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1. Introduction 
The rotating reference frame is a frame that rotates about 

a spin axis (fixed for simplicity) with a given angular 
velocity. Formalism to describe a rotating reference frame 
is commonly given by the Lagrangian mechanics. In this 
kind of reference frame, an angular velocity of rotation is 
present in the particles within the rotating reference frame 
(like the particles in a whirl as described by the fluid 
mechanics or the particles on a solid body in rotation as 
described by the classical mechanics). This additional 
angular velocity in the periodic motion causes a precession 
towards the sense of rotation, as it is the case of the 
gyroscope. This effect is also present in some other natural 
phenomena where a rotating frame is involved, such as the 
Coriolis effect and the Foucault’s pendulum. However, 
could this kind of effect also be present in the apsidal 
precession? 

A Langrangian solution is proposed for the apsidal 
precession (like the precession of Mercury’s perihelion) by 
considering the precession of a body orbiting and rotating in 
a rotating reference frame, deriving an analogous equation 
to the relativistic solution.  

2. Lagrangian Formulation for the 
Rotating Reference Frame 

In this section, certain aspects of the rotating reference 
frame will be reviewed through the general case of a rotating 
reference frame and a fixed frame where a body is orbiting 
and rotating about a spin axis [1]. Let us consider the  
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distance from the spin axis to the final position of a point P 
that according to the fixed frame of reference is the radius 
vector named rf while some position of the same point 
according to the rotating reference frame is named r, and 

,f = +r r R                       (1) 

where R denotes the position from the origin of the rotating 
frame according to the fixed frame. Furthermore, the rotating 
reference frame is described by the Lagrangian [2] for the 
motion of a particle with mass m in a rotating frame (with its 
origin coinciding with the fixed-frame origin) in the presence 
of the potential U(r), defined as 

2( , ) ( ),
2
mL U= +Ω× −r r r r r          (2) 

where Ω is the angular velocity vector of the rotating 
reference frame, and 

( )2 2 2 2 22 ( ) . + Ω× = + Ω × + Ω − Ω r r r r r r r   (3) 

Moreover, the equation for the canonical momentum is 
given by  

( ) ,L m∂
= = +Ω×
∂

p r r
r





            (4) 

and 

( ).d L m
dt
 ∂
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Then, the partial derivative is given by 

( )( ) .L U m∂
= −∇ − Ω× +Ω× Ω×  

∂
r r r

r
   (6) 

By applying Lagrangian from Eq. (2), we derive the 
general Euler-Lagrange equation for r term [3], defined as 
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( )( ) 2 .m U m  = −∇ − Ω× + Ω× +Ω× Ω× r r r r r

  (7) 

Here, we can see that potential energy generates the 
fixed-frame acceleration, -RotU = maf, and that the 
Euler-Lagrange equation (7) takes the form  

( ) 2 ,r f r= − −Ω× Ω× − Ω× −Ω×a a A r v r   (8) 

which represents the sum of the net acceleration (af -A), 
where centrifugal acceleration is given by -Ω × (Ω × r), and 
ac = -2Ω × vr is the Coriolis acceleration that only depends 
on velocity [4]. Being final velocity vf equivalent to the 
Coriolis velocity vc, it is defined as  

2 .
2

f
c f= = Ω× ∴Ω =

v
v v r

r
          (9) 

In terms of velocity, from Eq. (8) yields  

( )22 2 2 22 .r f f f= − Ω× +Ω × = −Ω×v v v r r v r  (10) 

Simplifying and reordering, we can write this equation as 

.f r= +Ω×v v r                (11) 

Then, final velocity (like the final orbital velocity vo) of a 
body orbiting and rotating in a rotating reference frame is the 
addition of both, velocity of the body at the distance r from 
the centre and the angular velocity of the rotating reference 
frame at the same distance from the spin axis. 

3. Total Energy in the Rotating 
Reference Frame 

In the rotating coordinate system [5], total energy on the 
orbital motion is defined as 

( ),KE E V= + r                  (12) 

where EK is the kinetic energy and V(r) is the effective 
gravitational potential energy. From Eq. (10), the total 
energy for a rotating reference frame is given by 

( )221 1( ) ( ).
2 2

r fE m V m V= + = −Ω× +v r v r r   (13) 

Gravitational potential energy is described between a 
massive body M and another given mass m orbiting at a 
distance r. Then, the total energy can be written as 

( )2 2 21 2 ,
2

f f
GMmE m= − Ω× +Ω × −v v r r

r
   (14) 

where G is the Newtonian constant of gravity. Rearranging 
this equation, we rewrite the new equation as 

2 2 21 1 ,
2 2

f f
GMmm E m m 

= − − + Ω − Ω× 
 

v r v r
r

 (15) 

where second term is equivalent to the effective gravitational 
potential energy, given by 

2 21( ) .
2

f
GMmV m m= − + Ω − Ω×r r v r

r
    (16) 

This Lagrangian solution for gravitational potential 
energy can be written in terms of the angular momentum of a 
body orbiting in circular motion, which in polar coordinates 
is defined as 

2 ,m=L r ω                   (17) 

being ω the angular velocity of the body in circular orbit. 
Nevertheless, this angular velocity does not consider any 
rotation from a rotating reference frame. Then, considering 
that the angular velocity of a body with respect to the rotating 
reference frame can be defined as 

2 ,mΩ = ΩL r                 (18) 

being Ω the angular velocity of the rotating reference frame. 
In addition, the second term in Eq. (16) corresponds to the 
angular velocity of the body in circular motion (as orbiting) 
around the centre, while the third term corresponds to the 
angular velocity of the body with respect to the rotating 
reference frame. Then, having this correspondence, Eq. (16) 
becomes 

2 21( ) .
2

f
GMmV m m= − + − Ω×r r v r

r
ω     (19) 

We can write Eq. (19) in terms of angular momentum 
throughout its transformation to an equivalent equation that 
includes terms of the angular momentum, for instance, by 
multiplying the second and third terms, respectively, by 
some complementary terms which are equals to unit, giving 

2
2 2

2
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f
f

f

mGMm mV m m
m m

 × 
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Having angular velocity for the Coriolis effect from Eq. 
(9), gravitational potential energy can be written as 

( )22 2 2 2

2
( ) .

2 2
f f

f

m mGMmV
m m

 
= − + −  

× 

r v v r
r

r r r v r

ω ω

ω
 (21) 

Now, we will apply some equivalences such as the 
equivalence between the escape velocity and the final orbital 
velocity [5], which is defined as 

2 2 ,e f
GM

= =v v
r

           (22) 

and the square of velocity of a body in a circular orbit about a 
central mass [6], given by 

2 2
0 .f

GM
= =v v

r
              (23) 

Then, considering that the velocity of a body in circular 
motion is given by v = ω×r, replacing Eq. (22) and reducing 
common terms, Eq. (21) becomes 
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( ) ( )2 22 2 2

2 2 3
( ) .

2

f

e

m mGMmV
m m

= − + −
r v r r

r
r r v r

ω ω
 (24) 

According to the equations (17) and (23), we can write the 
gravitational potential energy equation from Eq. (24) in 
terms of the angular momentum of a body in circular motion, 
giving 

2 2

2 2 3
( ) ,

2 e

GMm GMV
m m

= − + −
L Lr

r r v r
      (25) 

and by the radius derivative on Eq. (25), while the angular 
momentum and the escape velocity are kept constants, the 
net (or absolute) force is given by 

2 2

2 3 2 4
( ) 3 .

e

dV GMm GM
dr m m

= − = − +
r L LF

r r v r
   (26) 

Thus, the magnitude of the net force is given by 
2 2

2 3 2 4
3 .

e

GMm GM
m m

= − +
L LF

r r v r
        (27) 

The first and second terms are the gravitational force and 
the centrifugal force, respectively. The third term includes 
the Coriolis effect present in a rotating reference frame, that 
is inversely proportional to the radius to the fourth power (r4), 
which is also included in the relativistic solution [7].  

4. The Precession in a Rotating 
Reference Frame 

Precession results from the angular velocity of rotation 
and the angular velocity that is produced by the torque. Let 
us consider that a body in circular orbit at the distance r from 
a central point. Let us also consider that such a body is in a 
rotating reference frame where the whole system is rotating 
with a given angular velocity. In a rotating reference frame, 
the body orbiting undergoes a precession expressed by the 
angular velocity of precession ωϕ as the described for a 
gyroscope of radius r in rotation [8], with some equivalences 
defined as 

0 0
2
( ) ,

M Md mg F
dt I I m

ϕ
ϕω ×

= = = = =
r r r

L rω ω ω
     (28) 

where dϕ is the differential of angle of precession, dt is the 
time differential, M0 is the module of angular momentum, I is 
the momentum of inertia for a ring of radius r, ω is the 
angular velocity of spin about the spin axis and g is the 
gravitational acceleration. When a gyroscope rotates about 
its spin axis and being under external forces (given by F(r) = 
m∙g), momentum of external forces is not null and the 
angular momentum is not conservative (L ≠ 0). Thus, the 
angular momentum changes direction having a precession 
which describes a circular motion. 

Furthermore, the third term of Eq. (27) includes the 

Coriolis force, given by 

( )222

2 4 2 4

33( ) ,
e e

GM mGMF
m m

= =
rLr

v r v r

ω
       (29) 

having that velocity of the body in rotation is given by v = 
ω×r and reducing common terms, the angular momentum of 
inertia is written as 

0 2
3( ) .

e

GMmM F= × =
vr r

v
ω

          (30) 

The angular velocity of precession for a body rotating 
about a central point can be calculated by replacing Eq. (30) 
in Eq. (28), given by 

2 2
3 1 .

e

d GMm
dt m
ϕ  

 =
 
 

v
v r

ω

ω
          (31) 

Replacing the velocity of the body in rotation by ω×r and 
reducing common terms, yields 

2 2
3 3 ,

e e

GM dt GMdd θϕ = =
rv rv
ω

         (32) 

where dθ is the differential of the radial angle covered by the 
rotation of the body in the rotating reference frame. 

5. Analogous Equation to the Relativistic 
Solution  

Now, considering a body in elliptical orbit around a 
central point in a rotating reference frame (Figure 1), 
distance from the centre changes according to the ellipse, 
where semi-latus rectum is represented by ρ = a(1 - e2), being 
a the semi-major axis of the ellipse and e the eccentricity. For 
an ellipse of zero eccentricity, ρ is tending to the radius r of a 
circle. Thus, from Eq. (32), the rate of angle of precession dϕ 
for the elliptical motion, while the body moves one 
revolution (θ completing 2π radians) advancing through an 
angle is given as 

( ) ( )2 2 2 2
3 (2 ) 6 .

1 1e e

GM GMd
a e a e

π πϕ = =
− −v v

       (33) 

In addition, having the Newtonian equivalence of GM in 
terms of period T for an elliptical orbit, defined as 

2 3

2
(2 ) ,aGM

T
π

=                (34) 

and replacing in Eq. (33), we get 

( ) ( )
3 2 3 2

2 2 2 2 2 2
3(2 ) 24 .

1 1e e

a ad
T e T e
π πϕ = =

− −v v
       (35) 

From the equivalence between the final orbital velocity 
and the escape velocity [9], we can consider the proportional 
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equivalence with a central mass and a given radius such that 
its escape velocity is tending to the speed of light, where 

2 2 2 22 2 ,e f f
e S

r rv v c v
r r

   
   = → =
   
   

        (36) 

being re the escape radius, rs the Schwarzschild radius [10], 
and c is the speed of light. Then, replacing Eq. (36) in (35) 
we can write the equivalent equation given as 

( ) ( )
3 2 3 2

2 2 2
2 2 2

24 24 ,
12 1f

S

a ad
c T erv T e

r

π πϕ = =
  −

−  
 

    (37) 

which is an analogous equation to the relativistic solution for 
the advance of Mercury’s perihelion [11]. Replacing the 
known data of Mercury [12] in Eq. (37) and having the 
Schwarzschild radius is about 2.95 Km in the case of the Sun, 
advance of the Mercury’s perihelion is calculated resulting 
43.0133” of arc per century, thus matching well with the 
actual observations.  

It is known that all the planets precess and this equivalence 
can be applied to the other planets matching as well with the 
actual observations. 

 

Figure 1.  Precession of Mercury’s perihelion in a rotating reference frame 
with angular velocity Ω 

6. Conclusions  
This work aims to analyze an alternative way to derive an 

approximation to the celebrated Einstein solution to predict 
the precession of Mercury’s perihelion, proposing an 
equivalent equation derived from the Lagrangian mechanics 
by considering an additional angular velocity which is 
included in a rotating reference frame.  

The here proposed solution for the apsidal precession is 

equivalent to the precession as described for a gyroscope in 
rotation, which could indicate that the apsidal precession 
may be related with this rotational effect.  
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