simply Supported S quare Piezoelectric
Laminated Plate (p/0°/90%0°/90"/p)

Simply supported square piezolaminates with piezolayer
attached at the top and bottom of the plate is subjected to a
uniaxial uniform edge compressive force Ny. Piezoelectric
laminated plate is having a thickness of 0.01 m and side
length ‘a’. The laminate consists of antisymmetric ply
orientation of Graphite-Epoxy sublaminate provided with
two PZT-5A attached on outer surfaces of the plate. Material
properties of Graphite-Epoxy and PZT-5A are same as
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previous example. Each piezoelectric layer has thickness of
0.1h, whereas each elastic layer has a thickness of 0.2h.
Figure 4 shows effect of span to thickness ratio on critical
mechanical buckling load (Nya’/E,.h*) of piezolaminated
plate with different electric conditions.

25 ~
20 -
15
—&—Open Loop
10 -
—&4—Closed Loo
N, P
r 5 1
O T T 1
0 50 100 150

a’h

Figure 4. Effect of span to thickness ratio on normalized critical buckling
load of simply supported antisymmetric cross ply piezolaminated plate
(p/0%/90°/0°90°p)

Significant increase in critical buckling load is observed
for open loop electric condition than that of closed loop.
Thus piezoelectricity has little effect on the buckling load of
the laminates with closed-circuits in this case. The increase
in critical buckling load is found to be 8.09 %, 11.05 % and
10.19 % for open loop circuit than that of closed loop for a/h
=10, 20 and 100 respectively.

4. Conclusions

A finite isoparametric element for the mechanical
displacement field is combined with an electric potential
field to consider piezoelectric effect. Parametric study is
conducted to demonstrate the influence of boundary
condition, ply orientation and plate aspect ratio on stability
of piezolaminated plate with different electric condition of
the piezolayer. For symmetric cross ply piezolaminated
plate % increase in critical buckling load is found to be 7.9%
than that of without piezoeffect. Thus considering
piezoeffect bucklibg load can be considerably increased.

Ap]E)endix: Stiffness Coefficients of the

aminated Plate According to The
Higher Order Shear Deformation
Theory

The stiffness coefficients according to the HOST are as
follows

0 =Ccost 0 +2(Cy, +2C;5;)sin? Bcos? @ + Cyysin® @
01, = Cploos* 0+5in* 0) + (€, + Cyy —4Cy; )sin? Ocos® 0
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0,=(¢,-C,-2C,)sinfcos’ +(C, - C,, +2C,, )cosfsin’ 0
0,, =C, sin' 0+2(C,+2C,,)sin’ Ocos’ 0+ C,, cos' 0
03 = (Cyy ~Cyp —2Cs3)sin’ Ocos 0
+ (€, = Cyy +2C33)cos® Gsin O
033 = (€} =2Cy, +Cyy —2Cyy )sin® Gcos® @
+Cy;3 (cos4 6 +sin* 49)
Q4 = Cyycos® 0+ Csgsin” 6
Q45 = (Cyy = Cs5)sin G cos @
Oss = Cyysin? 0 + Cs5 cos® 0

Oy = Qji fori,j=12,...5
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