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Ruin Probability in a Generalized Risk Process under
Rates of Interest with Homogenous Markov Chain Claims

and Homogenous Markov Chain Interests
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Abstract The aim of this paper is to give recursive and integral equations for ruin probabilities of generalized risk
processes under assumption that both sequences of claims and rates of interest are homogenous Markov chains. Generalized
Lundberg inequalities for ruin probabilities of these processes are derived by using recursive technique. Firstly, we give a
recursive equations for finite — time probability and ultimate ruin probability. By using these equations, we can derive
probability inequalities for finite — time probability and ultimate ruin probability. The above results give upper bounds for
finite — time probability and ultimate ruin probability. A numerical example is given to illustrate results.
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1. Introduction

For over a century, there has been a major interest in
actuarial science. Since a large portion of the surplus of
insurance business from investment income, actuaries have
been studying ruin problems under risk models with rates of
interest. For example, Teugels and Sundt[10],[11] studied
the effects of constant rate on the ruin probability under the
compound Poisson risk model. Yang[13] established both
exponential and non — exponential upper bounds for ruin
probabilities in a risk model with constant interest force and
independent premiums and claims. Cai[3],[4] investigated
the ruin probabilities in two risk models, with independent
premiums and claims and used a first — order autoregressive
process to model the rates of in interest. Cai and Dickson[5]
obtained Lundberg inequalities for ruin probabilities in two
discrete- time risk process with a Markov chain interest
model and independent premiums and claims.

In this paper, we study the models considered by Cai and
Dickson[5] to the case homogenous Markov chain claims
and homogenous Markov chain rates of interest and
independent premiums. The main difference between the
model in our paper and the one in Cai and Dickson[5] is that
claims and rates of interest in our model are assumed to
follow homogeneous Markov chains.

We let X:{Xn}nzo be premiums, Y:{Yn}nZO be
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claims, I :{In}nZO be interests and they define on

probability space (€2,4,P). To establish probability
inequalities for ruin probabilities of these models, we study
two styles of premium collections. On the one hand of the

premiums are collected at the beginning of each period then
1 g
the surplus process {U,E)}M with initial surplus % can

be written as
UISI) = UIE]—)I(I +]n) + Xn _Yn

which can be rearranged as

U = Ja+ 1)+ 2 (X, -Y) [T a+1) 2
k=1 =l p=k+1

On the other hand, if the premiums are collected at the end

(1.1)

of each period, then the surplus process {U,Sz)} with

nxl
initial surplus ¥ can be written as
2) _ (2)
Un - (Unfl + Xn)(l + In) - Yn P
which is equivalent to

U =u] [0+ 1)+ Y[X,0+ 1) -Y ] +1,) (1)
k=1 k=1 !

p=k+

(1.3)

b
where throughout this paper, we denote th =1 and
t=a

b
D% =0 it 4sp.
t=a

We assume that:
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@O _rr@ _ M
Assumption 1.1. U,” =U," =u>0 _
where 0< Py < 1’Zpii =1

Assumption 1.2. X = {Xn}nzo is a sequence of =1
independent and identieally dis.tributed non — neganve Assumption 1.4. 1= {[”}n>0 is homogeneous Markov
continuous random variables with the same distributive -
function F'(x) = P(w e Q: X (w)<x). chain, I n take values in a finite set of non - negative

Assumption 1.3 Y = {Yn}nzo is a homogeneous numbers E, = {ilaiza-":i]v} with ]0 = ir and

X, (@) =i ].(meN)i,icE,

Markov chain, Y, take values in a finite set of non - @, ZP[a)eQ:ImH(a))=iS
negative numbers E, = {yl,yZ,...,yM} with ¥, =, and

N
0<¢q,<I =1
h qrs ’ qrs
p=Ploc, @)=yl @=y]meNyyeE M A

Assumption 1.5. X,Y and I are assumed to be independent.
We define the finite time and ultimate ruin probabilities of model (1.1) with assumption 1.1 to assumption 1.5, respectively,
by

l/ligl)(u’yi’ir) = P we Q U(Ulil)(a)) < O) Uél)(a)) = u’Yo(a)) = yi9[o(a)) = ir (15)

k=1

UM (@) =u,Y,(0)=y,I,(0)=i |(1.6)

w0 = limy " (u,3,,1) = P| @ € Q:| (UL (@) <0)
n—>oo k:l

Similarly, we define the finite time and ultimate ruin probabilities of model (1.3) with assumption 1.1 to assumption 1.5,
respectively, by

v u,y,i) =Pl 0eQ:( JUP(0) <0\ U (@) =u,X,(0) = y,,1,(0) =i, (1.7)
k=1

Uy (@) =u,Y,(0)=y,,1,(0) = l} (1.8)

v, y,i) = limy®(u,y,,i ) = P[a) eQ:|J(UP(w)<0)
n—owo k=1

In this paper, we derive probability inequalities for ¥ ® (4,¥;5,) and W(z) (u,¥,,i,) . The paper is organized as follows;
. . . . . . 1 . 2 . . .
in Section 2, we give recursive and integral equations for ¥ ,5 )(u,y,-,lr) and ¥ ,(, )(u,yi,l,) . In Section 3 we derive

probability inequalities for l//(l)(u, Viol,) and ¥ (2)(74, Vi) by an inductive approach. A numerical example is given to
illustrate these results in Section 4. Finally, we conclude our paper in Section 5.

2. Integral Equation for Ruin Probabilities

1 . .
We first give recursive equations for ‘//,5 )(u,y,- 9lr) and an integral equation for l//(l) (U, Y ,l,,) .
Theorem 2.1. If model (1.1) satisfies the assumptions 1.1 to 1.5 then forn=1, 2, ...

M N +o0
Vi)=Y Y Pl | @)+ x =y, y i) dF () +F |y —u(l+) ] o
j=1s=1 yj—u(1+is)
and
M N 400
VO yai) =) Y Py | v @) x =y, 0 )F () F [y, —u(l i) ] 22)

J=1s=1 y;—u(l+iy)
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Proof.

Give Y(w)=y, ek, [(w)=i cE (weQ).

Let

4={weQ:U"(0)=uY,(0) =y, () =y, =i.]0)=i}

4 ={weQ: X (@) <y, —u(l+i)},

4, ={weQ: X (0) 2y, —u(l+i)}

From (1.1), we have Ufl)(a)):”(1"'1;)"‘)(1(0))_)/,- and

n+l
P(a)eQ:Ul“)(a))<0|Al mA)=1:>P£ : A mAJ:l 23)

In addition,

P(a)eQ:Ul(”(a))<0|A2 mA)zO.

2.4
Let {X”}nzo’{yn}nzo’{in}nzo be independent copies of {X”}nZO , {Yn}nzo= {I }n>0 respectively with
X, (@)= X,(0).Y,(0) = Y,(@) = y,.,(0) = [,(@) =i,.
A, N A]

Thus, (2.4) and (1.2) imply that
H(1+1 @)+ Y (X, (@) -Y, (@) [] <1+1,,<w))}

k=1

4, mA] = P[a) eQ: U (U (w) < 0)

n+l

0weQ: U{[u(l+z)+X(a)) y}]

k=2

=P

n+l
P(a) eQ:|JU(w)<0)
m=2 m=2 p=m+l

(U @) = +i) + X, (@) =y, Yi(@) = ), [ (@) =1, )\ 4 |

p=m+l

P[a)eQ U{U(”(a))H(HI () + Z(Xm(a)) Y, () H (1+1, (a)))<0}

(0@ =u+i)+ X, (@)= y,.F, (@) = v, ], (@) =i, ) " 4,

(2.5)
On the other hand, (1.5) implies
n+l
v (u,y,i) = P{w eQ:(J U (0) <0)\UM (@) =u.Y,(0) = y,,I,(w) = z;}
k=1
Thus, we have
) M N n+l X
Vi) =33 Dy P weQ:U(U,E><w)<0>‘A
j=1s=1 k=1
M N n+l .
=2 Pids1PLoeQ: | JU (@) <0)| 4 N A}.P(4)
j=ls=1 k=1
n+l
+P{a) eQ:| U (@) <0)4,n A}.P(Az)} 2.6)
k=1
From (2.3), we have
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ol u(1+1s)
P{a) cQ: U(U“)(w) <0) ‘A 2 A} P(4) = j dF (x)
0
From (2.5), we have

n+l —+00
P{weQ:U(U,EU(a))<O) }.P(AQ): J. (1)(u(1+z)+x VYol )dF(x)
k=1 y;—u(l+is)
Therefore, (2.6) is written as
j—u(l+is) v
l//i(11+)l(u y17l ) ZZPUQM J. dF(‘x)+ J. l//;sl)(u(l+ls)+x_yj7yj’ls)dF(‘x)
J=ls=1 0 yj—u(l+is)
M N +20
=ZZp,ﬂm I (1)(u(1+z )+x— Vs yl,l‘)dF(x) +F[ —u(l+i )] 2.7
j=ls=1 ;=u(l+is)

Thus, the integaral equation for V/(I)(U,y,«,ir) in Theorem 2.1 follows immediately from the dominated convergence
theorem by letting n— oo in (2.7).
This completes the proof
. 2 .
Similarly, the following recursive equation for ¥/ ff)(u,y,-,l,) and integral equation for ¥ ( )(Ua Y;»L.) are hold.
Theorem 2.2. If model (1.3) satisfies assumptions 1.1 to 1.5 then, forn=1, 2, ...

i y; —u(l+1i)
t//,ﬁ)l(u Vil )= ZZPU% I !//,(12)|:(u+x)(1+l )=V V)l S]a’F(x)+F(—] (2.8)
IEEE v (1) T+,
1+
and
) M N +20 , v, —u(l+i)
v u,y,50) =D D Pl [+ x)0+1) =y, 0,00, [dF () + F| 2 9
J1s=1 v u(l+iy) +i
1+

Next, we establish probability inequalities for ruin probabilities of model (1.1) and model (1.3).

3. Probability Inequalities for Ruin Probabilities

To establish probability inequalities for ruin probabilities of model (1.1), we first proof the following Lemma.

Lemma 3.1. Let model (1.1) satisfy assumptions 1.1 to 1.5 and E(Xlk) <+wo(k=12) .

If,any V; € Ey |
E(Y|oeQ:Y,(0)=y,)<EX,) and
P( ,-) >0 3.1
then there exists a unique positive constant X satisfying:
E(eRi(Y‘_X‘) a)eQ:Yo(a))zy,.)zl (3.2)

Proof.
Define
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fl.(t)zE{et(y‘_x‘)‘a)eQ:Yo(a})=yl.}—l;te(0,+oo)
We have
1) :E{e”l EXCRAGE y,.}.E(e"Xl)—l = g.().h(1)~1

From Y, is discrete random variables and it takes values in E, = {yl,yz,...,yM} then
tY] U ;
g,(t)= E{e ! |a) eQ:Y (w)= y,-} = Zpijey’ has 7 -th derivative function on (0.+®) (any ne N = N\{O} ).
j=1
+00

In addition, h(t)zE(e_tXl): [ e f(x)dx with f(x)=F'(x) saiisfying:

0

h(r) = fe F(x)dx < jw f(dx=1 Txke_’x F(x)dx < Txk f()dx = E(X})<+oo(k =1,2)

This implies that h(t ) has 71 -th derivative function on (0,+) with 7= L2 . Thus, fl(t ) has 7 -th derivative

function on (0,+) with n=1,2 and
10 = E{(% = x)¢ " V0 e Q:Y,(0) = 1

ﬁ"(t) = E{(Yl —Xl)zet(ﬂ—Xl)‘a) cQ: K)(C()) = yl} >0 .
This implies that

f,(t) is a convex function with f;(0)=0 (3.3)
and

SO =E{(Y, - X)|0eQ:Y,(0) = y,| = E(§|0 e Q:Y,(0) = y) - E(X,) <0 (3.4)
By P(a)eQ:(Y1 - X )w)>0

Y (0)= J’,-) >0 we can find some constant & >0 such that
P(@eQ: (Y- X ) @)>5>0|Y,(@)=y,)>0

Then, we can get that

1) =E{et(y‘_xl)‘a)e Q:Y () = y,.} 1

0 i {wegz(yl_Xl)(m)>§\Yo(a)):y,-}

> e’ PloeQ:(Y, - X)(@)>0|Y,(0) = y,| -1
Imply
lim f,(£) = +o0 (3.5)

From (3.3), (3.4) and (3.5) there exists a unique positive constant R,~ satisfying (3.2).
This completes the proof .

Let: &, = min{Rl, >0 :E(eRi(Yl_Xl)

a)eQ:Y,,(CO) :yi)zl(yi GEY)}

Using Lemma 3.1 and Theorem 2.1, we obtain a probability inequality for t//“)(u,yl-,i,) by an inductive approach.
Theorem 3.1. If model (1.1) satisfies assumptions 1.1 to 1.5, E(Xlk) <+ (k =1,2) and (3.1) then

forany u>0,y,-€EY and irEE[
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!//(1) (u9 yiﬁir) S ﬂl 'E[e_Rou(l+]1)‘ we Q :[o (a)) = lr:| > (36)
where
z
eRo? J' e X g (x)
! =inf 0 B <1.
prl=int— e ———p
Proof.

Firstly, we have

ieR“(Zx)dF(x) j dF (x)

e 2
B —1Zrig o) lerig o) =l 7 2l B <1
Forany z >0, we have
- -1
eR”Z.I e P dF (x) . .
F(z) =| —2 &R [e o dF (x) < e’ [e " dF (x)
F(2) 0 f 3.7)
<p .eR”Z.J. e *dF (x) = B, .eR“Z.E[e_R"X1 ] . (3.8)

0

Then, forany ©# >0, ), € E,and i, € £, we can write

YOy = P e QU (@)> (U0 (0) = 1.,(0) = y.d @) =1)= Y Y pya Fv,~u141)] o)
Jj=ls=1

Thus, combining (3.8) and (3.9), we have

M N —u(1+i) _
v (u,y,.i,) = ZZpuqmF(y, ~u(l+i)) < B Py, e }E[e R”Xl}

j=ls= j=ls=1

:IBIE[eR"(K_XI)‘a)eQ:YO(a)) =y, E[e Rou(i+1)

weQ): I(a))—z}

:ﬂ1E|:e_Rou(1+ll)‘a)€Q:Io(a)):iri| . (3.10)
Applying an inductive hypothesis, we assume forany # >0, ); € E, and i €E,,

v (u,y,,i) < ﬂlE[eR”u(M‘) weQ:l ()= l}} . (3.11)

Then (3.10) implies that (3.11) holds with n = 1.
For ;€ Ey i e E, u(l+i)+x-y;>0 and [(0)20(Vw e Q) we have

“)(u(l+l )+ X =Y., v)

{e—RZ[u(1+is)+x—yj}(l+ll) o

—R; [u(l-&—is )+x—yj}

<BE

eQ:Io(a))ziS}S,Bl*e

where
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eR"ZIe_R"xdF (x) .
B! =inf —2 E| ot
z>0 F(Z) >
and R: > Ro > O.

Forany z>0:

a)eQ:YO(a)):yjj:I

z

el j e Y dF (x) jeR”(Z_x)dF(x) j
0 0

*

R () o [ R ()
0

0 — S =
F(z) F(2) F(z) F(z)
then
e [e M dF (x) efo? [ Rorar (x)
-1 _ - 0 *_1 - 0
R T A )

1 1
s—<—opf<p

]
That R:[u(1+is)+x—yj]2Rﬂ[u(l+is)+x—yj]>0 then

-R, [u(1+is )+x—yj}

(//’En(u(l+is)+x—yj,yj,is)Sﬂle (3.12)
Therefore, by Lemma 3.1, (2.1), (3.7) and (3.12), we get
M N +00
v 30) =2 P F—u+i)+ [yl @ +i)+x=y,p,.i)dF(x)
j=ls=1 yj—u(l+is)
i—u(1+i;)
L Ry| yj—u(l+i) n _R v —R, |u(l+ig)+x—y;
<> D i Be g } I e dF (x) +f, j ¢*l f]dF(x)
j=ls=l1 0 yj—u(l+is)
MY R[y;—u(+i)| ¢ _p s
=Y pya T [ tar o
j:1 s=1 0
_ ,B]E[eR"(Y] ] we:¥ (@)= yi}.E[eR"”(H[')‘ weQ: 1 (0)= z;}
_ ﬂ]E|:e—Rou(l+I1)‘ weQ: [O(Cg) = lr:|

Thus

v (u,y,,i) < ,BIE[e_R“”“”‘)| weQ:I (0)= ir}
Consequently, for any n=1,2,... (3.11) holds. Therefore, (3.6) follows by letting n— o in (3.11).
This completes the proof

. “Rou(1+], , .
Remark 3.1. Let A(u’yi’lr):ﬁl'E[e ”(+')‘a)eQ,]o(a)):zri| .From [[(®)20(VweQ) and f <1,

we have

A, y,,i )< B .E[e—Rou

weQ: I (v)= i,,} = B Fo < 7R



192 Quang Phung Duy: Ruin Probability in a Generalized Risk Process under Rates of Interest with
Homogenous Markov Chain Claims and Homogenous Markov Chain Interests

-R,u
Therefore, upper bound for ruin probability in (3.6) is better than € .
Similar to Lemma 3.1, we have Lemma 3.2.

Lemma 3.2. Assume that model (1.3) satisfies assumptions 1.1 to 1.5 and E(Xlk ) <+o(k=12) 1t any V; € EY
and I, € E;
E[(Yl ~X,(1+ L))o e QY (@)= y,.1,(0) = ir} <0
and

P(Y, - X,(1+1))> 0w e Q:Y (@) = y,.I (@) =1,) >0, (3.13)

then there exists a unique positive constant Rir >0 satisfying:

E( AU

weQY (w)=y,1 (o) =ir) =1
Let

R, = min {R, >0 :E(eR”[Y1 ~ieh]

weQ:Y (w)=y,] (o) =ir) =1(y, €E,,i € E,)}

Next, we use Lemma 3.2 and Theorem 2.2 to give a probability inequality for ¥ (2)(14, Vo) by an inductive approach.
Theorem 3.2. If model (1.3) satisfies assumptions 1.1 to 1.5, E(Xlk) <+o0(k=1,2) and (3.13) then, for any

Vi €Eyand i, € E,

v (u,y,i)< ,HzE{eROY1 weQ:Y (w)= yl}E[e_Ro(“Xl)(M‘) weQ:l (v)= ir} (3.14)
where
eﬁozj‘e_ﬁoxdF(x)
!l =inf 0 B, <1.
B =inf—
Proof.
Similarly with Theorem 3.1, we have ,32 <1 and any z>0
R(JZ r —on
F(z)< Be .je dF'(x) (3.15)
0
R ~RoX
< ,Bl.eROZE[e 1} , (3.16)
Then, forany u >0, JV; € Ey and i. € E,
M N ;
) v, —u(l+i)
WI(Z)(uLyi’lr) = ZzpyqrsF(]—
= 1+
yj_u(1+is) .

yj—u(l+is)
- X

] o -
N 1+ 1+ls

M
Sﬂzz;zpqu [ e
j=ls

:1 0

dF (x)
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w _ [y —u(ip)—x(1+ig)
. 1+ o 1+
=8> p.a, I ¢ —
j=ls=1 0
yj—u(1+is)
" N 1+i; Ro|y; —(u+x)(1+iy)
<BD.D Pyl j ¢ b }dF(X)
j=1s=1 0
M N TR '
Ro|y; —(u+x)(1+ig)
<53 i, j ool lar )
j=1s=1 0

paft

weQ:Y (w)= y].E[e‘RO (u+X))(A+1))

weQ: [ (w)=i

Hence

weQ:I (w)=i (3.17)

) . RoY]
vy (U, y,0) < ﬂzE[e 1

Under an inductive hypothesis, we assume that
2 . RoY; . —Ro (u+X,)(1+1))
t//;)(u,yi,l,)S,HZE[e ! a)eQ.Yo(a)):yi}.E[e o

Then, (3.17) implies that (3.18) holds with n = 1.
y; —u(l+i)
1+i

s

weQ:Y (w)= y].E[eR"(“XI)(”h)

weQ:l (w)= i,} . (3.198)

For V; €EEy,i €E, x> and 1,(®)>0,(® € Q) , we have

P (@ + )1 +i) =3,

S,B;E{eROY‘ weQ:Y (v)=y,

}.E!eRz [(u+x)(1+is -y j+X1}(1+11)

a)eQ:]O(a))—is}

:,B;E el weQ:Y(0)=y, |

J

0weQ:l (w)=1

}E e—RZ[(uH)(mS)—y_,](1+11)—RZX1(1+11)

< ﬂ;E [eR“Y]

0eQiT ()=, £ 10

o Ro[(wrx)(1+i)-, |

=p,e (v, €EyieE ,(ut+tx)(1+i)-y, >0),
where
% Z %
ef[efrar(y
1 _ . 0 E Ro (Y| =X\ (1+1})) QY —v ] =i =1
prt it (e 0eQ:Y,(@)=y,1,(@)=i

*

and Eo ZEO > 0.
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z

eﬁ"z J. e_ﬁ"xdF (x) jeko G=0gF (x)

Ro(z=2) g () eﬁ(’zj-e_ﬁoxdF(x)

e
' 0 _0 < '([ _ 0
then
eﬁ"z'[efﬁ"xdF (x) R Ie_ﬁox dF (x)
= inf 0 < B =in 0

P 250 F(z) 5 250 F(2)

1
&S —<— ﬂ <p

B, ﬂ2 1

We get Eo[(u+x)(l+is)—yj] > Ro[ (u+x)(1+i) -y, ]

>0 then

—Ro [(u+x)(1+is )—yj}

(2)((u+x)(1+1 )=V, Y00 g)<,32 e (3.19)
Therefore, by Lemma 3.2, (2.8), (3.15) and (3.19), we get
B o y; —u(+i) v . .
V/,Ei)l(uay,-sl,)zzngqm F(j— + J. l//,(,z)((“+x)(1+ls)_J/_,-,J’_,-als)dF(x)
j=ls=1 1+ L V; —u(l+iy)
1+
yimuHs) Ty (i)
u, b Rol T Referiey)]
<> pasiB [ e dF(x)+B, | "NdF (x)
j=1s=1 0 v —u(l+is)
1+
yj—u(l+ig)
- — yj—(u+x)(1+i) o _
M ¥ M Rl T Re[wrnii-y,]
=8> psd,s j e C AR+ e dF (x)
j=1s=1 0 yj—u(l+i)
1+
y;—u(l+ig)
M N I4s —Ro[@u+x)(1+iy)-y; i Ro| (u+x)(1+i)-y;
A3 p f . [(utx)(1+i) y,}dF(x)+ [(utx)(1+i) yf}dF(x)
:1 =1 0 yjfu(lﬂ's)
1+
M N to 7 .
[y~ x)(1+iy) |
= D; dF(x)
OPEAE
= ,BZE[eR"Yl‘a) eQ:Y (w)= yi}.E{e_Ro(quX‘)(l”l) weQ: [ (w)= i,} .
Thus

R | A R

Consequently, for any n =1, 2, ...

e—ﬁo (u+X)(1+1))

weQ:]O(a))zir}

(3.18) holds. Therefore, (3.14) follows by letting » — o in (3.18).
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Remark 3.2.
Let

B(u’yi’il‘) = ﬂzE[eRoyl w e Q : Yo(a)) — yi:|.E[e_Ra(u+X1)(l+11)

From Il(a)) > O,Xl(a)) > 0,(V(0 € Q) and ﬁz <1 , we have
u(l+11) R0X1(1+11)

a)eQ:]o(a)):ir}

ko, a)eQ:IO(w)zir}

a)eQ:YO(a))zyl} [

B(u,y,,i.)=p,E ‘:

Rou=Ro X, (41| ) 3/ ()= 7 }

<BE [RO ‘a)eQ Y, (w) = yl} [

= ﬂzE[eROYl

—Rou ~Rou

= pe <e

weQ:] (0)= i,}e_R””

e Q . Y;(a)) — yl.:|E|:€_R0X1(1+]1)

—Rou
Hence, upper bound for ruin probability in (3.14) is better than € -

4. A Numerical Illustration

In this section we give a numerical example to illustrate the bounds of ¥ (1)(% Y;»1.) derived in Section 3.

Let X = {X n}nzo be a sequence of independent and identically distributed non-negative continuous random variables
with the same distributive function F'(x)=1-— e—o,zsx(x >0).

Let ¥ = {Yn}nzo be a homogeneous Markov chain such that for any 7, Y, take values in £, ={1,3} with Y]

having a distribution:

Y, 1 3

P 0,4 0,6

and matrix P = [P,;,']zﬂ is given by
[03 07
10,2 08
Let [ = {Ik}kzo be a homogeneous Markov chain such that for any 7, {, take valuein E, = {051;0715} with 1,

having a distribution:

]

0,1 0,15

P 0,35 0,65

and matrix O = [qm ]2x2 is given by
0,25 0,75
{ 0,6 0,4 }
Then, we have

E(Y|Y,=1)=1.0,3+3.0,7=2,4

1
E(X%|Y,=3)=1.0,2+3.0,8=2,6;E(X,) :(),_25:4
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Therefore

E(,

Y, =y)<E(X,),y €E, @.1)
In the other hand,
P(Y,-X,>0]Y,=1)>0 P(Y%,-X,>0

Y,=3)>0 (4.2)
and

E(X})<+oo(k=12) 43)
Combining (4.1), (4.2) and (4.3) imply that Lemma 3.1 holds.

Next, we solve equation (3.2).
Firstly, we have

E|fiti-%ly :yl} :E[eR"Yl Y = yiJE[e_RiXI }(l' =12).
where
E| e Bi% } =0, ZSI e (Rit023)x g, _025 (i=1,2)
i ! R, +0,25 ’
and

B[y, =1]=em [ =1, =1 ]+ 5P 1 =301, =1]=03¢" 076

E _eRZYI

Y,=3|=e"P[Y =17, =3]+ "™ Py, =37, =3]=0,2¢" +0,8¢"
Respective equation (3.2) for R, R, by
0,3e™ +0,7¢’ = 4R +1 (4.4)
0,2¢" +0,8¢’ =4R, +1 4.5)
Using Maple, we find respective root of (3.2) for R, R, | by
R, ~0,33878;R, ~0,28124
Hence, R, = min{Rl,Rz} =0,28124

1 .
We can apply the result of Theorem 3.1 for ¥ ( )(U» Vi»l,.)

v, y,i,) < B 0

I, = i,} =g(u,i,)(i, € E;) (4.6)

where

g(u;0,1) = E| e 1)

I =0,1}

— e—l,lR()u.P[]l — O,l

1,=01]+e """ P[1,=0,151,=0,1]
=0,25¢ MRt 1.0,75¢7 1N
2(u;0,15) = E[e_R“”(H‘)‘IO - 0,15}

=e M p[1 =0,1

1,=0,15]+e %" P[1,=0,15

1,=0,15]

= 0,6¢ MEM 4 (), 47115 R
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Table 1 shows values upper bounds g(u,i,) of

1 .
y' )(Uax,- ,..) for a range of value of u

Table 1. Upper bounds g(uair)of W(])(M,yi,ir)

u 2(u;0,1) 2(u;0,15)
1 0.726228 0.729814
2 0.527426 0.532654
3 0.38306 0.388775
4 0.27822 0.283774
5 0.202082 0.207141
6 0.146785 0.15121
7 0.106624 0.110387
8 0.077454 0.080588
9 0.056266 0.058836
10 0.040876 0.042958
15 0.008276 0.008919
20 0.001677 0.001854

5. Conclusions

Our main results in this paper are Theorem 2.1 and

.. . . 1 .
Theorem 2.2 giving recursive equations for ¥ ,5 ’(u,y,-,l,.)

v (u,y,.i,)
V/(l)(“ay,-air) and l//‘z’(u,y,-,i,) ; Theorem 3.1 and
Theorem 3.2 giving probability

. 2 . . .
‘//(])(”syialr) and l//()(u’yiﬂlr) by an inductive
approach. In addition, a numerical example is given
illustrating Theorem 3.1.

and and integral equations for

inequalities  for
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