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Abstract

In this paper, a new technique is presented for solving linear mixed Volterra-Fredholm integral equations of the

second kind. This technique is based on a polynomial of degree n and on the conversion of the integral equation to a linear
programming problem, which will be solved by the Simplex method. For more illustration, an algorithm is suggested, and
applied on several examples. The program is written in MATLAB (R2015a) to compute the results. To show the competency
of the method and the accuracy of the results, comparison between the exact and the approximate solution are given by
computing the absolute error and the least square error (L.S.E.).

Keywords Linear programming problem (LPP), Mixed linear Volterra-Fredholm integral equation of the second kind

(MLV-FIE2"), Simplex method

1. Introduction

Integral equations are found in different fields of science
and several applications in approximation theory, fluid
dynamics, electrodynamics, medicine, etc.

Recently, several works have been devoted to the
existence of the solution of mixed type of Volterra-Fredholm
integral equations [1, 3, 8]. The analytical solution of this
type of integral equation is obtained in [1, 9, 11], while the
numerical methods takes an important place in solving them
[5, 7,10, 14, 16, 17].

The linear mixed Volterra-Fredholm integral equation of
the second kind (LMV-FIESK), which has the form

u@) = fG) + f; [ k(r,Ou®dtdr; a<x<b (1)

is considered in this paper, where the free term f and the
kernel k are known , while u(x) is the unknown function
which will be found.

In [3], lbrahim, et al. used new iterative method for
solving the mixed Volterra-Fredholm integral equations.
Wang treated this problem in [6] by using Taylor collocation
method. In [12], Shahooth solved the Volterra-Fredholm
integral equations of the second kind by using Bernstein
polynomials method. In addition, Ezzati and Najafalizadeh,
used Cas wavelets for solving Volterra-Fredholm integral
equations in [14].
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Throughout this work, the central problem is the
approximation of u(x) by a function whose general form
u, (x) depends on n parameters By, B,, ..., Bn- By choosing
approximate values ﬁj*, j=12,..,n of these parameters
according to some appropriate approximation criterion, we
obtain a particular approximating function w,*(x) of the
equation (1).

2. Fundamental Concepts [2, 11]

2.1. Linear Programming Problem (LPP)

It is one of the most important optimization
(maximization\ minimization) techniques developed in the
field of operations research. More formally, linear
programming is a technique for the optimization of a linear
objective function (obj.fn.) subject to linear equality and\or
inequality constraints, where the variables are nonnegative.
In general, a linear programming model is defined as
follows:

max.or min.Z = c;xq + C3x; + -+ X,
subject to
ag1xq + aAq12X) + -+ A1p Xy (S, =, or Z)bl

ay1X1 + Ay Xy + -+ Arp Xy (S, =, or Z)bz

Am1X1 + Am2X3 + -t Amn Xn (S' =, 0r 2)bm
X1, X2, 0, Xy =0
The required smallest (or largest) value of the objective
function is called the optimal value and the variables

X1, X3, ..., X, that give the optimal solution are called the
decision variables.
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3. The Method

An important class of methods for solving integral
equations involve substitution of a suitable approximation
function u, (x) in place of the unknown solution u(x).
Here the key to effective approximating lies in the selection
of the appropriate general form of w,, (x) in the form

u, (%) = Xy fix' ™! )
The values of f; are then determined using the

transformation u, which arises from substituting this
function in the integral equation (1), which yields

=1 Bix'™t = f(x)
+ k@, O T it dtdr + €, (x) 3)
Thus

€n(0) = () = Ty B (271 = J [ k(r )t dedr) (4)

Let
o) = (x71 = [ [V k(r, Ot dtdr)  (5)

Thus equation (4) becomes:

en(x) = f(x) — ZiZq Bipi (x) (6)

One way of improving this technique is to select (m > n)

points x; € [a,b] and solve the over determined system of
linear equations

Xi=1 Bixji_l = u(xj) ;j=12,..,m (7

This allows us to represent the function u(x) on more than

(n) points of [a, b], when determining w,*. Further, for

problem (7) a solution always exists in the following sense.
Let the residuals of equation (7) be defined as

en(%)=f(x) =X Bipi(x);j =12,..,m (8

and
p=2u | el ©
Consider the problem of determining
lle*x1l1 = Minimumg, g, 5 ll€,]l; (10)
where
lle*slly = Minimumyg, 5. 5 3|6, ()] (12)

By substituting equation (8) in equation (12), we get
lle*,1l; = Minimumg, 5, 5 Z?:1|f(’fj) — i ﬁiq’i(xj)|
(13)

The quantity |[e*,,||; always exists and the optimal values
of B; yieldabest [; (least-first-power) solution to equation
(D).

Thus a general technique for determining [; solution to
the LMV-FIESK is available which is based on solving the
equivalent problem

Minimize p
subject to
{ p+ Lt Biwi(x) = f(x;)

p =Y Bioi(x) = —f(x) (14)

;J=1,..,m

Bj's are unrestricted in sign.

The approximate values ;" of B; which are calculated in
(14) give an approximate solution of equation (1) as

n
W, () = Y fixt
i=1

In practice we do not solve (14) exactly, but alternatively a
corresponding discrete problem is solved using the Simplex
method of Linear Programming.

4. The Algorithm

To find an approximate solution of (LMV-FIESK)
perform the following steps:

Step 1: select two positive integers n and m.

Step 2: compute f(x;); Vj =12, ..,m.

Step 3: calculate ¢;(x;) in equation (5) for all i =
1,2,.,nand j=1,2,..,m.

Step 4: use equation (9) to compute p, and then construct
the objective function (Min. p) of the LPP.

Step 5: construct the constraints of the LPP from equation
(14).

Step 6: use the Simplex method to find optimal
approximate values 8;* of B;;i=12,..,n.

Step 7: substitute these values of ﬂi*'s; i=12,..,nin
the equation (2) to determine the approximate solution of
equation (1).

5. Numerical Examples

In this section, several examples will be solved to show
the accuracy of our approach.
Example 1. Consider the (MLV-FIE2™)

x 1

u(x) =2+ 4x — gxz —5x3 + f f(r — u(t)dedr
00

whose exact solution is u(x) = 2 + 3x — 5x3.

Applying the algorithm of the described method with n=4
and 2m=8 constraints will convert the integral equation to
the following LPP:

Minimize p = —4.22222220, — 2.2777778,
—1.79629638; — 1.5388889p,

subject to
[5.2222222 2.2777778 1.7962963 1.53888897 B [ 9.5833333 |
[5.3333333 2.6944444 1.9722222 1.6287037 | [10.6065481|
5.3333333 3.0555556 2.3333333 1.9129630 | 5. ‘ 10.2685000

5.2222223.3611111 2.8796296 2.6138889 ~| 74581852
3.22222222.2777778 1.7962963 1.5388889|"| , | | 5.5833333
31111111 1.8711111 1.6203704 14490741 | [P 45602185
3.1111111 1.5000000 1.2592593 1.1648148 4.8981481
32222222 1.1944444 07129630 0.4638889) P+ 7.7083333

where 1, B2, B3, and B, are unrestricted in sign,
which will be solved by the Simplex method to get the values
of Bis fori=1,23,4.
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Thus

By = 2.0000741, B, = 2.9997596, B; = 0,and B,
= —4.9998956

Putting these values in equation (2) produces the
approximate solution

u, (x) = 2.0000741 + 2.9997596x — 4.9998956x3

In this case the least square error (L.S.E.) is
(2.815477e — 08).

Increasing the value of m and taking m=6>n, will give a
LPP with 4 unknowns and 12 constraints. Use the Simplex
method to get the values of p;'s, then put them in equation

(2) to get the approximate solution
u, (x) = 1.99999991 + 3.00000060x
—0.00000113x2 — 4.99999938x3

In Table (1), the real solution and the corresponding
approximate solution using (LPP) are obtained; also the
values of the absolute error and (L.S.E) are presented.

Table 1. The LPP results compared with exact solutions for n=4 and m=6

Exact solution Absolute Error

& ue) | OO ) ()
0 2 1.9999999100 9.00e-08
0.1 2.295 2.2949999595 4.05e-08
0.2 2.560 2.5599999902 9.80e-09
0.3 2.765 2.7650000058 5.78e-09
0.4 2.880 2.8800000100 1.00e-08
0.5 2.875 2.8750000066 6.63e-09
0.6 2.720 2.7199999994 9.00e-08
0.7 2.385 2.3849999921 7.92e-09
0.8 1.840 1.8399999884 1.16 e-08
0.9 1.055 1.0549999921 7.78 e-09
1.0 0 0.0000000070 7.00 e-09

L.S.E 1.032024809e — 14

Example 2. The integral equation

u(x) = sin(x) — %(x2 +2x) + J ’ j 7(1 + rt)u(t)dtdr,
0 0

has the exact solution u(x) = sin(x).
Assume that the approximate solution is of the form

n
0, (1) = ) faD
i=1

By following the steps of the algorithm and choosing
different values of n and m, we will get the results of L.S.E.
that are listed in Table (2).

Table 2. The L.S.E. of Example 2 for different values of n and m

(n,m)
LSE

(4,6)
2.7827618e-04

.8
6.2680573e-05

(6, 10)
8.5878406¢-10

while, taking n=8 and m=10, gives the approximate solution

u, (x) = —0.000000175 + 1.000002546x
+ 0.000000979x2

—0.166705619x3 + 0.000075868x* + 0.008302601x°
—0.000034394x% — 0.000170867x7

Table (3) presents the comparison between the exact and
the numerical solutions with n=8, and m=10.

Table 3. The comparison between the exact and the numerical solutions

Exact solution Approximate Absolute Error

% u(x;) solution u, (x]) [u(x) — un(x;)]

0 1.1100000e-07 1.11e-07

0.1 0 1105(170918 0.1105173029 2.11e-07

0.2 02442805516 0.2442804182 1.33 e-07

0.3 0.4049576422 0.4049576839 4.16e-08

0.4 0.5967298790 0.5967299999 1.21e-07

0.5 0.8243606353 0.8243605244 1.11e-07

0.6 1.0932712802 1.0932710072 2.73e-07

0.7 | 14096268952 1.4096268228 7.25e-08

0.8 ;;?ggi%gg; 1.7804328799 1.37-07

0.9 27182818284 2.2136425812 2.19e-07

1.0 2.7182820090 1.81e-07
L.S.E 2.822575483e — 13

Example 3. Consider the MV-FIE
x2 x rl
u(x) = xe* —7+J- f ru(t)dt; 0<x<1
0 Jo

the exact solution is u(x) = xe”*.

Performing the prescribed steps in the algorithm with
different values of (n, m), we get the results that are listed in
Table (4).

Table 4. L.S.E. of Example (3) with different values of nand m

(4,6)
7.33095339-05

(5, 10)
1.37998995e-05

(7, 10)
3.21957269¢-10

(n,m)

L.S.E

while, taking n=8 and m=10, gives the numerical solution
u, (x) = —0.000000111 + 1.000024516x
+ 0.999613485x2
+0.502317746x% + 0.159879654x* + 0.052130940x°
+0.000000087x° + 0.004315692x”
Table (5) presents the comparison between the exact and
the numerical solutions for n=8, and m=10.

Table 5. The comparison between the exact and the numerical solutions

Exact solution Approximate Absolute Error
% u(g) | solution u,(x) | fucx) ~ w,(x)|
0 0 -0.000000175 1.750e-07
0.1(m) 0.309016994 0.309017127 1.326e-07
0.2(m) 0.587785252 0.587785120 1.318e-07
0.3(m) 0.809016994 0.809016968 2.589¢-08
0.4(m) 0.951056516 0.951056312 2.039e-07
0.5(m) 1.000000000 0.999999670 3.303e-07
LSE 2.169220666e-13

Example 4. Consider the MV-FIE
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x (7
u(x) = f(x) +f0 fo (r —tu(t)dtdr,0 < x <

N

Where f(x) = cos(x) + sin(x) — x% + %x and the
exact solution u(x) = cos(x) + sin(x).

Applying the algorithm of the LPP with n=6 and m=9 we
get a LPP with 6 unknowns and 18 constraints which can be
solved by the Simplex method, and then we get the results
that shown in Table (6).

Table 6. The comparison between the exact and the numerical solutions

Exact soluton Approx. solution Absolute Error

g u(x) U (%)) Jux) = w(x)]
0.0 1 1.000009658 9.658000e-06
0.1(m) 1.260073511 1.260080774 7.263590e-06
0.2(m) 1.396802247 1.396794509 7.737585e-06
0.3(m) 1.396802247 1.396794513 7.733623e-06
0.4(m) 1.260073511 1.260080794 7.283443e-06
0.5(m) 1 1.000009718 9.717654e-06

L.S.E 4.1319717736e-10

6. Conclusions

In this paper, the linear programming method is
introduced to solve the second kind mixed
Volterra—Fredholm integral equations. Several examples are
applied for illustration and good approximate results are
found. Moreover, the results of (LPP) are compared with the
exact solutions to demonstrate the implementation of the
method. Also, it is claimed that better results can be obtained
by increasing both the number of basis functions (n) and the
number of constraints (m>n). The given numerical examples
and the outcomes in Tables (1-6) support these claims.
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