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Exact Solution of Goursat Problem with Linear and
Non-linear Partial Differential Equations by Double
Elzaki Decomposition Method
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Abstract This article explores a new approach to achieving an exact solution of a special type of both linear and
non-linear partial differential equation (LNLPDE) with mixture derivatives, namely Goursat problems by Double Elzaki
Decomposition Method (DEDM). The process utilizes characteristics of Double Elzaki Transform and Adomian Polynomials
to obtain an exact solution for Goursat problems. Moreover, Adomian polynomials are used to decompose the non-linear
terms. The findings indicate the proposed method is very easy to use and more effective than other techniques because of seed
and computational time. It can easily be expanded to other mixed-type LNLPDEs and the approximation task size can be
simplified.
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1. Introduction

LNLPDE describes many problems in different fields of
applied mathematics and sciences. These equations arise
in various scientific models such as the fluid dynamics,
chemical  reaction-diffusion, shallow water wave
propagation, and Schrodinger wave equation models.
LNLDEs naturally occurs in various fields of study such
as in engineering, physics, and applied mathematics. Many
mathematicians and scientists have drawn too much
attention to the extensive effectiveness of these equations.
In the analysis of physical phenomena and applied sciences,
the Goursat partial differential equation occurs in
LNLPDEs including mixed-type derivatives and it is known
as hyperbolic PDE of second order. The standard form of
the Goursat problems with conditions [7-10] is

o%u
—=f(x,t,u,uy, L), 0<x<a,0<t<b
oxot

u(x,0) = f(x),u(0,t) = g(t)
f(0)=9(0) =u(0,0)
Several computational techniques, such as Variation

Iteration Method (VIM) [71, Laplace
Substitution—Variational Iteration Method (LSVIM) [15],
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Adomian  Decomposition Method (ADM) [11],
Two-Dimensional Differential Transform Method (DTM)
[8], Modified Variational Iteration Methods [12],
Runge-Kutta Method [10] and Finite Difference Method
(FDM) [13] and Homotopy Analysis Method (HAM) [14]
have been developed to resolve the linear and nonlinear form
of Goursat Problems. Previously, the ESM was used [16-17]
to solve second-order linear and non-linear PDEs containing
mixed partial derivatives. Recently, inspired and encouraged
by research work in these fields, we introduce a new method
named DEDM, based on Elzaki transform [1] and Double
Elzaki Transform [2-6]. The proposed technique is combined
the Double Elzaki Transform with the Adomian polynomials
for solving non-linear Goursat problems. Here in section
(2), definitions and partial derivatives of the Double Elzaki
transform will be described. In Section (3), explanation of
main advantage of DEDM applied directly without
linearization or interruption to Goursat problems are
presented. To clarify the applicability and effectiveness of
the proposed method for several linear and non-linear
problems are presented in section (4). We finally conclude
the result at last section.

2. Preliminaries

2.1. Elzaki Transform

The Elzaki transform for exponential order of function f,
in the set A is defined by:
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1
A= 1():3M kkp > 0,[ f (1) < Me“ i t e (-1)F X[0,00) { (1)

where M is a finite constant and k; ,k, are finite or infinite

in set A.
The Elzaki transform symbolized by the operator E (.) and
expressed by the integral equation-

w _t
ELF@O]=TW) =v[ f(e vdt, t>0,k<v<ky (2)
0

where v is used to factor the variable t in the argument of
function f .

Table 1
Sr.No f(t) E[f®)]=T()
1 1 v2
2 t ve
3 t", n=0,1,2--- --- niy"+2
2
4 ot v
1-av
3
%
5 teat
- av)2
n-1_.at n+l
Y
6. t—e , —]_’ s =
(n=1)! d-av)
. avd
7 sinat 75
1+a“v
2
8. cosat v
1+a%v?2
3
. av
9. sinh at 72
1-a%v
2
av
10. cosh at 77
1-a“v

2.2. Inverse Elzaki Transform

If T(v) is the Elzaki transforms of f(t) then f(t) is
called the inverse Elzaki transform of T(v) and in
mathematical terms, it can be expressed as
f(t):E’l{T(v)},where E~L is an operator and is called
inverse Elzaki transform.

2.3. Double Elzaki Transform

The function f(x,t),t,x € R* which can be expressed as
an infinite convergent series, as a consequence Double

Elzaki Transform is:
Ep[f(x,t),u,v]=T(u,v)
(3)

000 7(£+£)
:uvjj f(x,t)e U Vdxdt, x,t >0
00

where u,v are complex.

Table 2
Sr. No f(x,1) E[f(x,)]=T(u,v)
1. 1 uv?
2. X u3v2
3. t U2V3
4. xt udv3
5 x" nlu™4?2 n>0
6 t" nlu™%?2 n>0
7 xt" nlu™2? n>0
2.2
8 e u‘v
(1—au)
2,2
o bt uv
1-bv)
2.2
10. eax+bt uv
(1—au)@-bv)
. audv?
11. sinax > oL
(1+uca“)
u2y2
12. cosbt PECIN
1+b%ve)

2.4. Partial Derivatives of Double Elzaki Transform

Using Integration by parts to produce double Elzaki
transforms of partial derivatives of x and t -

1. Ez[af (a)t(,t)} =%T(u,v)—vT(u,O)

Pt | 1 0
I” E2 |:7:|=U—ZT(U,V) —T(O,V)—U&T(O,V)

?f(xt)| 1 0
V. E, {T} :V—ZT(u,v)—T(u,O)—vaT(u,O)

V. E —
2 Oxot uv

2
0 f(X,t):l: 1 T(U,V)_%T(U,o)_%T(O,v)+uvT(0,0)
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Proof:
By the definition of double Elzaki transform-

. Ez{ } TTe u V <
- vze_\tf {uze_z % f (x,t)dx}ﬂt

Using first partial derivatives of Elzaki transform, the
inner integral provides

(x,t)dxdt

o X
-— 0 1
Uu_—f(x,t)Jdx==T(u,t)—uf (0,t
ofe ¥ o fOxtpe= T () ot (00)
Therefore,

E{%} { fevT ut)dt}—u{vofe \t’f m)a}

Taking Elzaki transform with respect to t the above
integrals is converted to

E, {%} = %T (u,

f
Il. Like-wise, E{%}zluu

2 X
1. E{%(z’t)}:uvgi[

:v]?e\t/{ ufe v 2T, azf(“) }a

By second order partial derivatives of Elzaki transform,
the inner integral becomes-

v)—uT (0,v)

V)=VT (u,0)

XY 525
( ) a—(z)dxdt
OX

o X A2
-~ 0°f (x1) 1 of (0,t)
U——Zdx=—T(u,t)-f(0,t)-
uge ox2 " u? (u ) ( ) OX
Therefore,
2f(xt)| 1%
Ey| ————=|=—%qv]|e VT u,t)dt
L UL
t t
T — T —of (0,t
—{vje Vf(O,t)dt}—u{vje ol )dt}
OX
0 0
Taking Elzaki transform with respect to t
ot (xt)| 1 aT (0,v)
E)| ——2|==T(u,v)-T(0,v)-
2{ ox2 } u? (u V) ( V) u OX

IV. Similarly the following formula can be established

The inner integral reduces to

Jfew 2D 1oy a0y
'([ ax{ ot jd u ot ot

Therefore,
2 o t o t
f - - ,

) Ty 1 vJ'e V—(u’t)dt -u vje V—d(0 t)t
oxot ul g ot 0 ot

1

)-VT (u,O)}fu{f

\'

EZF (;x(&x‘t)}:ﬂi-r(u’v T(O,v)fvT(0,0)}
)

}:iT(u,v)—%T(u,o)—%T (0,v)+uvT (0,0)

3. DEDM for Goursat Problem

In order to explain the solution procedure for DEDM,
considering a general Goursat problem rolling mixed partial
derivatives with conditions is

Lu(x,t)+ Ru(x,t)+ Nu(x,t) =h(x,t) )

u(x0)=f(x), u@O,t)=g(t)

5
f(0) = g(0) =u(0,0) ©)

2
where L:% .Ru(x,t), Nu(x,t) and h(x,t) are linear
term, non-linear differential term and source term

respectively.
Consequently, equation (4) becomes-

@+ Ru(x,t) + Nu(x,t) = h(x,t)
axat 1 1 1

By double Elzaki transform the above equation is
converted to-

2
E, [gxatj+ E, (RU(X t))+ E, (Nu(x t)) E, (h(x,t))

21w -Y1w0)-4T0.v)+wT(0,0)
uv u v (6)
+E, (Ru(x,t))+ E, (Nu(x,t)) = E; (h(x,t))

Again taking single Elzaki transform in equation (5), then
the equation reduces to
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E(u(x,0) =E(f(x)=T(u,0),
Eu(0,1)) =E(g (1)) =T(0,v) ()
E(f(0)) = E(9(0)) = E(u(0,0)) =T(0,0)

Substituting these values in equation (6), implies that
T(u,v) =V2E((x))+u?(g(t))-u?2E(u(0,0))
+UVE, (h(x,t)) —uvE; (Ru(x,t))—uvE, (Nu(x,t))

Now, on both sides of the above equation using inverse

double Elzaki transform, finally-
u(x,t) = G(x,t) - By [uvE, (Ru(x.1))]
~E; [ uvE; (Nu(x,1)) ]

where initial conditions are prescribed and G(x,t) reflects
the resulting source term.

Consider an infinite series solution to solve non-linear
mixed type PDEs by DEDM is

(®)

u(xt) =Y up(xt) C))
n=0
Then the non-linear term is reduced to

NU(xt) = 377 0 A ()

where A, (u) are Adomian polynomials with components

(10)

Uo (% ),y 06 YD oo oo Uy (X,y),n>0 are defined by
An:%[d_n[N[Z:i()?’iui]]]y:o, n=0123-- - (11)
n"dy

Substituting u(x, y) and Nu(x, y) in equation (8), the
equation is converted to-

S un(x,t)=G(x,t)—E2‘1 uvE, | R S up (x,t)
)y

n=0 n=0

-E, ¢ {quz i An}

n=0

(12)

Comparing on both sides of the above equation, obtained
relationships are

Ug (X, t) =G(x,t)

Uy (x,t) = —E5 " TuvE, (Rug (%, )] — Ep " [UVE (Ay)]

Up (%,t) = —E5  [UVE, (Ruy (x, )] - Ep " uvE, (A)]

In general, the recursive relations are

Ug(X,t) = G(x,t) }
Uny1 (X, t) = =B~ TuvEy (Ruy (%, 1))] - By [UVE, (A)]

The values of all u,(x,t),n>0are obtained from the

above recursive relation and substitute in equation (9), then
the series solution for the given equation is found.

4. Applications

The DEDM for LNLPDEs with mixed type derivatives
will be explained by considering Goursat problems in a
linear and non-linear form.

4.1. Linear Homogeneous Goursat Problem

Considering a Goursat problem which is linear and
homogeneous

du
——=R(
v (u)

u(x,0) = f(x) ,u(0,t) =g(t)
f(0) = g(0) =u(0,0)
where, R(u) is a function of first degree.

Example 1: Considering a Goursat problem which is
linear and homogeneous-

%u B
poell (13)
u(x,0) =e*,u(0,t) =e',u(0,0) =1 (14)

Equation (13) is converted to this new one by double

Elzaki transform
52u
E,| — [=E5|u
{M} o]

2w -Y1w,0)-4T(0v)+wT(0,0)=T(u,v) (15)
uv u \Y

Operating single Elzaki transform, equation (14) reduces
to

U2 V2

T(u,0) =13 ,T(O,v) -1 ,T(0,0)=1

Using the above initial values, the equation (15) is reduced
to-

2,,2 2,,2

BT P AL B Y
T(u,v)L—uv) 1—u+1—v ucv
_u2v2(1—uv)
T(u,v)(l—uv)_m
2,2
T(u,v):L
1-u)d-v)

The exact solution is found by using inverse double Elzaki
transform

u(x,t) =e**
which is verified by the results obtained by VIM and ADM.

4.2. Linear Non-Homogeneous Goursat Problem

Consider a Goursat problem which is linear and

non-homogeneous-
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o%u
pon =R(u)+h(x,t)
u(x,0) = f(x) ,u(0,t) =g(t)
f(0)=9(0)=u(0,0)
Where R(u) is a function of first degree.

Example 2: Considering linear non-homogeneous
Goursat problem-

2
ou_ U+ 4xt — x2t (16)
oxot

u(x,0) =e*,u(0,t) =e', u(0,0) =1 (17)

Taking double Elzaki transform in equation (16)

ou 2,2
E,| — [=Ey|u|+4Ey[xt] - E5[x°t
2{5)(&} 2 [u]+4E[xt] - Ep[xt7]
2w =Y1w.0)-4T(0.v) +wT (0,0
uv u v (18)

=T(u,v) +audv® —autv?
By single Elzaki transform equation (17) becomes

u2

E(u(x,0)=T(u,0)=—,

1-u

v2
Eu(0,1))=T(0,v) =1— ,T(0,0)=1

with the above conditions, the equation (18) is converted to

2,2
N A A u“v(l—-uv)
T(u,v)L—uv) =4u™v* (@1 uv)+_(l—u)(l—v)
2,2
T(u,v)=4u4v4+L
@-uwa-v)

Applying inverse double Elzaki transform in the above
equation

u(x,t) = x°t% +ex*t

Which is the required exact solution. This result is
completely similar with the result obtained by VIM and
DTM.

4.3. Non-linear Goursat Problem

To illustrate the proposed DEDM, two non-linear
homogeneous and non-homogeneous Goursat problem is
considered.

Example 3. Considering the non- linear
non-homogeneous Goursat problem
2
au =%+ +3x°t +3xt% +t3 (19)
Oxot
u(x,0)=x ,u(0,t) =t ,u(0,0)=0 (20)

Directly use the double Elzaki transform in equation (19)
implies that

L = 1w0-4T0.v)+wT(0,0)
uv u \'
= —E,[u]+6uv? + 6uv® + 6usv* + 6uV®

Applying single Elzaki transform in equation (20),
conditions reduce to

E(u(x,0) =T (u,0)=u®,
EQuOt)=T(O,v)=v?,T(0,0)=0
The transformed equation reduces with these conditions as
T(u,v)= udv? +uv® +6ubve
+6usv* +6uv® +6usve — quz[u3]

Again apply inverse double Elzaki transform in the above
equation on both sides,

4 3,2
u(x,t) = x+t+XTt+i
23 44 (21)
+XT+XT_ Ez_l[quZ[u3]]

In DEDM, solution is represented in infinite series form as
below,

u(x,t) = i up (x,1)

(22)
n=0
And the non-linear term can be written as follows,
Nut)=u®=>"" A, (u) (23)

where A, (u) are Adomian polynomials of components
Ug (X Y U (X, ¥)seee ene e Uy (X, y),n >0 which is defined

by the formula (11).
Some Adomian polynomials of A,, are found as

Ao =Ug
A =3updy

Then the equation (21) is transformed to

0 X4 X3 2

Dou(xt) = X+t Xty X

b 4 2
x2t3 xt*

+T+ T - Ez_l[UVEz[ngo Aﬂ]

The following recursive relation is found by comparing
the above equation on both sides,

Ug (%, y) = X+t
U x_4t 2 xR
n+l 4 _2 _2
xtt 1
+T_E2 [uvEy[A]l.n=0
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The following few components of u, (X, y), n>0 are
determined from the above relation

4, 3.2 2.3 .4
¥t 32 X8 xt a

U =—+—+—+——E, "[uvVE

1= > > 2 B [uvE>[Ap]]
4, 3,2 2.3 .4
X't X't X“t®  xt 1 3

=t —+———Ey [uVE,[(x+t

2732 > TR [UVE,[(x+1)7]]
¥t x%% x4 xt?

42 2 4
—E2’1[6u6v3 +6usv? +eutv® + 6u3v6]

M . xt? x2S xt?
4 2 2 4
¥t x%t? X8 xt?

Consequently, u,(x,y)=0,n>1
Substituting all values of u, (X, y), n>0 in equation (22),
finally the series solution of the given equation is
u(x,t) = x+t

This results are in complete compliance with the result
given by VIM and DTM.

Example 4: Consider the non-linear homogeneous
Goursat problem

azu -
%—e (24)
u(x,0)=0 ,u(0,t)=0 ,u(0,0)=0 (25)

Applying double Elzaki transform the equation (24)
becomes-

L) =Y7,0)- 4T (0,v) + WT (0,0) = Eyfe 2]
uv u \Y

Using the single Elzaki transform the conditions in
equation (25) reduces to

E(u(x,0))=T(u,0)=0,
E(u(0,t))=T(0,v)=0,T(0,0)=0
with these new conditions the above equation gives
T(u,v) = qu2[u3]

Operating inverse double Elzaki transform, find that

u(x,t) = E5 uvE,[u®]] (26)
The infinite series solution in DEDM is presented by
u(x,t) =Y up(xt) (27)
n=0
and the non-linear term can be written as-
Nu(x,t)=e =" A () (28)

where A, (u) are Adomian polynomials of components

Ug (X Y U (X, YDy eee ene e Uy (X, y),n =0 which is defined
by the formula (11). Adomian polynomials A, are

AO 2672u0

A = —2e72%0y,

Ay =—2e72U0y, + 20,220

Then the equation (26) becomes
> un (1) = Ep HWEL[ Y Ayl
n=0 n=0

The recursive relationships are obtained by comparing
both sides of the above equation

Ug(x,y)=0
Unsy = Ep H[WEL[A]],n 20

The following new components of u,(X,y),n>0 have
been found from the above relationship.

U (x,t) = E5 TWE,[Ap]]
= E; ' [WE[e%]]
=B, '[u’v’]
=xt
U (x,1) = B uvE,[—26 2 0uy]]

= E, uvE,[-2xt]]

X2t2
2
Like-wise
_ x3t3
U3(x,0) = Ep W [ApTl ==~

x4
Us(x,t) = e and so on.

Putting all values of u, (x, y), n>0 in equation (27), finally
the series solution of the given equation is

2.2 33 4.4
u(x,t):xt—xzt +X; _X4t .........
=In(1+ xt)

This finding is in complete compliance with the result
obtained by VIM and DTM.

5. Conclusions

To find the approximate series solutions we successfully
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implemented the DEDM of linear and non-linear Goursat
problems. The mentioned process eliminates the
computational difficulties that occur in other existing
methods and is directly implemented without the use of
linearization, transformation, discretization or limiting
assumptions. By applying DEDM, many examples of linear
and non-linear Goursat problems were evaluated and the

findings have shown noticeable and more satisfactory results.

The improvement of this methodology would lead to the
possibility of increasing the order and accuracy of the system
further.
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