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Abstract  Special form of integration involves method of integrating the product of a dependable variable (x) of a certain 
degree from Negative infinity to positive infinity together with an exponential function of that dependent variable(x) to the 
second degree. Integral function with the power of the dependent variable(x) multiplying that of the exponential function of 
that dependent variable(x) to the second power having an odd powers i.e ranging from x=1,2,3,5…. or an even powers i.e 
ranging from x=0,2,4,6… Have a general formular called the Anekwe’s integral Formular. The Anekwe’s integral Formular 
is a formular discovered to solve the product of the exponential function of the second power of the dependent variable 
together with the dependent variable (x) ranging from Negative infinity to positive infinity in order to solve functions of this 
nature with ease rather than using the gamma function. In this Manuscript the Special form of integration derived, is Applied 
in solving problems in statistical and Thermal Physics in terms of Speed and Energy of a given particle in motion. 
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1. Introduction 
The motive behind this research article is to derive a 

formula that can be able to solve integral fuctions involving 
exponential functions of x to the second power in connection 
to the product of its dependable variable x of a certain degree, 
and to compare its result obtained with results obtained when 
solved using gamma function. Example, like in the case of 
finding the gamma function of half (1/2) which is equal to 
the square-root of pie, also to solve other complex integrals 
of the famous bell shaped curve of probability theory, and 
later applying the same integrals derived in solving problems 
in statistical and thermal physics in terms of the speed and 
energy of a given particle in motion. 

The Gamma function is defined by an improper integral 
function which provides a way of giving a meaning to the 
“factorial” of any positive real number. Another reason for 
interest in the gamma function is its relation to integrals that 
arise in the study of probability. The graph of the function ϕ 
defined by 

ϕ(x) = e −x 2 
is the famous “bell-shaped curve” of probability theory. It 
can be shown that the anti-derivatives of ϕ are not 
expressible in terms of elementary functions. On the other 
hand, 
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( ) ( )x t dt φ
+∞

−∞
Φ = ∫  

is, by the fundamental theorem of calculus, an anti-derivative 
of ϕ, and information about its values is useful. 

2. Methodology 
In this section we shall consider how to of integrate the 

product of a dependable variable (x) of a certain degree from 
Negative infinity to positive infinity together with an 
exponential function of that dependent variable(x) to the 
second degree and apply the results obtained from these 
integrals in solving problems relating to speed and energy of 
a particle in motion in statistical and thermal physics. 
Example 2.1  
CASE 1 

2axe dx
+∞ −
−∞∫  

SOLUTION 
Fig. (a) 
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Let 
2

[z]I axe dx
+∞ −
−∞

= ∫              (1) 

Since from fig. (a) we’ve both the combination of real and 
imaginary axis z x iy= +  is a combination of both real and 
imaginary 

⇒  
2

[z]I aye dy
+∞ −
−∞

= ∫            (2) 

Multiplying eqn (1) by (2) we’ve 
2 2( )

[z]I a x ye dxdy
+∞ +∞ − +
−∞ −∞

= ∫ ∫          (3) 

But  

z r=  ⇒  2 2 2x y r+ =           (4) 

cosx r θ=                 (5) 
And  

cosy r θ=                 (6) 

But cosdy r dθ θ= , where cosx r θ=  

⇒  dy xdθ=                (7) 

Also from 2 2 2x y r+ =  ⇒ 2 2rdr xdx=  

∴ 
rdrdx
x

=                 (8) 

Substituting eqn (4), (5), (6), (7) & (8) into eqn (3) we’ve 
222

[z] 0 0
I ar dre r xd

x
π

θ
∞ −= ∫ ∫           (9) 

Note that the limit was taking from zero to 2π simply 
because in fig. (a) we’ve four quadrant of which from eqn (9) 
No quadrant is specified i.e either sinθ, cosθ, tanθ, why that 
of r ranges from 0 to R(∞)  

⇒  
222

[z] 0 0
I are rdrd

π
θ

∞ −= ∫ ∫         (10) 

From eqn (10) we’ve  
2

0
are rdr

∞ −∫  where we’ve 2p ar=  ⇒ 2dp ar
dr

=
 

∴
2
dpdr
ar

=  

2

0 0
1 1. . 1

2 2
1 1 1

2

ar p dpe rdr e r
ar a e

a

∞ ∞− −
∞

 = = − −  
 = − − ∞ 

∫ ∫
 

[ ]1 10 1
2 2a a

= − − =                         (11) 

Putting eqn (11) back into eqn (10) we’ve 

[ ]

[ ] [ ]

2 2 22
[z] 00 0

1 1 1I
2 2 2

1 12 0 2
2 2

d d
a a a

a a a

π π πθ θ θ

ππ π

 = = = 
 

        = − = =

∫ ∫
 

∴ 2
[z]I

a
π

=  

⇒  [z]I
a
π

=  

2
[z]I axe dx

a
π+∞ −

−∞
= =∫  

Example 2.2  
CASE 2 

2

0
axxe dx

+∞ −∫  

SOLUTION 

 
Given that we’ve  

2

0
axxe dx

+∞ −∫  

put 2u x=  2du xdx=  ⇒  
2
dudx

x
=  

∴ 
2 2

0 0 0
1

2 2
ax ax auduxe dx xe x e du

x
+∞ +∞ ∞− − −= =∫ ∫ ∫  

[ ]
0

1 1 10 1
2 2 2

aue
a a a

∞− 
= = − − = 

−  
 

∴ 
2

0
1

2
axxe dx

a
+∞ − =∫  

 
From the results obtained above we’ve the general 

formula for the set of all odd integer powers of x as  
 

2

10
2

1 1 1!
2 2

n ax
n

nx e dx

a

∞ −
+ 

 
 

 − =     
∫  
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i.e for n=1,3,5,7…… all set odd numbers 
Also from the results obtained above we’ve the General 

formular for the set of all even integer powers of x as 

( )

2
1
2

1 1 0

1
2

2
1 1 0

2

1 ! sin 2
2

1 cos 21 !
2

2

Nn ax n
n n

n
N

n n n

nx e dx d
a

n d
a

θ θ

θ
θ

+∞ −
+ +−∞

+ +

  =   
  

 
−  =      

∫ ∫

∫

 

( )

1
2

213 2 0
2

1 ! 1 cos 2

2

nN
nn
n d

a
θ θ

++ 
 
 

  
  

= −  
  
   

∫
 

 

( )
2

1
2

213 2 0
2

1 ! 1 cos 2

2

nNn ax
nn
nx e dx d

a
θ θ

+∞ −
++−∞  

 
 

  
  

⇒ = −  
  
   

∫ ∫  

 
 0 2 ,    0 

.   ,2,4,6,8.... 
2

for n N where for n

i e for n N

π
π

= = >

= =
 

From the General formular for the set of all even integer 
powers of x we’ve 

(2 2) 1 22 2
k

ax n n axx e dx a x e dx
+∞ +∞− + + −
−∞ −∞

=∫ ∫ (x) 

Where 1k n= −  
Equation (x) is the Anekwe’s integral formula for solving 

integration of exponential functions to the first degree. 
The three general formula stated above are known as the 

Anekwe’s integral Formular. 
Using the Anekwe’s integral formula generated above 

we’ve 

1. 
2 20 ax axx e dx e dx

a
π+∞ +∞− −

−∞ −∞
= =∫ ∫  

2. 
2

0
1

2
axxe dx

a
∞ − =∫  

3. 
22 1

4
axx e dx

a
π+∞ −

−∞
=∫  

4. 
23

20
1

2
axx e dx

a
∞ − =∫  

5. 
24

5
3
8

axx e dx
a
π+∞ −

−∞
=∫  

6. 
25

30
1axx e dx
a

∞ − =∫  

7. 
26

7
15
16

axx e dx
a
π+∞ −

−∞
=∫  

Application To Statistical And Thermal Physics 
Application of the Special form of integration in Statistical 

and Thermal Physics which we shall look on, has to do with 
the Application of the Results obtained from Special Form of 
integration in deriving the equations of the Speed and Energy 
of a particle in motion in terms of Statistical and Thermal 
Physics. 

The Special Form of integration Seen above has a 
Significant Application in determining, The most probable 
velocity of the particle at a temperature T, Root-mean-square 
speed of the particle, The Most Probable Kinetic energy of a 
gas molecule at a temperature T, The mean Kinetic energy of 
a gas molecule at a temperature T, and The root-mean Square 
Kinetic energy of a gas molecule at a temperature T, in 
Statistical and Thermal physics which we Shall discuss in 
this section through worked examples. 
Example 2.3 

Using the equation of the number of particles obtained 
from the Maxwell’s velocity distribution Curve, Show that 
the most probable velocity of a gas molecule is 

p
2v kT
m

=  

Where ( )n v  has a maximum and represents the number 
of particles having momentum from p to p+dp. 
Solution 

Given that we’ve  
22
2

3
22 2 2
3

4 4( ) .
2

p

vmv
vkT

p

N m N vn v v e e
V kT v
π

π π

−− = = 
 

 (1) 

  
2p
mwhere v
kT

=                 (2) 

( ) where ( ) has a maximum at 0dn vn v
dv

=       (3) 

Differentiating both sides of equation (3) w.r.t v and 
setting its derivative to be equal to zero we’ve 

23
2 2 2( ) 4 0

2

mv
kTdn v d N m v e

dv dv V kT
π

π

−
 

  = =     

     (4) 

23
2 2 2( ) 4 0

2

mv
kTdn v N m d v e

dv V kT dv
π

π

−
 

   ⇒ = =       
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Using product rule of differentiation we’ve 

2 23
2 22 2

( )

4 22 0
2 2

mv mv
kT kT

dn v
dv

N m mvve v e
V kT kT
π

π

− −

⇒ =

 
    + − =         

 

2 23
2 22 24 22 0

2 2

mv mv
kT kTN m mvve v e

V kT kT
π

π

− −
 

    ∴ + − =         

 

On factorization we’ve 
23

22 24 2 0
2

mv
kTN m mvve

V kT kT
π

π

−    − =  
    

     (5) 

2
2 0mv

kT
 

⇒ − = 
  

              (6) 

Making V the subject of formula we’ve the most probable 
velocity to be given by 

p
2v kT
m

=  

Example 2.4 
Given that the number of particles having momentum p to 

p dp +  in terms of most probable velocity is given by 
2

22

3
4 . p

v
v

v
p

N vn e
vπ

−

=  show that the root-mean square 

speed 
3

rms
kTV
m

=  

SOLUTION 
The expression for the root mean square velocity is  

2 2 2
1 2 31 2 3 ....

rms
N v N v N vV

N
+ + +

=
 

1
221

r vv n dv
N

 =  
 ∫                  (1) 

Given that  
2

22

3
4 . p

v
v

v
p

N vn e
vπ

−

=              (2) 

⇒  substituting eqn(1) into eqn (2) we’ve 

2

2

2

2

1
2

4
3

1
1 2
2 4

3

4 1.

4 1. .

p

p

v
v

rms
p

v
v

p

V v e dv
v

v e dv
v

π

π

−

−

 
 

=  
 
 

 
   

=        
 

∫

∫

 

( )

2

2

1
2

4
1 3
2 2

2 1. p

v
v

p

v e dv

vπ

−
 
 

=  
 
 

∫              (3) 

From case (5) we’ve 

24
5 5

3 9
8 64

axx e dx
a a
π π+∞ −

−∞
= =∫  

2

2 24 4
5

2

3    
8

1 

p

v
v ax

p

v e dv x e dx
a

where a
v

π−
+∞ −
−∞

⇒ = =

=

∫ ∫
 

On substitution into eqn (3) we’ve 

( )
1 3 5
2 2

2 1 9. .
64

rms

p

V
a

v

π

π

 
=   

 
        (4) 

Where 
5
2

2 5
4

1 1   p
p

a v
v

a

= ⇒ =  

( )
( )

1
2

1 3 3 5
2 2 2 4

32 1. .

2
rms

p

V

v a

π

π

×
⇒ = ×

×

 

3
2 pv= ×                              (5) 

Given that the most probable velocity pv  

is given by  

2
p

kTV
m

=                   (6) 
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Substituting eqn(6)into eqn(5) we’ve 

3 3 2
2 2rms p

kTV v
m

⇒ = × = ×  

3kT
m

=                             (7) 

Example 2.5 
Use the Maxwell’s Energy distribution function given by 

( )

( )

1
2

3
2

2 /
( )

E
kTN V

n E dE E e dE
kT

π

π

−
=  

to obtain 
a. The Most Probable Kinetic energy of a gas molecule at 

a temperature T 
b. The mean Kinetic energy of a gas molecule at a 

temperature at T, and  
c. The root-mean-Square Kinetic energy of a gas molecule 

at a temperature at T. 
Solution 
a). Given that  

( )

( )

EK1
22

E E E E3
2

2 /
(K ) K K dKkTN V

n d v e
kT

π

π

−
=    (1) 

Where KE represents the kinetic energy of the given gas 
molecule (E= KE). 

The most probable value of the kinetic energy occurs 

when EK1
2

EK kTe
−  has a minimum i.e (d/d KE)=0. Using 

product rule of differentiation we’ve 

E

E E

K1
2

E K K1 1
2 2

E E

K
1 1K K
2

kT

kT kT

d e

e e
dK kT

−

− −−

 
 
 
 ⇒ = −

 

E
1

K 1 2
E2

E
K1= K 0

2
kTe

kT
− −

 
 

− = 
  
 

               (2) 

1
1 2

E2
E

K1 K
2 kT

−
∴ =                          (3) 

Making KE the subject of formula we’ve 

E
1K
2

kT∴ =                  (4) 

b) Given that  

( )

( )

EK1
2

E E E E3
2

2 /
(K ) K K dKkTN V

n d e
kT

π

π

−
=       (5) 

Where KE represents the kinetic energy of the given gas 
molecule (E= KE)  

The mean Kinetic energy of a gas molecule at a 
temperature T is given by  

( )E(mean) E E E
1K K (K ) K
/

n d
N V

= ∫        (6) 

( )
( )

( )

EK3
2

E E3
2

2 /1 K dK
/

kTN V
e

N V
kT

π

π

−
= ∫      (7) 

( )

EK3
2

E(mean) E E3
2

2K K dKkTe
kT

π

π

−
= ∫       (8) 

From Equation (x) above using Anekwe’s integral 
formula for solving integration of exponential functions to 
the first degree we’ve. 

E 2
K3

10 42
E EK dK 2 axkTe a x e dx

− +∞ −
−∞

=∫ ∫  

( ) ( )
5

10 25
3 32
8 4

a kT
a
π π

 
= =  

 
         (9) 

Where a=kT 
Substituting equation (9) back into equation (8) we’ve 

E(mean)
3K
2

kT=               (10) 

c) Given that  

( )

( )

EK1
2

E E E E3
2

2 /
(K ) K K dKkTN V

n d e
kT

π

π

−
=  

Where KE represents the kinetic energy of the given gas 
molecule (E= KE)  

The root-mean-Square Kinetic energy of a gas molecule at 
a temperature at T is given by  

( )
2

E(rms) E E E
1K K (K ) K
/

n d
N V

= ∫        (11) 

( )
( )

( )

EK5
2

E E5
2

2 /1 K dK
/

kTN V
e

N V
kT

π

π

−
= ∫      (12) 

( )

EK5
2

E(rms) E E5
2

2K K dKkTe
kT

π

π

−
= ∫        (13) 
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From Equation (x) above using Anekwe’s integral 
formula for solving integration of exponential functions to 
the first degree. 

E 2
K5

14 42
E EK dK 2 axkTe a x e dx

− +∞ −
−∞

=∫ ∫  

( ) ( )
7

14 27
15 152
16 8

a kT
a
π π

 
= =  

 
      (14) 

Where a=kT 
Substituting equation (14) back into equation (13) we’ve 

E(rms)
15K ( )
4

kT=             (15) 

Example 2.6 
Consider the motion of a particle in a given gas molecules 

of mass 2.0kg at a temperature of 100k 
Determine 
a. The most probable velocity of the particle 
b. Root-mean-square speed of the particle 
c. Most probable Kinetic Energy of the particle 
d. Mean Kinetic Energy of the particle and 
e. Root-mean-square Kinetic Energy of the particle. 
[Take k(boltzman constant)=1.38x10-23JK-1 ] 

Solution 

23
11

p
2 2 1.38 10 100a)�  V 3.7 10 /

2
kT m s
m

−
−× × ×

= = = ×  

23
113 3 1.38 10 100)�  V 4.55 10 /

2rms
kTb m s
m

−
−× × ×

= = = ×  

23 221 1)�   1.38 10 100 6.9 10
2 2Ec K kT J− −= = × × × = ×  

23 22
( )

3 3)�   1.38 10 100 2.07 10
2 2meand K kT J− −= = × × × = ×  

23 21
( )

15 15)�   1.38 10 100 2.67 10
4 4rmse K kT J− −= = × × × = ×  

Example 2.7 
Consider a particle in an infinite potential well of mass 

m=3k (boltzman constant) at a temperature of 110K 
Determine 
a). The Root-mean-square speed of the particle and  
b). The root-mean-square Kinetic energy of the particle in 

an infinite well. 

Solution 

3 3 110)�  V 10.49 /
3rms

kT ka m s
m k

× ×
= = =  

23 21
( )

15 15)�   1.38 10 110 2.67 10
4 4E rmsb K kT J− −= = × × × = ×  

3. Conclusions 
From the calculations done above it can be seen that the 

Anekwe’s integral formular is an easy and fast way of 
solving integral involving the product of the dependent 
variable raging from zero to infinity i.e x=0,1,2,3…together 
with an exponential fuction of the second degree of that 
dependent variable and when compared the answers to that 
of gamma fuction it would be seen that both method gives 
the same answer of which Anekwe’s integral formular is 
faster and reliable for higher powers of the dependent 
variable pre-multiplying that of the exponential function. 
Lastly, from the calculation done above we’ve seen that the 
results obtained using the Anekwe’s integral formula has an 
Application in determining the speed and Energy of a giving 
particle in motion in terms of Statistical and Thermal 
Physics. 
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