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Abstract  Pollution has become a very serious threat to our surroundings. Monitoring pollution is a step forward toward 
planning to save the surrounding. The use of differential equations in monitoring pollution has become possible. This work 
presents the Revised Adomian decomposition method (RADM) to the model of pollution for a system of three lakes 
interconnected by channels. This method is based on Adomian polynomials. Three input models were solved to show that 
RADM can provide analytical solutions of pollution model in convergent series form. In addition, the Differential transform 
method (DTM), Variational iteration method (VIM) and Fehlberg fourth-fifth-order Runge-Kutta method with degree four 
interpolant (RK45F) of the numerical solution of the lakes system problem is used as a reference to compare with the 
semi-analytical approximations showing the high accuracy of the results. The main advantage of the proposed method is that 
it yields a series solution with accelerated convergence and does not generate secular terms. 
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1. Introduction 
Numerous problems in physics, Biology and engineering 

are modeled by system of differential equations, which are 
solved by semi-analytical methods like Adomian 
decomposition method (ADM) [14-15], Homotopy 
pereturbation method (HPM) [17], New iterative method 
(NIM) [18], Differential transform method (DTM) [16], 
Revised new iterative method (RNIM) [19], Taylor 
collocation mehod (TCM) [21], Variational iteration method 
(VIM) [20], among others. 

Among the above mentioned methods, the RADM is very 
simple in its principles and applications to solve system of 
nonlinear differential equations as it does not generate 
secular terms or rely on trial functions or on a perturbation 
parameter as other does. Revised ADM [2] was proposed to 
solve system of ordinary/fractional differential equations. 
The revised method yields a series solution which converges 
faster than the series obtained by the standard ADM [14]. 
This tecnique’s approximation is based on the Adomian 
polynomial. 

Therefore, in this work, we present the application of the 
RADM to find approximations for a pollution model of lakes 
system [3-11]. The aim of the model is to describe the 
pollution  of a system  of lakes, considering  three  input  
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models, i.e, periodic (Sinosoidal) input, exponential 
decaying (Impulse) input and the linear (Step) input as 
depicted in figure 1. The results obtained are compared with 
that of DTM, VIM and RK45F method. 

The residual part of the paper is systematized as follows; 
In section 2, we give a description of the lakes pollution 
problem. The description on how to apply the RADM to 
solve system of ordinary differential equations is illustrated 
in section 3. In section 4, we presented the numerical 
implementation of the method for the three pollution lakes 
problems and its numerical results. In section 5, we give a 
concise discussion of our results. Finally, a conclusion is 
drawn in the last section. 

2. Description of the Model of Pollution 
Problem 

A system of pollution of lakes is a set of lakes 
interconnected by channels. These lakes are modeled by 
large compartments interconnected by pipelines [1]. In 
figure 1, a system of three lakes; 𝑥𝑥 ,  𝑦𝑦  and 𝑧𝑧  is shown. 
Arrows represent the direction of flow through each channel 
or pipeline [22]. When a pollutant enters the first lake, i.e 𝐿𝐿1, 
to know the rate of pollutant at which it enters the lake per 
unit time, 𝑝𝑝(𝑡𝑡) is introduced in the system in the system of 
equations. The function 𝑝𝑝(𝑡𝑡) may be a constant or it may 
vary with time, 𝑡𝑡. 

Let the amount of pollution in each lake be denoted by 
𝑓𝑓𝑖𝑖(𝑡𝑡)  at any time 𝑡𝑡 ≥ 0 , where 𝑖𝑖 = 1,2,3 . It is being 
assumed that the amount of pollutant is equally distributed in 
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each lake and the volume 𝑣𝑣𝑖𝑖  of each lake 𝑖𝑖  remains 
constant. Also, the type of pollutant remains constant and not 
transforming into other kinds of pollutant. The, the 
concentration of the lake is given by 

𝐶𝐶𝑖𝑖(𝑡𝑡) = 𝑓𝑓𝑖𝑖(𝑡𝑡)
𝑣𝑣𝑖𝑖

                 (1) 

Initially, each lake 𝑓𝑓𝑖𝑖(𝑡𝑡)  is considered to be free of 
pollution, i.e, 𝑓𝑓𝑖𝑖(0) = 0  for 𝑖𝑖 = 1,2,3 . So the following 
conditions are obtained; 

  Lake 1 (𝐿𝐿1):  𝐹𝐹13 = 𝐹𝐹21 + 𝐹𝐹23 
  Lake 2 (𝐿𝐿2):  𝐹𝐹21 = 𝐹𝐹32 
  Lake 3 (𝐿𝐿3):  𝐹𝐹31 + 𝐹𝐹32 = 𝐹𝐹13 
Flux of pollutant flowing from lake 𝑖𝑖 to lake 𝑗𝑗 at any 

time 𝑡𝑡  measures the rate of flow of the concentration of 
pollutant and is given by  

𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑗𝑗𝑗𝑗 = 𝑓𝑓𝑖𝑖𝑐𝑐𝑖𝑖(𝑡𝑡) =
(𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 )𝑗𝑗𝑗𝑗 𝑓𝑓𝑖𝑖(𝑡𝑡)

𝑣𝑣𝑖𝑖
        (2) 

Where (𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓)𝑗𝑗𝑗𝑗  is constant from lake 𝑖𝑖 to lake 𝑗𝑗. It 
can be easily seen that  

Rate of change of pollutant = input rate-output rate   (3) 
To each lake, we obtain the following system of first order 

ordinary differential equations: 

𝑥̇𝑥(𝑡𝑡) =
𝐹𝐹13

𝑣𝑣3
𝑧𝑧(𝑡𝑡) −

𝐹𝐹31

𝑣𝑣1
𝑥𝑥(𝑡𝑡) −

𝐹𝐹21

𝑣𝑣1
𝑥𝑥(𝑡𝑡) + 𝑝𝑝(𝑡𝑡) 

𝑦̇𝑦(𝑡𝑡) = 𝐹𝐹21
𝑣𝑣1
𝑥𝑥(𝑡𝑡) − 𝐹𝐹32

𝑣𝑣1
𝑦𝑦(𝑡𝑡)                  (4) 

𝑧̇𝑧(𝑡𝑡) =
𝐹𝐹31

𝑣𝑣1
𝑥𝑥(𝑡𝑡) +

𝐹𝐹32

𝑣𝑣2
𝑥𝑥(𝑡𝑡) −

𝐹𝐹13

𝑣𝑣3
𝑧𝑧(𝑡𝑡) 

with initial conditions 
𝑥𝑥(0) = 0, 𝑦𝑦(0) = 0, 𝑧𝑧(0) = 0       (5) 

For results comparison, we consider throughout this paper 
the values of the parameters (4). [7, 11]. 

𝑉𝑉1 = 2900𝑚𝑚𝑚𝑚3    𝑉𝑉2 = 850𝑚𝑚𝑚𝑚3   𝑉𝑉3 = 1180𝑚𝑚𝑚𝑚3 
𝐹𝐹21 = 18𝑚𝑚𝑚𝑚3/𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦   𝐹𝐹32 = 18𝑚𝑚𝑚𝑚3/𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦      (6) 
𝐹𝐹31 = 20𝑚𝑚𝑚𝑚3/𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦   𝐹𝐹13 = 38𝑚𝑚𝑚𝑚3/𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 

3. Revised ADM for a System of ODEs 
Consider the following system of ordinary differential 

equations [2]; 
𝑢𝑢𝑖𝑖′ (𝑥𝑥) = ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 + 𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛) + 𝑔𝑔𝑖𝑖(𝑥𝑥)𝑛𝑛

𝑗𝑗=1   (7) 

𝑢𝑢𝑖𝑖(0) = 𝑐𝑐𝑖𝑖 ,   𝑖𝑖 = 1,2, … , 𝑛𝑛 
where 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥) , 𝑔𝑔𝑖𝑖(𝑥𝑥) ∈ 𝐶𝐶[0,1]  and 𝑁𝑁𝑁𝑁′𝑠𝑠  are nonlinear 
continuous functions of its argument. Integrating both side of 
(7) from 0 to 𝑥𝑥 and then, using the initial conditions, we get 

 

 

Figure 1.  System of three lakes with interconnecting channels. A pollutant enters the first lake at the indicated source. [23] 

 

 𝑢𝑢𝑖𝑖(𝑥𝑥) = 𝑐𝑐𝑖𝑖 + ∫ 𝑔𝑔𝑖𝑖(𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 𝑑𝑑𝑑𝑑𝑛𝑛
𝑗𝑗=1 + ∫ 𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛)𝑑𝑑𝑑𝑑𝑥𝑥

0
𝑥𝑥

0
𝑥𝑥

0                        (8) 

For 𝑖𝑖 = 1,2, … , 𝑛𝑛 
In [2], a modification of the ADM was proposed. There define the following recurrence relation; 

𝑢𝑢10(𝑥𝑥) = 𝑐𝑐1 + ∫ 𝑔𝑔𝑖𝑖(𝑥𝑥)𝑑𝑑𝑑𝑑1
0 , 

𝑢𝑢1,𝑚𝑚+1(𝑥𝑥) = ∫ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 ,𝑚𝑚𝑑𝑑𝑑𝑑𝑛𝑛
𝑗𝑗=1 + ∫ 𝐴𝐴1𝑚𝑚𝑑𝑑𝑑𝑑,𝑥𝑥

0
𝑥𝑥

0                                   (9) 

 𝑢𝑢10(𝑥𝑥) = 𝑐𝑐1 + ∫ 𝑔𝑔𝑖𝑖(𝑥𝑥)𝑑𝑑𝑑𝑑1
0 + ∫ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 ,0𝑑𝑑𝑑𝑑𝑙𝑙−1

𝑗𝑗=1
𝑥𝑥

0 , 𝑙𝑙 = 2,3, … , 𝑛𝑛 

 𝑢𝑢1,𝑚𝑚+1(𝑥𝑥) = ∫ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 ,𝑚𝑚+1𝑑𝑑𝑑𝑑𝑙𝑙−1
𝑗𝑗=1 + ∫ ∑ 𝑏𝑏𝑖𝑖𝑖𝑖 (𝑥𝑥)𝑢𝑢𝑗𝑗 ,𝑚𝑚𝑑𝑑𝑑𝑑 + ∫ 𝐴𝐴𝑙𝑙,𝑚𝑚∗

𝑥𝑥
0 𝑑𝑑𝑑𝑑𝑛𝑛

𝑗𝑗=1
𝑥𝑥

0
𝑥𝑥

0  

where 𝐴𝐴𝑙𝑙,𝑚𝑚∗  is defined as  
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𝐴𝐴𝑙𝑙,𝑚𝑚∗ = �
𝐴𝐴𝑙𝑙,𝑚𝑚+1 𝑖𝑖𝑖𝑖 𝑁𝑁𝑙𝑙  𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑜𝑜𝑜𝑜 𝑢𝑢𝑙𝑙,𝑢𝑢𝑙𝑙+1, … , 𝑢𝑢𝑛𝑛

1𝐴𝐴𝑙𝑙,𝑚𝑚+1 + 2𝐴𝐴𝑙𝑙,𝑚𝑚  𝑖𝑖𝑖𝑖 1𝑁𝑁𝑙𝑙(𝑢𝑢1,…,𝑢𝑢𝑛𝑛 ) + 2𝑁𝑁𝑙𝑙(𝑢𝑢1,…,𝑢𝑢𝑛𝑛 )            
𝐴𝐴𝑙𝑙,𝑚𝑚                𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒                              𝑙𝑙 = 2,3, …

�                       (10) 

Here, 1𝐴𝐴𝑙𝑙,𝑚𝑚+1  and 2𝐴𝐴𝑙𝑙,𝑚𝑚   are A domain polynomials corresponding to 1𝑁𝑁𝑙𝑙  and 2𝑁𝑁𝑙𝑙  respectively. 
Taking  

𝐴𝐴𝑙𝑙,𝑚𝑚 = 1
𝑚𝑚!

𝑑𝑑
𝑑𝑑𝜆𝜆𝑚𝑚 �𝑁𝑁𝑖𝑖�𝑥𝑥, ∑ 𝑢𝑢1,𝑚𝑚𝜆𝜆

𝑚𝑚 ,∞
𝑚𝑚=0 ∑ 𝑢𝑢2,𝑚𝑚𝜆𝜆

𝑚𝑚 , … , ∑ 𝑢𝑢𝑛𝑛,𝑚𝑚𝜆𝜆
𝑚𝑚 ,∞

𝑚𝑚=0
∞
𝑚𝑚=0 ��𝜆𝜆=0           (11) 

4. Numerical Simulation 
In this section, we apply the RADM described above to find approximate analytical solutions for the three inputs stated 

earlier to illustrate the effectiveness and accuracy of the method. To simulate the pollution in the lakes, we coded the RADM 
in Maple 13.  

4.1. Periodic (Sinusoidal) Input Model 
The Sinusoidal input model is used for pollutants that are introduced to the lake periodically. As an illustration, we take 

𝑝𝑝(𝑡𝑡) = 𝑐𝑐 + 𝑎𝑎 sin𝜔𝜔𝜔𝜔, where 𝑐𝑐 is the average input concentration of pollutant, 𝑎𝑎 is the amplitude of fluctuations, and 𝜔𝜔 = 2𝜋𝜋
𝑇𝑇

 
is the frequency of fluctuations. Taking 𝑎𝑎 = 𝑐𝑐 = 𝜔𝜔 = 1 and the parameter values given in (6), the system (4) becomes; 

𝑥̇𝑥(𝑡𝑡) =
38

1180 𝑧𝑧
(𝑡𝑡) −

38
2900 𝑥𝑥

(𝑡𝑡) + 1 + sin(𝑡𝑡) 

𝑦̇𝑦(𝑡𝑡) = 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)                                        (12) 

𝑧̇𝑧(𝑡𝑡) =
20

2900 𝑥𝑥
(𝑡𝑡) +

18
850 𝑥𝑥

(𝑡𝑡) −
38

1180 𝑧𝑧
(𝑡𝑡) 

with initial conditions 
𝑥𝑥(0) = 0, 𝑦𝑦(0) = 0, 𝑧𝑧(0) = 0                                   (13) 

The system (12) –(13), is equivalent to the following system of Volterra integral equations of the second kind; 

 𝑥𝑥(𝑡𝑡) = ∫ � 38
1180

𝑧𝑧(𝑡𝑡) − 38
2900

𝑥𝑥(𝑡𝑡) + 1 + sin(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0    

 𝑦𝑦(𝑡𝑡) = ∫ � 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

 𝑧𝑧(𝑡𝑡) = ∫ � 20
2900

𝑥𝑥(𝑡𝑡) + 18
850

𝑦𝑦(𝑡𝑡) − 38
1180

𝑧𝑧(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

The revised Adomian procedure in (9) would lead to 

 𝑥𝑥0 = ∫ (1 + sin 𝑡𝑡)𝑡𝑡
0 𝑑𝑑𝑑𝑑 = 1 + 𝑡𝑡 − cos 𝑡𝑡 

 𝑥𝑥𝑚𝑚+1 = ∫ � 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡) − 38
2900

𝑥𝑥𝑚𝑚(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑, 

 𝑦𝑦0 = ∫ � 18
2900

𝑥𝑥0(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑 

   = 0.009473684210526𝑡𝑡 + 0.007627118644068𝑡𝑡2 − 0.016071428571429 sin 𝑡𝑡 

 𝑦𝑦𝑚𝑚+1 = ∫ � 18
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) − 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 

 𝑧𝑧0 = ∫ � 20
2900

𝑥𝑥0(𝑡𝑡) + 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

   = −3.2303𝑒𝑒 − 004 + 0.0222𝑡𝑡 + 0.0036𝑡𝑡2 − 0.0222 sin 𝑡𝑡 + 5.3838𝑒𝑒 − 005𝑡𝑡3 
      +3.2303𝑒𝑒 − 004 cos 𝑡𝑡 

 𝑧𝑧𝑚𝑚+1 == ∫ � 20
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) + 18
850

𝑦𝑦𝑚𝑚+1(𝑡𝑡) − 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 𝑚𝑚 = 0,1,2, … 

The first iteration gives 
 𝑥𝑥1 = −0.0002220923 − 0.01311385𝑡𝑡 − 0.006440678𝑡𝑡2 + 3.874917𝑒𝑒 − 5𝑡𝑡3 
  +0.000220923 cos 𝑡𝑡 + 4.334454𝑒𝑒 − 7𝑡𝑡4 + 0.013113858 sin 𝑡𝑡 
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 𝑦𝑦1 = 0.0004044272 − 1.378504𝑒𝑒 − 6𝑡𝑡 − 0.0002022136𝑡𝑡2 − 6.716403𝑒𝑒 − 5𝑡𝑡3 
  +6.012803𝑒𝑒 − 8𝑡𝑡4 + 1.378504𝑒𝑒 − 6 sin 𝑡𝑡 + 5.380702𝑒𝑒 − 10𝑡𝑡5 
  −0.0004044272 cos 𝑡𝑡 
 𝑧𝑧1 = 0.0003125619 + 1.743536𝑒𝑒 − 5𝑡𝑡 − 0.000156281𝑡𝑡2 − 5.498272𝑒𝑒 − 5𝑡𝑡3 
  −7.222108𝑒𝑒 − 10𝑡𝑡4 − 1.743536𝑒𝑒 − 5 sin 𝑡𝑡 − 8.525156𝑒𝑒 − 10𝑡𝑡5 
  −0.0003125619 cos 𝑡𝑡 + 1.889071𝑒𝑒 − 12𝑡𝑡6   
  .  
  . 
After the four iterations, we get 
 𝑥𝑥 = 0.9869𝑡𝑡 + 0.0131 sin 𝑡𝑡 − 0.9996 cos 𝑡𝑡 − 0.0064𝑡𝑡2 + 6.4823𝑒𝑒 − 005𝑡𝑡3 
  −2.0770𝑒𝑒 − 007𝑡𝑡4 − 1.0952𝑒𝑒 − 009𝑡𝑡5 + 4.6980𝑒𝑒 − 011𝑡𝑡6 − 6.7098𝑒𝑒 − 014𝑡𝑡7 
  −1.2737𝑒𝑒 − 016𝑡𝑡8 + 6.5378𝑒𝑒 − 020𝑡𝑡9 + 5.1362𝑒𝑒 − 023𝑡𝑡10 + 0.9996 
 𝑦𝑦 = 0.0152𝑡𝑡 − 0.0152 sin 𝑡𝑡 − 4.0410𝑒𝑒 − 004 cos 𝑡𝑡 + 0.0074𝑡𝑡2 − 6.5559𝑒𝑒 − 005𝑡𝑡3 
  +4.4776𝑒𝑒 − 007𝑡𝑡4 − 2.1923𝑒𝑒 − 009𝑡𝑡5 + 3.6236𝑒𝑒 − 013𝑡𝑡6 + 6.5514𝑒𝑒 − 014𝑡𝑡7 
  −6.2799𝑒𝑒 − 017𝑡𝑡8 − 1.0379𝑒𝑒 − 019𝑡𝑡9 + 4.0579𝑒𝑒 − 23𝑡𝑡10 + 2.8982𝑒𝑒 − 026𝑡𝑡11  
  +4.0410𝑒𝑒 − 004 
 𝑧𝑧 = 0.0069𝑡𝑡 − 0.0069 sin 𝑡𝑡 + 9.7930𝑒𝑒 − 006 cos 𝑡𝑡 + 0.0035𝑡𝑡2 + 7.3190𝑒𝑒 − 007𝑡𝑡3 
  −2.2544𝑒𝑒 − 007𝑡𝑡4 + 6.3982𝑒𝑒 − 009𝑡𝑡5 − 1.2723𝑒𝑒 − 011𝑡𝑡6 − 2.8086𝑒𝑒 − 009𝑡𝑡7 
  +1.827𝑒𝑒 − 017𝑡𝑡8 + 1.5949𝑒𝑒 − 020𝑡𝑡9 − 9.9730𝑒𝑒 − 006 

   

Figure 2.  Graphical representation of pollutant dumping periodically in Lake 1, 2 and 3 with RADM and RK45F solutions 

4.2. Linear (Impulse) Input Model 
This model describes the steady behavior of the pollutant addition into the lake. At the time zero, the pollutant 

concentration is also zero but as the time increases the addition of pollutant starts and remains steady afterwards. It can also be 
understood better by an example [3] that if a manufacturing plant starts production and dump it’s raw wastage on a constant 
rate, the 𝑝𝑝(𝑡𝑡) = 100𝑡𝑡. In this case, Eqn.(9) becomes;  

𝑥̇𝑥(𝑡𝑡) =
38

1180 𝑧𝑧
(𝑡𝑡) + 100𝑡𝑡 −

38
2900 𝑥𝑥

(𝑡𝑡) 

𝑦̇𝑦(𝑡𝑡) = 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)                                       (14) 

𝑧̇𝑧(𝑡𝑡) =
20

2900 𝑥𝑥
(𝑡𝑡) +

18
850 𝑥𝑥

(𝑡𝑡) −
38

1180 𝑧𝑧
(𝑡𝑡) 

with initial conditions 
𝑥𝑥(0) = 0, 𝑦𝑦(0) = 0, 𝑧𝑧(0) = 0                                (15) 

The system (14) –(15), is equivalent to the following system of Volterra integral equations of the second kind; 

 𝑥𝑥(𝑡𝑡) = ∫ � 38
1180

𝑧𝑧(𝑡𝑡) − 38
2900

𝑥𝑥(𝑡𝑡) + 100𝑡𝑡� 𝑑𝑑𝑑𝑑𝑡𝑡
0    
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 𝑦𝑦(𝑡𝑡) = ∫ � 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

 𝑧𝑧(𝑡𝑡) = ∫ � 20
2900

𝑥𝑥(𝑡𝑡) + 18
850

𝑦𝑦(𝑡𝑡) − 38
1180

𝑧𝑧(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

The revised Adomian scheme in (9) would lead to 

 𝑥𝑥0 = ∫ 100𝑡𝑡𝑡𝑡
0 𝑑𝑑𝑑𝑑 = 50𝑡𝑡2, 

 𝑥𝑥𝑚𝑚+1 = ∫ � 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡) − 38
2900

𝑥𝑥𝑚𝑚(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑, 

 𝑦𝑦0 = ∫ � 18
2900

𝑥𝑥0(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑 = 0.2542373𝑡𝑡3 

 𝑦𝑦𝑚𝑚+1 = ∫ � 18
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) − 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 

 𝑧𝑧0 = ∫ � 20
2900

𝑥𝑥0(𝑡𝑡) + 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 = 0.1149425𝑡𝑡3 + 0.001346𝑡𝑡4 

 𝑧𝑧𝑚𝑚+1 == ∫ � 20
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) + 18
850

𝑦𝑦𝑚𝑚+1(𝑡𝑡) − 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 𝑚𝑚 = 0,1,2, … 

The first iteration is 
 𝑥𝑥1 = 9.2538𝑒𝑒 − 004𝑡𝑡4 + 8.6689𝑒𝑒 − 006𝑡𝑡5 − 0.2184𝑡𝑡3 
 𝑦𝑦1 = 1.1488𝑒𝑒 − 066𝑡𝑡5 + 8.9678𝑒𝑒 − 009𝑡𝑡6 − 0.0017𝑡𝑡4 
 𝑧𝑧1 = −1.4528𝑒𝑒 − 005𝑡𝑡5 + 1.4019𝑒𝑒 − 008𝑡𝑡6 − 0.0013𝑡𝑡4 + 2.7130𝑒𝑒 − 011𝑡𝑡3 
 . 
 . 
 . 
And so on. After the third iteration, the sum of the first three iterations is; 
 𝑥𝑥 = 50𝑡𝑡2 + 4.4041𝑒𝑒 − 005𝑡𝑡4 − 5.1563𝑒𝑒 − 066𝑡𝑡5 + 5.5433𝑒𝑒 − 008𝑡𝑡6 + 3.9324𝑒𝑒 − 028𝑡𝑡13 
  −6.2951𝑒𝑒 − 010𝑡𝑡7 + 1.3008𝑒𝑒 − 012𝑡𝑡8 + 2.5712𝑒𝑒 − 015𝑡𝑡9 − 3.0847𝑒𝑒 − 018𝑡𝑡10 
  −2.0661𝑒𝑒 − 021𝑡𝑡11 + 9.1424𝑒𝑒 − 035𝑡𝑡11 
 𝑦𝑦 = 0.2542𝑡𝑡3 + 9.1727𝑒𝑒 − 028𝑡𝑡5 − 3.6529𝑒𝑒 − 008𝑡𝑡6 − 0.0017𝑡𝑡4 − 1.4252𝑒𝑒 − 012𝑡𝑡7 
  +8.2511𝑒𝑒 − 013𝑡𝑡8 − 6.8734𝑒𝑒 − 016𝑡𝑡9 − 1.0419𝑒𝑒 − 018𝑡𝑡10 + 3.6600𝑒𝑒 − 022𝑡𝑡11 
  +2.4151𝑒𝑒 − 025𝑡𝑡12 
 𝑧𝑧 = 0.1159𝑡𝑡3 + 4.4041𝑒𝑒 − 005𝑡𝑡4 − 5.1563𝑒𝑒 − 006𝑡𝑡5 + 1.0789𝑡𝑡6 − 1.7894𝑒𝑒 − 010𝑡𝑡3 
  −3.5288𝑒𝑒 − 013𝑡𝑡8 + 2.0142𝑒𝑒 − 016𝑡𝑡9 + 1.5949𝑒𝑒 − 019𝑡𝑡10 

   

Figure 3.  Graphical representation of linear input pollutant in Lake 1, 2 and 3 with RADM and RK45F solutions 

4.3. Exponentially Decaying (Step) Input Model 
This model is assumed when heavy dumping of pollutant is under consideration, i.e, 𝑝𝑝(𝑡𝑡) = 200𝑒𝑒−10𝑡𝑡 . For instance, a 
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industry situated in a city collects and store its wastage and dumps it after a few days period. So Eqn.(9) takes the form; 

𝑥̇𝑥(𝑡𝑡) =
38

1180 𝑧𝑧
(𝑡𝑡) + 200𝑒𝑒−10𝑡𝑡 −

38
2900 𝑥𝑥

(𝑡𝑡) 

 𝑦̇𝑦(𝑡𝑡) = 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)                                        (16) 

𝑧̇𝑧(𝑡𝑡) =
20

2900 𝑥𝑥
(𝑡𝑡) +

18
850 𝑥𝑥

(𝑡𝑡) −
38

1180 𝑧𝑧
(𝑡𝑡) 

with initial conditions 
 𝑥𝑥(0) = 0, 𝑦𝑦(0) = 0, 𝑧𝑧(0) = 0                             (17) 

The system (16) –(17), is equivalent to the following system of Volterra integral equations of the second kind; 

 𝑥𝑥(𝑡𝑡) = ∫ � 38
1180

𝑧𝑧(𝑡𝑡) + 200𝑒𝑒−10𝑡𝑡 − 38
2900

𝑥𝑥(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0    

 𝑦𝑦(𝑡𝑡) = ∫ � 18
2900

𝑥𝑥(𝑡𝑡) − 18
850

𝑦𝑦(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

 𝑧𝑧(𝑡𝑡) = ∫ � 20
2900

𝑥𝑥(𝑡𝑡) + 18
850

𝑦𝑦(𝑡𝑡) − 38
1180

𝑧𝑧(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0  

The revised Adomian procedure in (9) would lead to 

 𝑥𝑥0 = ∫ +200𝑒𝑒−10𝑡𝑡𝑡𝑡
0 𝑑𝑑𝑑𝑑 = 20 − +20𝑒𝑒−10𝑡𝑡 , 

 𝑥𝑥𝑚𝑚+1 = ∫ � 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡) − 38
2900

𝑥𝑥𝑚𝑚(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑, 

 𝑦𝑦0 = ∫ � 18
2900

𝑥𝑥0(𝑡𝑡)�𝑡𝑡
0 𝑑𝑑𝑑𝑑 = −0.0305 + 0.3051𝑡𝑡 + 0.0305𝑒𝑒−10𝑡𝑡  

 𝑦𝑦𝑚𝑚+1 = ∫ � 18
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) − 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 

 𝑧𝑧0 = ∫ � 20
2900

𝑥𝑥0(𝑡𝑡) + 18
850

𝑦𝑦0(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 = −0.0137 + 0.1373𝑡𝑡 + 0.0137𝑒𝑒−10𝑡𝑡 + 0.0032𝑡𝑡2 

 𝑧𝑧𝑚𝑚+1 == ∫ � 20
2900

𝑥𝑥𝑚𝑚+1(𝑡𝑡) + 18
850

𝑦𝑦𝑚𝑚+1(𝑡𝑡) − 38
1180

𝑧𝑧𝑚𝑚(𝑡𝑡)� 𝑑𝑑𝑑𝑑𝑡𝑡
0 , 𝑚𝑚 = 0,1,2, … 

The subsequent iteration is 
 𝑥𝑥1 = 0.0263 − 0.2625𝑡𝑡 + 0.0022𝑡𝑡2 − 0.0263𝑒𝑒−10𝑡𝑡 − 3.4676𝑒𝑒 − 005𝑡𝑡3  
 𝑦𝑦1 = −8.0900𝑒𝑒 − 005 + 8.0900𝑒𝑒 − 005𝑡𝑡 − 0.0040𝑡𝑡2 + 8.0900𝑒𝑒−10𝑡𝑡   
  −3.4676𝑒𝑒 − 005𝑡𝑡3  
 𝑧𝑧1 = −6.2143𝑒𝑒 − 005 + 6.2143𝑒𝑒 − 005𝑡𝑡 − 0.0040𝑡𝑡2 − 5.847𝑒𝑒 − 005𝑡𝑡3 
  +6.2143𝑒𝑒 − 005𝑒𝑒−10𝑡𝑡 + 8.3998𝑒𝑒 − 008𝑡𝑡4 + 2.2789𝑒𝑒 − 010𝑡𝑡5    . 
 . 
 . 
The sum of the first three iterations is; 
 𝑥𝑥 = −0.2629𝑡𝑡 − 20.0263𝑒𝑒−10𝑡𝑡 + 0.0039𝑡𝑡2 − 1.6009𝑒𝑒 − 005𝑡𝑡3 − 1.4084𝑒𝑒 − 007𝑡𝑡4 
  +5.6986𝑒𝑒 − 009𝑡𝑡5 − 9.2361𝑒𝑒 − 007𝑡𝑡6 + 1.1666𝑒𝑒 − 017𝑡𝑡8 + 1.0272𝑒𝑒 − 020𝑡𝑡9 
  +2.0481𝑒𝑒 − 014𝑡𝑡7 + 20.0263 
 𝑦𝑦 = 0.3059𝑡𝑡 + 0.0306𝑒𝑒−10𝑡𝑡 − 0.0041𝑡𝑡2 + 3.6778𝑒𝑒 − 005𝑡𝑡3 − 2.1917𝑒𝑒 − 007𝑡𝑡4 
  −1.7520𝑒𝑒 − 011𝑡𝑡5 + 9.2482𝑒𝑒 − 012𝑡𝑡6 − 1.8762𝑒𝑒 − 017𝑡𝑡8 + 8.3760𝑒𝑒 − 024𝑡𝑡9 
  −9.8827𝑒𝑒 − 015𝑡𝑡7 + 6.3760𝑒𝑒 − 024𝑡𝑡10 − 0.0306 
 𝑧𝑧 = 0.1379𝑡𝑡 + 0.0138𝑒𝑒−10𝑡𝑡 + 1.1193𝑒𝑒 − 004𝑡𝑡2 − 2.0759𝑒𝑒 − 005𝑡𝑡3 + 3.3524𝑒𝑒 − 007𝑡𝑡4 
  −5.2966𝑒𝑒 − 009𝑡𝑡5 + 1.4543𝑒𝑒 − 011𝑡𝑡6 − 5.5483𝑒𝑒 − 017𝑡𝑡8 − 4.5478𝑒𝑒 − 020𝑡𝑡9 
  3.7070𝑒𝑒 − 014𝑡𝑡7 + 2.4122𝑒𝑒 − 023𝑡𝑡10 − 0.0138 + 1.2275𝑒𝑒 − 026𝑡𝑡11 
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Figure 4.  Graphical representation of exponentially decaying input pollutant in Lake 1, 2 and 3 with RADM and RK45F solutions. The time 𝑡𝑡 is expressed 
in years 

 

5. Discussion  
In this paper, we presented the Revised A domain 

decomposition method (RADM) as a useful semi- analytical 
technique for solving a pollution model for a system of lakes. 
Three input models were successfully solved. For each of the 
three cases solved here, the RADM transformed the dynamic 
model into a system of Volterra integral equations for the 
coefficients of the series solutions. 

For the purpose of comparison, the Fehlberg fourth order 
Runge-Kutta method with degree four-fifth interpolant 
(RK45F) [12-13] built in Maple CAS software was used to 
obtain the exact of the model. Figure 1, 2 and 3 depicts the 
comparison among the exact solutions obtained by RK45F 
method and the RADM approximations for the three input 
models; sunoisodal, Impulse and step input. We also show in 
table 1-3, the comparison between the results obtained by the 
RADM and that of DTM [11] and VIM [7], the results are 
almost the same. The advantage of the RADM over the both 
method is that, it converges faster and does not generate 
secular terms like the VIM. 

Other semi-analytical methods like PIA, VIM, HPM and 
RVIM, among others require an initial approximation for the 
solutions sought and the computation of one or several 
adjustment parameters. If the initial approximation is 
properly chosen, the result obtained can be highly accurate. 
Nevertheless, no general methods are available to choose 
such initial approximation. This issue led to the use of 
Adomian polynomials [2] to solve such nonlinear problems. 

On the other hand, RADM just like DTM or LPDTM does 

not require any perturbation parameter or initial iteration for 
starting the iteration process. The solution procedure does 
not involve unnecessary computation and it converges faster 
to the exact solution of the pollution model. The 
approximation was made possible and easier using Maple 
13. 

6. Conclusions 
The problem of pollutions of three lakes with 

interconnecting channels has been considered. Different 
input models have been used for monitoring the pollution in 
three lakes. The Revised Adomian decomposition method 
has been used to solve the solution of the system of linear 
differential equations governing the problem. The results are 
compared with those obtained by VIM [7] and DTM [11]. 
This comparison shows that the results are almost the same, 
but the solution procedure does not generate secular (noise) 
terms as the case of VIM, and converges faster to the exact 
solutions obtained by RK45F method. 
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Appendix 
Table 1a.  Comparison between RADM and other methods for pollutant in Lake 1 (sunoisodal input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.1004934× 10−1 0.1004934× 10−1 0.1004934× 10−1 

0.02 0.2019736× 10−1 0.2019735× 10−1 0.2019736× 10−1 

0.03 0.3044401× 10−1 0.3044401× 10−1 0.3044401× 10−1 

0.04 0.4078928× 10−1 0.4078927× 10−1 0.4078928× 10−1 

0.05 0.5123310× 10−1 0.5123310× 10−1 0.5123310× 10−1 

0.06 0.6177542× 10−1 0.6177546× 10−1 0.6177541× 10−1 

0.07 0.7241617× 10−1 0.7241617× 10−1 0.7254161× 10−1 

0.08 0.8315523× 10−1 0.8315528× 10−1 0.8315528× 10−1 

0.09 0.9399266× 10−1 0.9399265× 10−1 0.9399266× 10−1 

0.10 0.1049282 0.1049282 0.1049282 

Table 1b.  Comparison between RADM and other methods for pollutant in Lake 2 (sunoisodal input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.3113438× 10−6 0.3113793× 10−6 0.3113438× 10−6 

0.02 0.1249310× 10−5 0.1249370× 10−5 0.1249310× 10−5 

0.03 0.2820069× 10−5 0.2820067× 10−5 0.2820069× 10−5 

0.04 0.5029473× 10−5 0.5029427× 10−5 0.5029427× 10−5 

0.05 0.7883429× 10−5 0.7883429× 10−5 0.7883429× 10−5 

0.06 0.1138805× 10−4 0.1138805× 10−4 0.1138805× 10−4 

0.07 0.1554927× 10−4 0.1554927× 10−4 0.1554927× 10−4 

0.08 0.2037305× 10−4 0.2031305× 10−4 0.2037305× 10−4 

0.09 0.2586535× 10−4 0.2586535× 10−4 0.2586535× 10−4 

0.10 0.3203213× 10−4 0.3203213× 10−4 0.3203213× 10−4 

Table 1c.  Comparison between RADM and other methods for pollutant in Lake 3 (sunoisodal input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.3459468× 10−6 0.34597770× 10−6 0.3459788× 10−6 

0.02 0.1388263× 10−5 0.1388263× 10−5 0.1388520× 10−5 

0.03 0.3133661× 10−5 0.3133661× 10−5 0.3134529× 10−5 

0.04 0.5588850× 10−5 0.5588850× 10−5 0.5590912× 10−5 

0.05 0.8760533× 10−5 0.8760533× 10−5 0.8764571× 10−5 

0.06 0.1265541× 10−4 0.1265541× 10−4 0.1266241× 10−4 

0.07 0.1728018× 10−4 0.1728018× 10−4 0.1729137× 10−4 

0.08 0.2264153× 10−4 0.2264153× 10−4 0.2265819× 10−4 

0.09 0.2874615× 10−4 0.2874615× 10−4 0.2876992× 10−4 

0.10 0.3560070× 10−4 0.3560070× 10−4 0.3563339× 10−4 
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Table 2a.  Comparison between RADM and other methods for pollutant in Lake 1 (Impulse input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.9999345 0.9989345 0.9989341 

0.02 0.1999780× 10−1 0.1999738× 10−1 0.1999727× 10−1 

0.03 0.2999411× 10−1 0.2999411× 10−1 0.2999400× 10−1 

0.04 0.3998952× 10−1 0.3998952× 10−1 0.3998952× 10−1 

0.05 0.4998363× 10−1 0.4998363× 10−1 0.4998363× 10−1 

0.06 0.5997643× 10−1 0.5997643× 10−1 0.5997642× 10−1 

0.07 0.6996791× 10−1 0.6996792× 10−1 0.6996792× 10−1 

0.08 0.7995810× 10−1 0.7995810× 10−1 0.7995812× 10−1 

0.09 0.8994699× 10−1 0.8994698× 10−1 0.89946335× 10−1 

0.10 0.9993454× 10−1 0.9993455× 10−1 0.9993456× 10−1 

Table 2b.  Comparison between RADM and other methods for pollutant in Lake 2 (Impulse input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.3103094× 10−4 0.3103448× 10−4 0.3103333× 10−4 

0.02 0.1241096× 10−3 0.1241095× 10−3 0.1241099× 10−3 

0.03 0.2792146× 10−3 0.2792146× 10−3 0.2792144× 10−3 

0.04 0.4963248× 10−3 0.4963248× 10−3 0.4963243× 10−3 

0.05 0.7754190× 10−3 0.7754190× 10−3 0.7754190× 10−3 

0.06 0.1116476× 10−2 0.1116476× 10−2 0.1116455× 10−2 

0.07 0.1519475× 10−2 0.1519474× 10−2 0.1519476× 10−2 

0.08 0.1984392× 10−2 0.1984392× 10−2 0.1984336× 10−2 

0.09 0.2511210× 10−2 0.2511210× 10−2 0.2511222× 10−2 

0.10 0.3099905× 10−2 0.3099905× 10−2 0.3099943× 10−2 

Table 2c.  Comparison between RADM and other methods for pollutant in Lake 3 (Impulse input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.3447974× 10−4 0.3447975× 10−4 0.3447974× 10−4 

0.02 0.1379069× 10−3 0.1379069× 10−3 0.1379066× 10−3 

0.03 0.3102634× 10−3 0.3102634× 10−3 0.3102677× 10−3 

0.04 0.5515311× 10−3 0.5515311× 10−3 0.5515006× 10−3 

0.05 0.8616919× 10−3 0.8616919× 10−3 0.8616923× 10−3 

0.06 0.1240728× 10−2 0.1240728× 10−2 0.1240738× 10−2 

0.07 0.1688621× 10−2 0.1688621× 10−2 0.1688681× 10−2 

0.08 0.2205353× 10−2 0.2205353× 10−2 0.2205352× 10−2 

0.09 0.2790905× 10−2 0.2790905× 10−2 0.2790930× 10−2 

0.10 0.3445261× 10−2 0.3445261× 10−2 0.3445272× 10−2 
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Table 3a.  Comparison between RADM and other methods for pollutant in Lake 1 (Step input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.4999781× 10−2 0.4999782× 10−2 0.4999781× 10−2 

0.02 0.1999825× 10−1 0.1999825× 10−1 0.1999623× 10−1 

0.03 0.4499410× 10−1 0.4499410× 10−1 0.4499410× 10−1 

0.04 0.7998603× 10−1 0.7998603× 10−1 0.7998603× 10−1 

0.05 0.1249727 0.1249727 0.1249727 

0.06 0.1799528 0.1799528 0.1799528 

0.07 0.2449251 0.2449251 0.2449251 

0.08 0.3198883 0.3198882 0.3198883 

0.09 0.4048409 0.4048409 0.4048409 

0.10 0.4997818 0.4997818 0.4997818 

Table 3b.  Comparison between RADM and other methods for pollutant in Lake 2 (Step input) 

𝑡𝑡𝑖𝑖  DTM VIM RADM 

0.00 0 0 0 

0.01 0.1034394× 10−6 0.1034448× 10−6 0.1034448× 10−6 

0.02 0.8274444× 10−6 0.8274444× 10−6 0.8274444× 10−6 

0.03 0.2792385× 10−5 0.2792385× 10−5 0.2792385× 10−5 

0.04 0.6618421× 10−5 0.6618421× 10−5 0.6618421× 10−5 

0.05 0.1292550× 10−4 0.1292549× 10−4 0.1292550× 10−4 

0.06 0.2233334× 10−4 0.2233334× 10−4 0.2233334× 10−4 

0.07 0.3546145× 10−4 0.3546148× 10−4 0.3546148× 10−4 

0.08 0.5292922× 10−4 0.5292922× 10−4 0.5292922× 10−4 

0.09 0.7535566× 10−4 0.7535566× 10−4 0.7535566× 10−4 

0.10 0.1033597× 10−3 0.1033597× 10−3 0.1033597× 10−3 

Table 3c.  Comparison between RADM and other methods for pollutant in Lake 3 (Step input) 

ti  DTM VIM RADM 

0.00 0 0 0 

0.01 0.1149350× 10−6 0.1149425× 10−6 0.1149430× 10−6 

0.02 0.9194196× 10−6 0.9194195× 10−6 0.9195473× 10−6 

0.03 0.3102837× 10−5 0.3102837× 10−5 0.3103484× 10−5 

0.04 0.7354391× 10−5 0.7354391× 10−5 0.7356434× 10−5 

0.05 0.1436310× 10−4 0.1436103× 10−4 0.1436809× 10−4 

0.06 0.2481781× 10−4 0.2481781× 10−4 0.2482815× 10−4 

0.07 0.3940718× 10−4 0.3940718× 10−4 0.3942634× 10−4 

0.08 0.5881969× 10−4 0.5881969× 10−4 0.5885236× 10−4 

0.09 0.8374364× 10−4 0.8374364× 10−4 0.8379600× 10−4 

0.10 0.1148667× 10−3 0.1148671× 10−3 0.1149469× 10−3 
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