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Abstract Special form of integration involves method of integrating the product of a dependable variable (x) of a certain
degree from Negative infinity to positive infinity together with an exponential function of that dependent variable(x) to the
second degree. Integral function with the power of the dependent variable(x) multiplying that of the exponential function of
that dependent variable(x) to the second power having an odd powers i.e ranging from x=1,2,3,5.... or an even powers i.c
ranging from x=0,2,4,6... Have a general formular called the Anekwe’s integral Formular. The Anekwe’s integral Formular
is a formular discovered to solve the product of the exponential function of the second power of the dependent variable
together with the dependent variable (x) ranging from Negative infinity to positive infinity in order to solve functions of this
nature with ease rather than using the gamma function. In this Manuscript the Special form of integration derived, is Applied
in solving problems in statistical and Thermal Physics in terms of Speed and Energy of a given particle in motion.
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o(x)=]""p(t)dt

is, by the fundamental theorem of calculus, an anti-derivative
of ¢, and information about its values is useful.

1. Introduction

The motive behind this research article is to derive a
formula that can be able to solve integral fuctions involving
exponential functions of x to the second power in connection
to the product of its dependable variable x of a certain degree,

and to compare its result obtained with results obtained when
solved using gamma function. Example, like in the case of
finding the gamma function of half (1/2) which is equal to
the square-root of pie, also to solve other complex integrals
of the famous bell shaped curve of probability theory, and
later applying the same integrals derived in solving problems
in statistical and thermal physics in terms of the speed and
energy of a given particle in motion.

The Gamma function is defined by an improper integral
function which provides a way of giving a meaning to the
“factorial” of any positive real number. Another reason for
interest in the gamma function is its relation to integrals that
arise in the study of probability. The graph of the function ¢
defined by

bx)=e
is the famous “bell-shaped curve” of probability theory. It
can be shown that the anti-derivatives of ¢ are not

expressible in terms of elementary functions. On the other
hand,
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2. Methodology

In this section we shall consider how to of integrate the
product of a dependable variable (x) of a certain degree from
Negative infinity to positive infinity together with an
exponential function of that dependent variable(x) to the
second degree and apply the results obtained from these
integrals in solving problems relating to speed and energy of
a particle in motion in statistical and thermal physics.

Example 2.1
CASE 1
4o _, 2
j e ™ dx
—00
SOLUTION
Fig. (a)
+R
R +R
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Let 2 —JZE(LjdH_L 2”d6—i[9]2”
L= J‘+°° e—ax2 de ) (217 Jo \ 24 2a 70 2q 0
) LIPS I
Since from fig. (a) we’ve both the combination of real and - Z e ] - Z[ T ] - ;
imaginary axis z =x+1iy isacombination of both real and
. . . 2 . 72'
imaginary Py ==
+ 2
= I, =| P gy 2)
— .
o = lin= \ﬁ
Multiplying eqn (1) by (2) we’ve a
_ +00 ¢+00 —a(x2+y2)
= I—oo I_Oo e dxdy 3) o 2 pn
I[Z] ZJ e dx =,
But —0 a
2 2 2
|Z| =r = X"ty =r (4)  Example 2.2
x=rcosé %) CASE2
And J' +oo X eﬂzx2 dx
y=rcosd (6) 0
SOLUTION
But dy=rcosfdf, where x=rcosd
i o
= dy=xd0 @) ;
2., 2 2
Also from x“ +y“ =r" = 2rdr =2xdx
d
L oae="2 ®)
X 2]
Substituting eqn (4), (5), (6), (7) & (8) into eqn (3) we’ve 0 =
5 2 e > dr Given that we’ve
1“0, = e r—xdo 9
[z] .[0 IO X ®) J'+°°xe7ax2 dx
Note that the limit was taking from zero to 2w simply 0
because in fig. (a) we’ve four quadrant of which from eqn (9) 2 _ _ ﬂ
No quadrant is specified i.e either sin@, cosf, tanf, why that put ¥=x" du=2xdx = dx= 2x
of r ranges from 0 to R(o0) , ) 4 |
+00 +o0 ©
2 27 poo —ar2 " j xe_ax dx 2.[ xe_ax X—MZ—I e_a”du
= Iy :I J e " rdrd@ (10) 0 0 2x 270
0 Jo
From eqgn (10) we’ve 1| e " 1 1
o ) dp = =—5,10-1=5,
jo e " rdr wherewe’ve p=ar® = e 2ar —a a a
r
d
d :_p
2ar J‘ to xe_axz dx = s
0 2a
_ _ d, 1|1
Iwe ar rdr—J‘ L R |
0 2ar 2a| * )
rom the results obtained above we’ve the genera
F th Its obtained ab ve th 1
_ _L[i _ 1} formula for the set of all odd integer powers of x as
2a| ©
—ax2 1 -1 1
2a 2a 0 2 2 [Lﬂj
2
Putting eqn (11) back into eqn (10) we’ve a
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i.e forn=1,3,5,7...... all set odd numbers
Also from the results obtained above we’ve the General
formular for the set of all even integer powers of x as

2 | N 2
J.er x"e ™ dx= L sin” 260460
—0 2n+1 an+1 0

1
i n 2
1 n! ¢N(1-cos26)2
= do
2n+1 an+1 0 n
L 22
_ 1
2
1 n! ¢N n
- W FJ.O (1—00529)2 dé
2 2

1

2

n
:>I+wx”e_ax2dx: ! :—ilj.(jv(l—coﬁﬁ)g deo
a

—o0 [3n+2)
o\ 2

for n=0N =2x, where for n>0

iefor n=,2,4,68.... N:%

From the General formular for the set of all even integer
powers of x we’ve

k
J“Hx)xze—axdx — 2 ;a(2n+2) J-j'oo xn+le—ax2dx (X)

—00

Where k=n-1

Equation (x) is the Anekwe’s integral formula for solving
integration of exponential functions to the first degree.

The three general formula stated above are known as the
Anckwe’s integral Formular.

Using the Anekwe’s integral formula generated above
we’ve

+00 ) +o0 _ .2 T
1. xoeaxdxzj eaxdxz,/—
—00 —00 a

_ 2 1

2. J.Ooxe Ay =—

0 2a
2

3. rooxze_ax abc:l z
—® 4\ a
3 —ax 1

4 x’e dx =——
J‘+°Ox4e—ax d 3|z
—© 8 (,15

Application of the Special form of Integration to Statistical and Thermal Physics

g2 1
6. wase Wody =—
0 a

0 2 15
7. r x0e % gy = il

—0 16 a7

Application To Statistical And Thermal Physics

Application of the Special form of integration in Statistical
and Thermal Physics which we shall look on, has to do with
the Application of the Results obtained from Special Form of
integration in deriving the equations of the Speed and Energy
of a particle in motion in terms of Statistical and Thermal
Physics.

The Special Form of integration Seen above has a
Significant Application in determining, The most probable
velocity of the particle at a temperature T, Root-mean-square
speed of the particle, The Most Probable Kinetic energy of a
gas molecule at a temperature T, The mean Kinetic energy of
a gas molecule at a temperature T, and The root-mean Square
Kinetic energy of a gas molecule at a temperature T, in
Statistical and Thermal physics which we Shall discuss in
this section through worked examples.

Example 2.3

Using the equation of the number of particles obtained
from the Maxwell’s velocity distribution Curve, Show that
the most probable velocity of a gas molecule is

o AT
P m

Where 7(v) has a maximum and represents the number
of particles having momentum from p to p+dp.
Solution

Given that we’ve

é mv2 2 _i
- 2
n(v)zﬂ(Lj%ze wr AN Vg
v \2zkT vy
where v = (2)
P2kt
. d
where n(v) has a maximum at an(v) =0 3)

dv

Differentiating both sides of equation (3) w.rt v and
setting its derivative to be equal to zero we’ve

E mvz
an(v) _d M_N(sz W2 26T |—0

4)
dv av| V \2zkT
é sz
jdn(v):47rN m \2d Ve 24T |—0
dv V \2zkT ) dv



Applied Mathematics 2017, 7(2): 32-37

Using product rule of differentiation we’ve

_, dn@) _

dv
AN 2 m? ) ]
”_( n jz dve 2KT +V2(_ﬂje 2UT =
V. \2zkT 2kT

é _ﬂ _mv

LARN(m V2 ok 2 Z2MY ) T |2

V. \2xkT 2kT

On factorization we’ve

4z N 2wty 2
”_(sz ve 2T | _ IV }:0 5)

V. \2zkT

.
my

- =

l: ra 0 (6)

Making V the subject of formula we’ve the most probable
velocity to be given by

2kT
m

Example 2.4

Given that the number of particles having momentum p to
p+dp in terms of most probable velocity is given by

2
AN V2 ’

v
n,=————5e 7’

’ \/;Vp3

show that the root-mean square

3kT
speed Vo =.]—
m
SOLUTION
The expression for the root mean square velocity is
N1v12+N2vzz+N3v32 +....
Vrms = N
1
1 2 2
= FJ.V rn,dv €))
Given that
,
2
n 4N v e Vp (2)

= substituting eqn(1) into eqn (2) we’ve

<
¥}
N | —

._.
()
N | —

<
o
N |

From case (5) we’ve
00 2
I+ xte ™ dx _3 ’15 = /—972-5
- 8\ a 64a

+00 2 3 Iz
:>J. v” dv= J' e ™ =2 | L
—o0 a5

1
where a = —
Vp

On substitution into eqn (3) we’ve

(\/;)5 Vip
Where
1 & 1
a:? — sz :—2
a?
1
ot 1 B

3
= EXVP

Given that the most probable velocity v »

is given by

2kT
m

V,=

35

3

4)

(&)

(6)
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Substituting eqn(6)into eqn(5) we’ve

\F \F [2kT
DV s 4| =XV =4[ = X [—
2 P \2 m
/3kT
= (7
m

Example 2.5
Use the Maxwell’s Energy distribution function given by
|
2r(N/V) =
n(E)dE —ME2 kT gE
(7kT )

to obtain

a. The Most Probable Kinetic energy of a gas molecule at
a temperature T

b. The mean Kinetic energy of a gas molecule at a
temperature at T, and

c. The root-mean-Square Kinetic energy of a gas molecule
at a temperature at T.
Solution

a). Given that
1 Kg

MK 2V e kT dK (1)

(7rkT )
Where Kg represents the kinetic energy of the given gas
molecule (E= Kg).

The most probable value of the kinetic energy occurs
1 Kg

when KEZ “%r has a minimum i.e (d/d Kg)=0. Using
product rule of differentiation we’ve
1 _Kg
d KEze kT
L _Kg 1 _Kg
- _lKE 2 KT _—_Ky2e KT
dK
K 1 1
E
— 1 -5 Kg?
= kT 2 E —
=e —K -——|=0 2
2 F uT @
1
1, Kg?
Ak Ket 3
2% T ®
Making Kg the subject of formula we’ve
1

b) Given that

Application of the Special form of Integration to Statistical and Thermal Physics

1 Kg

MKEZe kT dKE (5)

n(Kg)dKg =
(ﬂ'kT )
Where Kg represents the kinetic energy of the given gas
molecule (E=Kg)

The mean Kinetic energy of a gas molecule at a
temperature T is given by

KE(mean) (N/V IKEn(KE)dKE (6)
3 K
1 2m(NIV) Sk
_(N/V)j T KgZe M dKg 7
(ﬁkT)z
5 3 Kg
T
KE(mean) == 3 IK Ze kT dKg (®)
(7kT)2

From Equation (x) above using Anckwe’s integral
formula for solving integration of exponential functions to
the first degree we’ve.

3 _Kg
[Ki2e #dKg = 2al® [ e dx

S BN e I

Where a=kT
Substituting equation (9) back into equation (8) we’ve

3

KE(mean) = EkT (10)

¢) Given that

27r(N/V) 1

n(KE)dKE— K 2e deK

(kT )
Where Kg represents the kinetic energy of the given gas
molecule (E=Kg)

The root-mean-Square Kinetic energy of a gas molecule at
a temperature at T is given by

KE(ms) = (N/V IKzEn(KE)dKE (11
5 K
1 (2z(N/V), 2 —E
=(N/V)j ( 5 )KEZe kT dK (12)
(7kT)2
) 5 K
Kgms) =——— [ Kg2e 47 dKg (13)

(ﬂ'kT)
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From Equation (x) above using Anekwe’s integral
formula for solving integration of exponential functions to
the first degree.

5

2
IK 2e deK e ™ dx

—sz

(2\/*)(15\/7J 15J—(kT)

Where a=kT
Substituting equation (14) back into equation (13) we’ve

15
K E(ms) = \/;(kT )

Consider the motion of a particle in a given gas molecules
of mass 2.0kg at a temperature of 100k
Determine

(14)

(15)

Example 2.6

a. The most probable velocity of the particle

b. Root-mean-square speed of the particle

c. Most probable Kinetic Energy of the particle

d. Mean Kinetic Energy of the particle and

e. Root-mean-square Kinetic Energy of the particle.

[Take k(boltzman constant)=1.38x10JK™" ]
Solution

-23
DV, = 2kT=\/2><1.38><120 X100 3o 1ol
m
-23
b)[vpms: %_T:\/SX138X120 X100=4.55><10_”m/s
m

O Kp=~kT =1 x1.38x102 x100= 6.9x 10722
F72"

&) K meany = 3k :§x138x10*23x100 2.07x10722J
&) K (ms) = \/7kT \/7 1.38x10723 x100=2.67x1072LJ
Example 2.7

Consider a particle in an infinite potential well of mass
m=3k (boltzman constant) at a temperature of 110K
Determine

a). The Root-mean-square speed of the particle and
b). The root-mean-square Kinetic energy of the particle in
an infinite well.

Solution

a) N, = MT _ 3><k><11():10.49m/s
rms m 3k

D) K () = Ekr :\/gxl.38x10_23 x110=2.67x10721J

3. Conclusions

From the calculations done above it can be seen that the
Anekwe’s integral formular is an easy and fast way of
solving integral involving the product of the dependent
variable raging from zero to infinity i.e x=0,1,2,3...together
with an exponential fuction of the second degree of that
dependent variable and when compared the answers to that
of gamma fuction it would be seen that both method gives
the same answer of which Anekwe’s integral formular is
faster and reliable for higher powers of the dependent
variable pre-multiplying that of the exponential function.
Lastly, from the calculation done above we’ve seen that the
results obtained using the Anekwe’s integral formula has an
Application in determining the speed and Energy of a giving
particle in motion in terms of Statistical and Thermal
Physics.

ACKNOWLEDGEMENTS

Our sincere acknowledge goes to the presence of the
Almighty God, the source of wisdom and inspiration for
giving us the wisdom to complete this research article and to
use this medium to Acknowledge all our reviewers and to say
a big thank you for all of your contributions to the success of
this research work.

REFERENCES

[1] R. Courant, Differential and Integral Calculus (2 volumes),
English translation by E. J. McShane, Interscience Publishers,
New York, 1961.

[2] E. T. Whittaker & G. N. Watson, A Course of Modern
Analysis, 4th edition, Cambridge University Press, 1969.

[3] David Widder, Advanced Calculus, 2nd edition, Prentice Hall,
1961.

[4] Ahmed H. Hussein, Statistical Physics, Home WorkSolutions.
chp 9, Modern Physics II Winter 2004.



	1. Introduction
	2. Methodology
	3. Conclusions
	ACKNOWLEDGEMENTS

