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Abstract  In this paper we presented a class of optimization problems known as extreme point multi-objective linear 
programming problem. We propose a new technique (Harmonic Mean) to transform an extreme point multi-objective linear 
programming problem (EPMOLPP) to an extreme point single objective linear programming problem (EPSOLPP). We 
provide an algorithm for our methodology, to solve such a class of problems. Two numerical examples are given to elucidate 
our proposed algorithm. 
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1. Introduction 
An extreme point mathematical programming is a class of 

optimization problems in which the objective function has to 
be optimized over a convex region with the additional 
requirement that the optimal value should exist on an 
extreme point of another convex region. Plenty of works 
have been done in extreme point linear programming 
problem [2, 5]. Below indicate some researchers work in this 
field which were investigated by Swarup, et al. in (1972) and 
Kanti Swarup; Gupta in (1973, 1978). Sulaiman [9] 
developed the computational aspects of single-objective 
indefinite quadratic programming problem with extreme 
point, in which the product of two linear functions is 
optimized subject to constraints of linear inequalities with 
the additional restriction that the optimum solution should be 
an extreme point of another convex polyhedron formed by 
another set of linear constraints. Hamad-Amin [4] used 
average technique to solve an extreme point complementary 
multi-objective linear programming problem (EPCMOLPP). 
Salih [8] proposed extreme point linear fractional 
programming problem. Abdulrahim [1] studied on extreme 
point quadratic fractional programming problem. Sulaiman 
et al [10] presented optimal geometric average technique to 
solve an extreme point multi- objective quadratic 
programming problems by using cutting plane method. 
Nawkhass [7] investigated  cutting  plane  technique and  
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algorithm to solve an extreme point quadratic fractional 
programming problem for the special case. This paper 
presents definition of an EPMOLPP and suggested a new 
technique (HM approach) to transform an extreme point 
MOLPP to extreme point SOLPP and investigated.  

And with the alternative technique, to find the optimal 
solution and used Chandra Sen's approach to generate the 
best compromising optimal solution. 

2. Extreme Point Linear Programming 
Problem 

Extreme point linear programming problem can be 
formulated by Kirby, Love and Swarup [6] as follows: 

𝑀𝑀𝑀𝑀𝑀𝑀(𝑀𝑀𝑀𝑀𝑀𝑀).𝑍𝑍 = 𝐶𝐶𝐶𝐶 
Subject to: 

𝐴𝐴.𝑋𝑋 ≤ 𝑏𝑏 
where 𝑋𝑋 is an extreme point of:          (2.1) 

𝐷𝐷.𝑋𝑋 ≤ 𝑑𝑑 
𝑋𝑋 ≥ 0 

where C is n-dimensional vector of constants; 𝑋𝑋  is 
n-dimensional vector of variables. A is 𝑚𝑚 × 𝑛𝑛  matrix of 
constants; b is m-dimensional vectors of constants. D is 
𝑝𝑝 × 𝑛𝑛 matrix of constants and d is 𝑝𝑝 × 1 vector of constants. 

3. Alternative Approach to Solve (EPLP) 
Problems 

Alternative approach to solve extreme point linear 
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programming is based on simplex method, the procedure of 
this approach developed in [5].  

3.1. Notations 

First we consider the following problem instead of the 
problem (2.1). 

𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍 = 𝐶𝐶𝐶𝐶 
Subject to:                   (3.1.1) 
𝐷𝐷.𝑋𝑋 ≤ 𝑑𝑑 
𝑋𝑋 ≥ 0 

Let  
D1= set of all decision variables. 
Xi=set of all extreme points of the feasible region 

corresponding to all basic feasible solutions of (3.1.1) with 
initial entering variable xi into the basis till the end of all 
iterations including initial basic feasible solution. 
𝐸𝐸=⋃ 𝑋𝑋𝑖𝑖𝑛𝑛

𝑖𝑖=1 =  set of all extreme points of the feasible 
region of (3.1.1). 

S0= {𝑋𝑋 ∈ 𝐸𝐸|𝑋𝑋 is not feasible for the original problem} 
𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍 = 𝐶𝐶𝐶𝐶 
s.t:                             (3.1.2) 
𝐴𝐴.𝑋𝑋 ≤ 𝑏𝑏 
𝑋𝑋 ≥ 0  
S1=E\S0 
Zmax=𝑀𝑀𝑀𝑀𝑀𝑀{𝐶𝐶𝐶𝐶:𝑋𝑋 ∈ 𝑆𝑆1} 

3.2. Algorithm 

This algorithm can be summarized in the following steps: 
Step 1: 

Solve the problem (3.1.1) by using simplex method with 
entering variable xi, i=1…n and then obtain Xi. 

Set D2={𝑥𝑥𝑖𝑖|𝑥𝑥𝑖𝑖  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡𝑡𝑡 𝑋𝑋𝑖𝑖}. Set D0=D1\D2. 

Step 2: 
If D0≠Ø, go to step1. Otherwise go to step3. 

Step 3: 
Set E=⋃ 𝑋𝑋𝑖𝑖𝑛𝑛

𝑖𝑖=1  
Step 4: 

Check whether each 𝑋𝑋 ∈ 𝐸𝐸  is feasible or not for the 
problem (3.1.2) to obtain S0. 
Step 5: 

Set S1=E\S0. 
Step 6: 

Calculate the value of Z at each extreme point 𝑋𝑋 ∈ 𝑆𝑆1 and 
determine the optimal value of the objective function among 
these values of Z. 
Step 7: 

Say, Z is optimal at X0 and the optimal value is Zmax. 

4. Mathematical Form of an 
(EPMOLPP) 

Extreme point multi-objective linear programming 
problem can be defined as follows: 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧1 = 𝑐𝑐1
𝑡𝑡𝑥𝑥 + 𝛼𝛼1 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧2 = 𝑐𝑐2
𝑡𝑡𝑥𝑥 + 𝛼𝛼2 

.              .             . 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑟𝑟 = 𝑐𝑐𝑟𝑟𝑡𝑡𝑥𝑥 + 𝛼𝛼𝑟𝑟                     (4.1) 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑟𝑟+1 = 𝑐𝑐𝑟𝑟+1

𝑡𝑡 𝑥𝑥 + 𝛼𝛼𝑟𝑟+1 
.              .              . 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑠𝑠 = 𝑐𝑐𝑠𝑠𝑡𝑡𝑥𝑥 + 𝛼𝛼𝑠𝑠 

Subject to: 

𝐴𝐴.𝑋𝑋 �
≥
=
≤
�𝑏𝑏                   (4.2) 

where 𝑋𝑋 is an extreme point of ? 
𝐷𝐷.𝑋𝑋 = ℎ                   (4.3) 
𝑋𝑋 ≥ 0 

where r is the number of objective functions to be maximized, 
s is the number of objective functions to be maximized and 
minimized, (s-r) is the number of objective functions to be 
minimized, X is an n-dimensional vector of decision 
variables, C is n-dimensional vector of constants and 
𝛼𝛼𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑠𝑠 are scalar constants. Other symbols have been 
the same meaning section (2). 

5. Chandra Sen's Technique to Solve 
EPMOLPP 

The combined objective functions of Chandra Sen's 
techniques are shown in equation (5.1) 

 𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍 = ∑ 𝑍𝑍𝑘𝑘
|∅𝑘𝑘 |

𝑟𝑟
𝑘𝑘=1 −  ∑ 𝑍𝑍𝑘𝑘

|∅𝑘𝑘 |
𝑠𝑠
𝑘𝑘=𝑟𝑟+1          (5.1) 

and solved it by alternative method with the same constraints 
(4.2) and (4.3). 

Suppose we obtain a single value corresponding to each of 
the objective functions of the MOLPP of equation (4.1) they 
are being optimized individually subject to the constraints 
(4.2) and (4.3) as in equation 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧1 = ∅1         
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧2 = ∅2 
. 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑟𝑟 = ∅𝑟𝑟                      (5.2) 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑟𝑟+1 = ∅𝑟𝑟+1 
. 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑠𝑠 = ∅𝑠𝑠 

where ∅𝑖𝑖 ; (𝑖𝑖 = 1,2, … , 𝑠𝑠)  are the values of objective 
functions. After that by alternative approach solve this 
problem we obtain an extreme point for optimal solution. 
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5.1. Algorithm of Chandra Sen's Technique 

An algorithm for obtaining the optimal solution for the 
MOLPP definition equation (4.1) can be summarized as 
follows: 
Step 1: 

Determined values to each of the individual objective 
functions which to be maximized and minimized. 
Step 2: 

Solve the first objective problem by alternative approach 
with constraints (4.3). 
Step 3: 

Check the feasibility of the solution in step 2, if it is 
feasible then go to step 4, otherwise, use dual simplex 
method to remove infeasibility. 
Step 4: 

Marking a name to the optimum value of the first objective 
function to 𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍1 called  ∅1. 
Step 5: 

Repeat the step 2, i=1,…,r for the kth objective function, 
for all i=i+1,…,s 
Step 6: 

Determine Chandra Sen's technique. 
Step 7: 

Optimize the combined objective function (5.1), under the 
same constraints (4.3), by repeating Steps 2-4. 

6. Theorem 
Let 𝑆𝑆1  = {𝑥𝑥: 𝐴𝐴𝐴𝐴 = 𝑏𝑏 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑜𝑜𝑜𝑜 

𝐷𝐷𝐷𝐷 = ℎ, 𝑥𝑥 ≥ 0 } and 𝑆𝑆2 = {𝑥𝑥: 𝑥𝑥 𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝐹𝐹𝐹𝐹 
= 𝑓𝑓, 𝑥𝑥 ≥ 0} then 𝑆𝑆1 ⊆   𝑆𝑆2. 

Proof: see [3] 

7. Harmonic Mean Technique to Solve 
(EPMOLPP) 

In class EPMOLPP have various techniques for optimal 
solve. We can here transforming this problem of multi to 
single by HM technique first time find optimal solution by 
alternative approach for each objective function in the 
problem, next time by our technique (HM) transforming to 
single then by the same alternative approach. We given 
optimal solution this time, we can comparison with Chandra 
Sen approach. 

The combined objective functions of Harmonic Mean 
technique as shown in equation 

𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍 = ∑ 𝑀𝑀𝑀𝑀𝑀𝑀 .𝑧𝑧𝑘𝑘
𝐻𝐻𝐻𝐻1

𝑟𝑟
𝑘𝑘=1 − ∑ 𝑀𝑀𝑀𝑀𝑀𝑀 .𝑧𝑧𝑘𝑘

𝐻𝐻𝐻𝐻2

𝑠𝑠
𝑘𝑘=𝑟𝑟+1       (7.1) 

subject to constraints (4.2) and (4.3).  

7.1. Notations 

The following notations were used in our algorithm:  

∅Ai = The value of objective function which is to be 
maximized. 
∅Li  = The value of objective function which is to be 

minimized. 
HAi = |∅Ai|  ,       ∀ i = 1,2, … , r 
HLi = |∅Li|  ,        ∀ i = r + 1, … , s  
Hm1= The value of Harmonic mean of maximized. 
Hm2= The value of Harmonic mean of minimized. 

SL = � Zi   ;   SS =
r

i=1

� Zi 
s

i=r+1

 

Max. z =
SL

Hm1 
 −  

SS
Hm2

 

7.2. Algorithm 

We summarize the following algorithm to get the optimal 
solution of EPMOLPP as follows:- 

Repeat steps (1-5) in section (5.1) 
Step 6: 

Determine Harmonic Mean Hm1 for ∅𝑖𝑖 , 𝑖𝑖 = 1, … , 𝑟𝑟 and 
Hm2 for  𝑖𝑖 = 𝑟𝑟 + 1, … , 𝑠𝑠 
Step 7: 

Optimize the combined objective function  

𝑀𝑀𝑀𝑀𝑀𝑀.𝑍𝑍 = �
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑘𝑘
𝐻𝐻𝐻𝐻1

𝑟𝑟

𝑘𝑘=1

− �
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧𝑘𝑘
𝐻𝐻𝐻𝐻2

𝑠𝑠

𝑘𝑘=𝑟𝑟+1

 

Subject to:                                (7.1.1) 
𝐷𝐷.𝑋𝑋 = ℎ 
𝑋𝑋 ≥ 0  

Step 8: 
Solve problem (7.1.1) by Alternative approach in [5].  

8. Numerical Examples 
We constructed some numerical examples to illustrate the 

techniques for solving EPMOLPP 
Example (8.1): 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧1 = 𝑥𝑥1 + 2𝑥𝑥1 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧2 = 5𝑥𝑥1 + 3𝑥𝑥2 

Subject to:  
𝑥𝑥1 + 𝑥𝑥2  ≤  6 

And 𝑥𝑥1, 𝑥𝑥2  is an extreme point of: 
𝑥𝑥1 + 𝑥𝑥2  ≤  3                   (8.1) 
2𝑥𝑥1 + 𝑥𝑥2  ≤  4  
𝑥𝑥1, 𝑥𝑥2  ≥  0 

Solution 
We solve each of objective function with the same 

constraints by alternative method algorithm in section (3.2) 
the results in table below: 
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Table (8.1).  Results of Example (8.1) 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 𝑋𝑋𝑖𝑖  ∅𝐴𝐴𝑖𝑖  ∅𝐿𝐿𝑖𝑖  𝐻𝐻𝐻𝐻 𝐻𝐻𝐻𝐻 𝐻𝐻𝐻𝐻1  𝐻𝐻𝐻𝐻2  

1 (2,0) 2 0 2 0 
3.3333 0 

2 (2,0) 10 0 10 0 

First we use the harmonic mean (HM) technique to 
translate the problem from an extreme point multi objective 
linear programming problem to an extreme point single 
objective linear programming problem. Then we solve the 
example (8.1) by using formula (7.1). The results are shown 
table (9.1). 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 =  1.8𝑥𝑥1  + 1.5𝑥𝑥2 
Subject to constraints (8.1)  
The above problem was solved by alternative approach, 

and obtained 𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.6  at the extreme point 𝑥𝑥1 = 2 , 
𝑥𝑥2 = 0. 

Using Chandra Sen's approach technique in formula (5.1) 
to translate problem from an extreme point multi objective 
linear programming problem to extreme point single 
objective linear programming problem, we obtain: 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 𝑥𝑥1 + 1.3𝑥𝑥2 
Subject to constraints (8.1) 
Solving this problem by the alternative approach and 

obtained 𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 2 at the extreme point  𝑥𝑥1 = 2 , 𝑥𝑥2 = 0. 
Example (8.2) 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧1 = −𝑥𝑥1 + 4𝑥𝑥2 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧2 = 𝑥𝑥1 − 2𝑥𝑥1 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧3 = 2𝑥𝑥1 + 𝑥𝑥2 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧4 = −3𝑥𝑥1 + 𝑥𝑥2 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧5 = 𝑥𝑥1 − 3𝑥𝑥2 

Subject to: 
𝑥𝑥1 − 𝑥𝑥 1 ≤  1 
3𝑥𝑥1 + 𝑥𝑥2  ≤  6 

And 𝑥𝑥1, 𝑥𝑥2 is an extreme point of:         (8.2) 
𝑥𝑥1 + 𝑥𝑥2  ≤  3 
2𝑥𝑥1 + 5𝑥𝑥2  ≤  10 
𝑥𝑥1, 𝑥𝑥2  ≥  0 

Solution 
We solve each of objective function with the same 

constraints by the alternative method algorithm in section 
(3.2) the results in table (8.2): 

Table (8.2).  Results of Example (8.2) 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 𝑋𝑋𝑖𝑖  ∅𝐴𝐴𝑖𝑖  ∅𝐿𝐿𝑖𝑖  𝐻𝐻𝐻𝐻 𝐻𝐻𝐻𝐻 𝐻𝐻𝐻𝐻1  𝐻𝐻𝐻𝐻2  

1 (0,2) 8  8  

3.428  2 (0,2) -4  4  

3 (0,2) 2  2  

4 (0,2)  2  2 
 3 

5 (0,2)  -6  6 

First, we use the harmonic mean (HM) technique to 
translate problem from an extreme point multi objective 
linear programming problem to extreme point single 
objective linear programming problem. By using formula 
(7.1) the problem becomes: 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 =  1.249𝑥𝑥 1 + 1.541𝑥𝑥1 
Subject to constraint (8.2)  
We solved by the alternative approach and we obtained 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.082 at the extreme point 𝑥𝑥1 = 0 , 𝑥𝑥2 = 2. 
Using Chandra Sen's approach technique in formula (5.1) 

to translate problem from an extreme point multi objective 
linear programming problem to extreme point single 
objective linear programming problem, the problem 
becomes: 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 2.465𝑥𝑥1 + 0.5𝑥𝑥2 
Subject to constraint (8.2) 
Solving this problem by the alternative approach, we 

obtained 𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 1 at the extreme point 𝑥𝑥1 = 0 , 𝑥𝑥2 = 2. 

9. Conclusions 
Two techniques, Chandra Sen's and Harmonic Mean are 

applied on both examples (8.1) and (8.2) to solve EPMOLPP. 
The comparison of these techniques are dependent on the 
value of the objective function and iteration, as is shown in 
table (9.1). 

Table (9.1).  Comparison between results obtained by both techniques, 
using alternative technique 

Examples Harmonic Mean 
approach (HM) 

Chandra Sen's 
approach 

(8.1) 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.6 𝑥𝑥1
= 2 , 𝑥𝑥2 = 0 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 2  𝑥𝑥1
= 2 , 𝑥𝑥2 = 0 

(8.2) 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.082 
𝑥𝑥1 = 0 , 𝑥𝑥2 = 2 

𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 1 
𝑥𝑥1 = 0 , 𝑥𝑥2 = 2 

From the above table we can see the difference between 
the techniques in used each example. 

In example (8.1) our technique is (HM) where we got 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.6 this consequence than other result which is 
obtained 𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 2 by Chandra Sen. 

In example (8.2) by using Harmonic Mean technique we 
obtained 𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 3.082 which is better than other result 
𝑀𝑀𝑀𝑀𝑀𝑀. 𝑧𝑧 = 1 using Chandra Sen's technique.  

The comparison by iteration, when using alternative 
technique the iteration of both above examples (8.1) and (8.2) 
are greater than other technique. 

In each example we found that the best technique for 
transforming and solving EPMOLPP is the Harmonic Mean 
technique in each case it was better than Chandra Sen's 
technique. 
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