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Abstract In this paper, via comparison with first order oscillatory difference equations and by a Riccati transformation
technique, we will study the oscillatory behavior of third order nonlinear neutral difference equations .We establish some new
sufficient conditions which insure that every solution of this equation either oscillates or converges to zero. Our results
improve and extend some known results in the literature. Examples are given to illustrate the importance of the results.
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1. Intrduction

By comparison with some first difference equations
whose oscillatory characters are known and by means of a
Riccati transformation technique, we obtain several new
sufficient conditions for the oscillation of all solutions of the
nonlinear neutral difference equation of the form

A <a(n) (A (b(n) <A (x(n) + P(n)x(f("))))al)>az>

+q(n)f (x(g(n))) =0, n=n,. (1.1)
Where ng € N is a fixed integer, A denotes the forward
difference operator defined by Ax(n) = x(n+ 1) — x(n)
and Alx(n) = A(Ai_lx(n)). Throughout this paper, we
will assume the following hypotheses:
(A1) a(n),b(n) > 0and q(n) = 0 for n € N(ny).
(A,) a4, a, are quotient of odd positive integers.
(A3) {(p(M)}5=p, is positive ,0 < p(n) <p < 1.
(A4) g:N(ng) — N satisfies g(n) < n,Ag(n) = 0,t(n)
<nand lim t(n) = lim g(n) = oo.
n—-oo n—-oo
(A5) f € C(R,R) such that xf(x) >0,f (x) >0
forallx #0 and-f(—xy) = f(xy) = f(x)f(¥)
forxy > 0.
In addition, we will make use of the following
conditions:
(S)) f(w)/u* =K > 0,K isareal constant, u >
0and a = a1, .
(SZ) f(un) - f(vn) = B(un'vn)(un + pnun—‘r)
—(vp + PuVy_;) foru,,v, #0,n>1>0,
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B is a nonnegative real valued function,

1
fa*(w)B(u,,v,) = pu >0 and pis aconstant.

We set z(n): = x(n) + p(n)x(‘r(n)). By a solution of
equation (1.1) we mean a nontrivial sequence {x(n)}
defined on N(ny), which satisfies equation (1.1) for all
n = ng. A solution {x(n)} of equation (1.1) is said to be
oscillatory if it is neither eventually positive nor eventually
negative and nonoscillatory otherwise. Equation(1.1) is
called oscillatory if all its solutions are oscillatory. In recent
years, there has been an increasing interest in the study of the
problem of determining the oscillation and non-oscillation of
solutionsof difference equations of the form (1.1) and its
special cases. In[1], Graef et al. proved several theorems
provided sufficient conditions for oscillation of all solutions
of the third order difference equation of the form

A (a(n)A(b(n)Ax(n))) +qMn)f (x(g(n + 1))) =0,(1.2)

depend on condition

[o¢] [o9]

Z a-l(n) = Z bl(n) = oo . (1.3)
n=ny n=no

In[2], via comparison with first order oscillatory

difference equations, Agarwal et al. proved several theorems
provided sufficient conditions for oscillation of all solutions
of the third order difference equation of the form

1 1 e\ @
A(W<A(m)(AX(n)) ) )
+a(m)f (x(9(m)) = 0,

depend on condition
1

Z ” (ai (”))07 =o00,i=12. (1.5

In[3], by a Riccati transformation technique, Schmeidel
studied the oscillatory and asymptotic behavior of solutions
of the third order difference equation

(1.4)
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a(ama (b (2ym)) ) + pf (y(n + D) =0, (16)

using the condition
(o]

z al(n) = o i bl(n) = oo .
n=1

n=1
In[4], via comparison with first order oscillatory
difference equations, Grace et al. discussed the oscillatory
behavior of the solutions of the difference equation of the
form

A(a(n)(Azx(n))a) +q()f (x(g(n))) =0, (1.8)

under the condition

Z bi(n) < oo . (1.9)

In[5], by a Riccati transformation technique, Selvaraj et al.
established some sufficient conditions for oscillation of all
solutions of the third order non-linear difference equation of
the form

A (afm A%y (")> +pmf (y(em)) =0, (1.10)

using the condition

oo

Za(n)=oo.

n=no

(1.7)

(1.11)

In[6], Saker et al. studied the oscillatory behavior of
solutions of the equation

A(c(n)A (d(n)(Ax(n)))a) +qn)f (x(g(n))) =0,(1.12)

using the condition (1.7) and

i c™%(n) < oo, i d1(n) <o . (1.13)

In[7], Thandapani et al. considered the third order
difference equation of the form

8 (atw (82 (ew + p)x(n - 7))

+q()x*(n—1) =0, (1.14)
under the condition
i 1
Z a7z(n) = oo, (1.15)
n=ny

In[8], using condition (1.11) Selvaraj et al. considered
nonlinear third-order difference equations of the form

K (%Ax(n)) +qf (x(om)) =0, (116)

and they study the oscillatory behavior of solutions of
equation (1.16). In[9], Saker investigated the third-order
difference equation (1.12) using the condition (1.13) and the
author obtained some Hille and Nehari type criteria for the
oscillation of equation (1.12). For further results concerning
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the oscillatory and asymptotic behavior of thirdorder
difference equation we refer to the books[10, 11, 12] and the
references cited therein. Our results improve and extend
some known results in the literature. The paper is organized
as follows. In Section 2, we will state and prove the main
oscillation theorems, in Section 3, and Section 4, we will
give some remarks and provide some examples to illustrate
the main results.

2. Main Results

In this section, we establish some new oscillation criteria
for the equation (1.1) under the following conditions

d 1 d 1

Z a «2(n) = oo, Z b «i(n) = o0 . (2.1)
n=ny n=ny

L L

Z aw2(n) < o Z bai(n) =0 . (22)
n=ng n=ng

oL o L

Z a 2(n) < oo, Z b «1(n) <o . (2.3)
n=ny n=ny

In the following results, we shall use the following
notations:

n—1
_ -1 _ P2 (g(n),ny)
8(n,ny) = SZZ a «2(s),p(n) = 22(n + Db (g(n))

up(M)éi(g(n),ny)

O(n) = a+1l 1 ’
p e (n+ Db1(g(n))
o )_( Ap(n) B h(m,n) )
SR VI R rompn g &
g(n)-1 «
« 1
w(n) =K (1-p(gm)) qm) —
S=an (b(s))“l

We assume that there exists a double sequence
{H (mn)m=nz= 0} and h(m,n) such that

(i) H(m,m) =0 form = 0,

(it) Him,n) >0 form >n > 0,

(iii) A,Hm,n) = Hm,n+ 1) —H(m,n) <0
form>n2=0,

A,H(m,n)

JH(m,n)

We begin with some useful lemmas, which will be used in
obtaining our main results. The proof of the following
Lemmas are similar to that of (Lemma 2.1, 2.2 and 2.3
respectively in [13]) and hence the details are omitted.

(iv) h(m,n) = —

Lemma 2.1. Let {x(n)} be an eventually positive
solution of the equation (1.1) and suppose that {z(n)}
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satisfies Az(n) > 0, A(b(n)(Az(n)) ") >0,

A (a(n) (A(b(n)(AZ(n))al))az) <0 foralln > N.

Then there exists n = n; = n, such that
1

Az(n) > b_%(n) (a(n) (A(b(n)(AZ(n))al))az)E nz_f a_é(s) al. (2.4)

Lemma 2.2. Assume that (2.1) holds. Let {x(n)} be an eventually positive solution of equation (1.1). Then for
sufficiently large n, there are only two possible cases:

(1): Az(n) > 0, A(b(n) (Az(n)™") > 0
(11): Az(n) < 0, A(b(n) (az(m))“") > 0

Lemma 2.3. Assume that (2.1) holds. Let {x(n)} be an eventually positive solution of the equation (1.1) and suppose that
Case (II) of Lemma 2.2 holds. If

1
() () () - 1

S [ za‘%(w(Zq(s))az o, (2.5)

v=ny u=n

then x(n) » 0 asn — oo,
Theorem 2.1. Let (2.1) and (2.5) hold. If the first order delay equation
1

gm)—1 s—1 a1
A(yn>+q<n)f<ya(g(n))) (1-p(9) s ( Z pae( Y amw]| |0 @6

is oscillatory then equation (1.1) is oscillatory or lim,,_,., x(n) = 0.

Proof. To the contrary assume that (1.1) has a nonoscillatory solution. Then, without loss of generality, there is a
ny = ng such that x(n) > 0, x(‘[(n)) > 0and x (g (n)) > 0. From the proof of Lemma 2.2 there are two possible
cases. Assume that (I) holds. From Lemma (2.1), welhave

n—1 a1
Az(m) 2 b mysm) | Y a7 (s)

az
where y(n): = a(n) (A(b (n) (AZ (n))al)) . Summing the above inequality from n, ton — 1, we obtain

n—1 s—1 ay n—1 1 s—1 1 at
2wz ) bEEyE | ) amw | 2y Y pEE| Y dmw] . @)

There exists a n3 = n, with (n) = n, for all n = n3 , such that
1

gm)—-1 s—1 a1
z(g(m)) = y=(g(n)) Z b «i(s) z a «2(u) | ,foralln >ns. (2.8)

Since Az(n) > 0 and 7(g(n)) < g(n), then
x(g(m) = 2(g(m) = p(gm)x (x(g(m))

> z(g(n)) —p(g(n))z (T(g(n)))
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> z(g(m) (1-p(gm)). (2.9)
From (2.8), we obtain
. gm)-1 . s—1 %
x(9m) = (1= p(g®))ye(gm) Y b G| ) a =@

From equation (1.1), (As) and the last inequality , we obtain, for n > ng,

gm)—1 s—1 a1
—Ay(n) = q(n)f(l —p(g(n)))f(yz(g(n))>f/ Z b “1(5) Z a @z (u)
Summing the last inequality from n to oo, we get
© . g9(s)-1 v—1 ) P
y(n) = 2 q(s)f <y3(g(5))> (1 —p(g(s)) z b “1(17) 2 a @2 (u)

The sequence {y(n)} is obviously strictly decreasing. Hence, by the discrete analog of Theorem 1 in[14] we conclude that
there exists a positive solution {y(n)} of equation (2.6) which tends to zero. This contradicts that (2.6) is oscillatory. If the
(I1) holds, we are then back to the proof of Lemma 2.3 to show that lim,,_,, x(n) = 0. The proof is complete.

Theorem 2.2. Assume that (2.2), (2.5) and (2.6) hold. If

L

w (-1 o a\“
z !a az(s)(Z a f(1-p(g®)) s gz b () z a7 () ) l:oo, (2.10)

s=ng Ik r=ng u=ny v=g(r) J
then every solution of equation (1.1) oscillatory or lim,,_,, x(n) = 0.
Proof. Let {x(n)} is eventually positive solution of (1.1) forn = n,. Say x(n) > O,x(‘r(n)) > 0 and x(g(n)) > 0.
Based on condition (2.2), there exist three possible cases (I), (II) (as those of Lemma 2.2), and
(II): Az(n) > 0, A(b(n)(Az(n))a) <0 for all large n.
Assume that (I) holds. Then we are back to the proof of Theorem 2.1 to get contradiction to (2.6). Assume that (II) holds.
Then we are back to the proof of Lemma 2.3 to show that lim,,_,., x(n) = 0. Assume that (IIT) holds. Then, we have

n— n—1 L
z(n) = z(n3) = z Az(s) = 2 b e1(s)(b(s)(Az(s)) )

1 n- 1
> (b(m)(az(m))™ )" Z bE(s), forn = ns,

There exists a ng = nz with g(n) =nzfor all n = ny , such that
1 g(n) 1

z(gn)) = (b(g(n)) (Az(g(n)) Z b “1(5) forn = ny.
=
From equation (1.1), (2.9), (As) and the last inequality, we obtain, for n = n,
gn)—1

0 2 A(a(m)(Av(m)™) + qm)f (1 - p(gm)) £ (vﬂ(g(n))>f > b)), (2.11)
where v(n) := b(n) (Az(n))al. It is clear that v(n) > 0 and Av(n) < 0. It follows that
—Av(n) > —M]‘or n = ny.

a<2(n)
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Summing the last inequality from n to oo, we obtain

[ee)

v(n) = aaZ(n4)Av(n4) Z a aZ(s) =K Z a “2(5) forn>ny
s=n
1
where K := —a®2(ny)Av(ny) > 0. There exists a ng = ny with g(n) = ny for all n = ng , such that

(ee]

v(g(n) = K Z a_%(s),for n = ns.

s=g(n)

Summing (2.11) from ns to n — 1 and using the above inequality, we find

g(r)—-1 o L ar
Z a@f (1-ple@))f| Y b (kY @
r=ns s=ng k=g(r)

< a(n5)(Av(n5))w2 - a(n)(AV(n))az

In view of (As), we see that

1 1\ 25
(-1 @ / o . \u
a(n)E a@f (1-p@)f( Y vae || ([ Y amw] | s -sv,
r=ns s=ngz \ k=g()
L
where L = f (Kla 1). Summing the above inequality from ns to oo, we obtain
L
) ) g(r) 1 [} L a 2
i Y a7 () Z a0 (1-p) | Y vmm || Y a7
S=ng r=ns v=n3 k=g(r)

<v(ng) < o,

which contradicts the condition (2.10). The proof is complete.
Theorem 2.3. Assume that (2.3), (2.5), (2.6) and (2.10) hold. If

1

1) -1 % "
S o Y a7 Z a)f (1-p(g(s)) f Z b () =, (212)
I=ny k=ng s=ng r=g(s)

)
then every solution of equation (1.1) oscillatory or lim,,_,,, x(n) = 0.
Proof. Let {x(n)} is eventually positive solution of (1.1) forn = n,. Say x(n) > 0, x(‘r(n)) > 0 and x(g(n)) >
0. By (2.3), there exist four possible cases: (I), (IT), (IIT) (as those of Theorem 2.2) and
(IV)Az(n) < 0, A(b(n)(Az(n))a) < 0 for all large n.
Assume that (I) holds. Then we are back to the proof of Theorem 2.1 to get contradiction to (2.6). Assume that (II) holds.
Then we are back to the proof of Lemma 2.3 to show that lim,,_,, x(n) = 0. Assume that (III) holds. Then we are back to

the proof of Theorem 2.2 to get contradiction to (2.10). Assume that (IV) holds. We one can choose n; = n, with
g(m) =n, for all n = n3 , such that

2(gm) = - (b(gm) (8z(gm)) ") 2 b ) = K,y z b forn = s,

r=g(n) r=g(n)
1

where Ky = — (b(g(n)) (Az(g(n)))al)H > 0. Thus equation (1.1), (2.9) and (4s) yield
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A(a(n) (A(b(n)(AZ(n))al)) )< Lqgn)f (1 p(g(n)) Z b a1(r)

r=g(n)
where L := —f(K,). Summing the above inequality from nz ton — 1, we find
n—1 ay
A(bm)(azm) ) < Lz a )| Y a(s)f (1-p(9())) Z b e )
s=ng r=g(s)
Again summing the above inequality from n; ton — 1, we find
1
N\ a1
. n—1 ay !
D) < Kb () Y a7e2 () Z a@f (1-pg@))f z b ()
s=ns u=nsy r=g(u)

1
where K3 := La. Finally, summing the above inequality from n; ton — 1, we have
1

n—1 1 s—1 1 ar
z(n) < z(n3) — K3 2 b «i(s) z a “2(u)
s=ngz u=ns
1
AN\ oy
u—1 © 1 a2
|| 2 awr(1-ple@N)| . 7@
v=n3 r=g()
From condition (2.12), we get lim,_,o, z(n) = — 00. Since 0 < x(n) < z(n) then, x(n) > — as n — oo, which

contradicts the fact that x(n) is a positive solution of (1.1). The proof is complete.
Theorem 2.4. Let (S;), (2.1) and (2.5) hold. Further, assume that there exists a positive nondecreasing sequence {p(n)},
such that

9%(m,n)H(m, n)} B

pERTYe (2.13)

m—1
nlli_r)rgo supH(m 0 Z {Kp(n)q(n)H(m, n) (1 _ p(g(n)))a B
’ n=0

Then every solution of equation (1.1) oscillatory or lim,,_,., x(n) = 0.

Proof. To the contrary assume that (1.1) has a nonoscillatory solution. Then, without loss of generality, thereisa n; = n,
such that x(n) > 0, x(‘r(n)) > 0 and x(g(n)) > 0. From the proof of Lemma 2.2 there are two possible cases. Assume
that (I) holds. Define the sequence w(n) by

a(n) (a(b(m) (az(m)™"))”
z(g(m))

w(n) = p(n) (2.14)

Then w(n) > 0. From (2.14), we have
a(n+ 1) (A(b(n + D(d2(n + 1))“1))a2 a(a(m (A(b(n)(Az(n))al»aZ)
z%(g(n+ 1)) z%(g(n))
pa(n + 1) (A(b(n+ 1) (z(n + 1))“1))a2 A(2*(gm)))
z%(g(n+ 1)z%(g() '

Aw(n) = Ap(n)

+ p(n)

Now, by using the inequality
@y > 2= (xy —y)oforallx >y >0 and a > 1, (2.15)

then, we have
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A (z%(g(m)) = z%(g(n + 1) — z(g(m))
> 21« (z(g(n +1) - z(g(n)))a

= 21—« (Az(g(n)))a ,a > 1.
Thus

a(n+ 1) (8(bGn + D(az(n + 1))“1))a2 a(a( (A(b(n)(Az(n))a1)>az>
z%(g(n+ 1)) z%(g(n))
217%p(m)a(n + 1) (A(b(n + D(Az(n + 1))a1)>“2 (Az(g(n)))a

Aw(n) < Ap(n) +p(n)

- z%(gn+ 1))z*(g(n)) - (218)
From Lemma 2.1, there exists nz = n, with g(n) = n, forall n = n3 such that
ay g(n)—-1 1 a2
(Az(g(n))) <a(g(n))( (b(g(n)) (Az(g(n)))a1)> >b“2(g(n))< Z a_E(s)> . (217)
Since A (a(n) (A(b(n)(AZ(n))“l))az) <0,9(n) < n, we get
a(n+1) (A(b(n + D(Az(n + 1))“1))0[Z < a(n) (A(b(n)(Az(n))a1)>a2
<a(gm) (A (b(g(m) (Az(g(n»)“l))az- (2.18)

From (2.16), (2.17) and (2.18), we obtain

Ap() a(atm (a(b (azm)™)) )

St D wn+1)+pn) 2 (gm)

(n)-1 ap
217%p(n) 7 1 2
_pz(n + 1)ba2 (g(n)) ( Sznz a 2(5)) w (n + 1)

Aw(n) <

From (2.9), we obtain
m-—1

Z Kp(n)q(n)H(m,n) (1 - P(g(n)))a

m-—1
< - 2 H(m,n) Aw(n) + Z H(m( niAf)(n) n+1) - z 217H(m, n)p(m)w?(n + 1).
n=k

Which yields after summing by parts
m-—1 m-—1

> KpmaHmm) (1-p(gm))” < HOm o) + ) 9Gm,mHomnem + 1)
n=k - n=k
— Z 217 H(m,n)p(n)w?(n + 1).

Using the inequality Bu — Au? < a ,A > 0, wehave
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m—1 -
a 92 WH(m,
memmmmmmpmmmngHmﬁm®+§:(gﬁﬁgm 10
The;ll,zk n=k
m—1 a 192(m, Tl)H(m, n)
2. (Keea@nomm (1-p(em)) ~——57 03 } < HOm, ) (k) < Hom, 00|
Henréz,k
m—1
a 192 , H )
{Kp(n)q(n)H(m, n) (1 — p(g(n))) _ (;’;_T;)qo((nr;l n)}
n=0
k—1
< H(m,0) {Z |Kp(n) (1 - p(g(n)))a q(n)l + Iw(k)|}.
Hence, n=0
m—1
1 . 9 mmHm
lim SUP ) Z {Kp(n)q(n)H(m,n) (1 _ p(g(n))) _ (;—73(,;(:; n)}
n=0

k-1

< > [kee (1= p(g@)) " a)] + ()] < e,
n=0

which is contrary to (2.13). Assume that (II) holds. Then we are back to the proof of Lemma 2.3 to show that
lim,,_,,, x(n) = 0. This completes the proof of Theorem 2.4.
Corollary 2.1. Assume that all the assumptions of Theorem 2.4 hold, except the condition (2.13) is replaced by

m-—1
1 a
lim sup— " Kp(a@H0m,m) (1-p(gm))” =,
n=0

moo P Hy g

m-—1

1 Z 9%(m,n)H(m,n)
<
25729
Then equation (1.1) is oscillatory or lim,, . x(n) = 0.

When H(m,n) = 1, we obtain the following result
Corollary 2.2. Assume that all the assumptions of Theorem 2.4 hold, except the condition (2.13) is replaced by

lim sup
m—0oo mo
0 A=

- 1 (8p(s) 6 (g(s))

. a B
lim sup »° ¢ Kp(s)q(s)(1- p(g(m)* ——— o [ =% (220)
n—oo s=n, 2 ,O(S) ( ) 1 _L
8\s)~ a
Then equation (1.1) is oscillatory or lim,,_,, x(n) = 0.
Theorem 2.5. Assume that (S;), (2.2), (2.5), and (2.13) hold. If
1
1\ a1
n—1 . u—1 . s—1 s a2\ az
lim sup {b_a(u) Z a 2(s) z w(t) Z a 1(7) = o0, (2.21)
" u=ng s=ng t=ng t=g(t) J

then every solution of equation (1.1) oscillatory or lim,,_,, x(n) = 0.
Proof. Let {x(n)} is eventually positive solution of (1.1) forn = n;. Say x(n) > 0, x(‘t’(n)) > 0 and x(g(n)) >

0. Based on condition (2.2), there exist three possible cases. Assume that (I) holds. Then we are back to the proof of Theorem
2.1 to get contradiction to (2.13). Assume that (II) holds. Then we are back to the proof of Lemma 2.3 to show that
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lim,, L, x(n) = 0. Assume that (II) holds. Then, there exists n, = n; such that Az(n) > 0, A(b(n)(Az(n))al) <0

for alln = n,. Then, we have
1

b(n)(Az(n)) ™)™
i B0 )
(b))
Summing the above inequality from n, ton — 1, we obtain
= (b(s)(8z()) ™) BN =
z(n) — z(ny) = 2 ( ( j ) > (b(n)(AZ(n)) 1)”1 Z — (2.22)
s=n; (b(S))“l S=n2 (b(s))fll
Hence there exists a n3 = n, such that
" Lg(n)—l 1
2(gm) = (b(gm) (82(9)) )" Y —— fornzny,

s=np (b(S))Z

From equation (1.1), (S1), (2.9) and the last inequality, we obtain
gm-1 «

A(a(n)(Av(n))az) +K (1 - p(g(n)))a q(n) (b(g(n)) (Az(g(n)))al)a2 Z # <0,(2.23)
s=ny (b(s))*

where v(n) := b(n) (Az(n))al. It is clear that v(n) > 0 and Av(n) < 0. It follows that
A(a(n)(Av(n))az) + ‘I’(n)v“z(g(n)) <0, forn > ns. (2.24)

Since g(n) = o as n — o, we can choose ny = N3 such that g(n) >ny for n = ny, and thus

(00

_Z Av(s) = v() —v(g(n)) = Z a(s)Av(s) — ( )
s=g(n) s=g(n)
< a(gm)av(g(m) Z 0oy < anBv(n) ; -
Thus
~v(g(m) < a(n)Av(ny) z e
Substituting back in (2.24), we have o
A(a(n)(Av(n))“z) < LW (n) z (15) . forn=n, (2.25)

where L:= a(ny)Av(n,) < 0. Summing this inequahty from n, ton — 1, we see that

n-—1 o a2
ar ar ar 1
a()(8v()* < am)(8v(m)" = a(ny) (v(ny))™ <12 Y W(s) Z w®
s=ny r=g(s

where Av(n) < 0. Summing again from ns ton — 1, we have
1

n—1 I s—1 oo 1 a2 E
v(n) < L z a w2 (s) Z 0 z —
a(t)
s=ng t=ny4 T=g(t)

or equivalently
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1\«
1 n-1 s—1 oo 2\ ay
L \ai _t 1
w0 < ()| B oo S oo 5 2
b(n) a(r)
s=ns t=ny t=g(t)
Summing from ng ton — 1, we have
1
a e
RS n—1 L u-1 b s—1 0 1 2|
z(n)<z(ng)+ L% 3046 @ (u)x| Xa “(s)) 2¥ (1) X2
u=ng S=ns t=ny =g t) a(r)
By condition (2.21), we have lim,_, z(n) = —oo. Since 0 < x(n) < z(n) then, x(n) > —o as n — oo which
contradicts the fact that x(n) > 0. The proof is complete.
Theorem 2.6. Assume that (S;), (2.3), (2.5), (2.13), and (2.21) hold. If
1
0 1 u—1 1 a1
2wl Y aEe ) | =e, (2.26)
u=ny S=ngp

then every solution of equation (1.1) oscillatory or lim,,_,, x(n) = 0.

Proof. Let {x(n)} is eventually positive solution of (1.1) for n = n,. Based on condition (2.3), there exist four possible
cases. Assume that (I) holds. Then we are back to the proof of Theorem 2.4 to get contradiction to (2.13). Assume that (II)
holds. Then we are back to the proof of Lemma 2.3 to show that lim,, _,., x(n) = 0. Assume that (III) holds. Then we are back
to the proof of Theorem 2.5 to get contradiction to (2.21). Assume that (IV) holds. Since a(n)A(b(n) (Az(n))al) is
non-increasing sequence there exists a negative constant K, and n, > n; such that

a(n) (A(b(n)(Az(n))al)>a2 <K, forn= n,.

Dividing by a(n) and summing the last inequality from n ton — 1, we obtain
1

1 1 [zl 1 @
Az(n) < b “1(n)K; 2 a 2(s)
S=nq

Summing the last inequality from n;ton — 1, we obtain
1

1 n—1 / 1 u—1 L E
z(n) < z(ny) + K¢ Z ) Z a2 (s)
u=niy \ s=nj
From condition (2.26), we get lim,_, z(n) = — 0. Since 0 < x(n) < z(n) then, x(n) > —c0 as n - oo, which

contradicts the fact that x(n) is a positive solution of (1.1). The proof is complete.
Theorem 2.7. Let (S;), (2.1) and (2.5) hold. Further, assume that there exists a positive nondecreasing sequence {p(n)},
such that

. ol o B“H(m,n)H(m,n) I
nlal—rfolosupH(m,O),;) H(mm)p(n)a(n) (oc+1)a+1 (@(n))a S

Then every solution of equation (1.1) oscillatory or lim,,_,,, x(n) = 0.

Proof. To the contrary assume that (1.1) has a nonoscillatory solution. Then, without loss of generality, there is a n; = n,
such that x(n) > 0, x(‘r(n)) > 0 and x(g(n)) > 0. From the proof of Lemma 2.2 there are two possible cases. Assume
that (I) holds. Define the sequence w(n) by



Applied Mathematics 2013, 3(5): 171-184 181

a(n) (A(b(n)(Az(n))al»az
f (x(gm)) |

Then w(n) > 0 . From (2.28) and (S;), we have

w(n) = p(n) (2.28)

az

a(n + D)A(b(n + 1)(Az(n + 1))”‘1)”’2 A (a(n) (A(b(n)(Az(n))al)) )
f (x(gn+ D)) f (x(gm)))
pa(n + DA(b(n + D(aztn+ D)) A (f (x(gm)))
f (x(gtn+ 1)) f (x(9m)))
a(at (a(be) (Az(n))al))a2>
f (x(gm))

) X B (x(g(n + 1)).x(g(n)))

Aw(n) = Ap(n)

+p(n)

a(n + 1)A(b(n + D (Az(n + 1))“1)0(2
f (x(gn+ 1))
a(n+ DA(b(n + 1)(Az(n + 1))
f (x(g + 1)) £ (x(9m))
x [x(gtn+ D) + (g + D)x(g(n + 1 - )] = [x(g() + p(g(m))x(g(n - D))]
a(n + 1)A(b(n + D(Az(n + 1))0[1)0(2 A (a(n) (A(b(n) (Az(n))al))az)
 (x(gn+ 1)) f (x(gm)
a(n + 1)A(b(n + D(Az(n + 1))0[1
f (x(gm+ D)) f (x(gm))

From Lemma 2.1, there exists nz = n, with g(n) = n, for all n = nz such that

= Ap(n) +p(n)

—p(n)

+p(n)

= Ap(n)

~p() ) B (x(gtn+ 1)), x(9(m)) A (2(g(m)). (2:29)

1

VoNTNE gm-1 N\
aa(9) = (alg) (8 (s(900) (2() ") )bal(g(n))< Y aaz@) @

S=ny

From (2.18) and (2.29), we have

az

Ap(n) a(a (A (a2m))) )
st pe TP f (x(gm))

a(n+ 1A(b(n + 1(Az(n + 1))
f (x(gt+ 1)) f (x(gm))

Aw(n) <

—p(n)

) B (x(g(n+ 1), x(g(m))

1

X (a(n +1) (A(b(n +1)(Az(n + 1))“1)) 2)“ b (g(m)s i (gmny).  (231)
From (1.1), (2.28), (S,) and (2.31), we have

Ap(n)

5°1(g(n),nx)b <i(g(n)) a1
,D(Tl + 1) a+l

wa« (n+1). (2.32)

Awn) < —p(m)q(n) + wn+1) —pp(n)
pe(m+1)

Therefore, we have
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m-—1

m—1
Z H(m,n)p(n)q(n) < — Z H(m,n) Aw(n)
n=k

m—1
+ Z H(m, (pi )1) m+1)— ; Himn)@m)w « (n + 1),

which yields after summing by parts

-1
D Hommpma(m) < Hom oK)
n=k

m-1 m—1
+ 2 9(m, )H(m, n)wn + 1) — Z Hm,n)@m)w + (n + 1).

Using the inequality Bu—AuaH/ _#BIZ; A > 0, we have
m—1
at 9t (m, n)H(m,n)
2. HOmmpae) < Hom Do + Zk @D (o)
Then,
m-1 a® 9 (m,n)H (m,n
S (mn)p(n)g(n) - E ) )
n=k (a+1) (@ I’l))
<H(m,k)w(k)< H(m,0)|o(k)|-
Hence,
m— a® 9V (m,n)H (m,n
Z (n o a+l ( ) a( )
70 (a+1) (©(n))
_H(m,o>{§|p(n>q(n>|+|w<k>|}
Hence,
. 1 a® 9 (m,n)H (m,n)
lim sup———— H(m,n)p(n)g(n)- — -
m—>e H(m,O)ng‘) (m.m)p(n)a(n) (a+1)"" (©(n))

< §|p(n)q(n)| +|a)(k)| <o,

which is contrary to (2.27). Assume that (II) holds. Then we are back to the proof of Lemma 2.3 to show that
lim,,_,,, x(n) = 0. This completes the proof of Theorem 2.7.

From Theorem 2.7, if H(m,n) = 1, we get the following result

Corollary 2.3. Assume that all the assumptions of Theorem 2.7 hold, except the condition (2.27) is replaced by
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n—1 o

p(s)q(s)——

183

(4p(5))" 6% ((5))

lim sup

n—o0 oy

Then equation (1.1) is oscillatory or lim,,_,, x(n) = 0.

Theorem 2.8. Assume that (2.2), (2.5), (2.27) and (2.10)
hold. Then every solution of equation (1.1) oscillatory or
lim, ., x(n) = 0.

Proof. The proof is similar to that of Theorem 2.2,
Theorem 2.7 and hence the details are omitted.

Theorem 2.9. Assume that (2.3), (2.5), (2.27), (2.10) and
(2.12) hold. Then every solution of equation (1.1) oscillatory
or lim,_ ., x(n) = 0.

Proof. The proof is similar to that of Theorem 2.3,
Theorem 2.7 and hence the details are omitted.

3. Conclusions

In this paper, we established some new sufficient
conditions which insure that every solution of this equation
either oscillates or converges to zero. Our results improved
and expanded some known results, see e.g. the following
results :

Remark 3.1. If b(n)=1,ay =1,p(n) =0. Then
Theorem 2.3 reduced to a special case Theorem 2.1 in [4].

Remark 3.2. If a; =1,p(n) =0,9(n) = n— 0. Then
Theorem 2.4 extended and improved Theorem 6 in [6].

Remark 33. b(n)= 1, ¢y =a, =1,p(n) =0and
H(m,n) = 1. Then Theorem 2.4 reduced to a special case
of Theorem 1 in [5].

Remark 34.If ¢; = a, =1, p(n) =0 ,g(n) = n+1,
H(m,n) = 1. Then Theorem 2.4 extended and improved
Theorem 3 in [3].

Remark 3.5. If ¢y =a, =1, p(n) =0, gln) = n—
m+1, H(m,n) = (m —n)". Then Theorem 2.4 reduced
to a special case of Theorem 1 in [1].

Remark 3.6. If
bm)=1,a; =1,f(x) =x%and H(m,n) = Then
Theorem 2.4 extended and improved Theorem 2.7 and
Theorem 2.8 in [7].

Remark 3.7. If a; = a, = 1,n=1,p(n) =0, g(n) =
n —m+ 1. Then Corollary 2.2 reduced to a special case of
Theorem 2 in [1].

Remark 3.8. If b(n)=1, f(x) =x% H(mn)=1.
Then Theorem 2.7 extended and improved Theorem 2.5 and
Theorem 2.6 in [7].

Remark 3.9.If a, = 1,p(n) =0 ,g(n) = n— 0. Then
Theorem 2.9 extended and improved Theorem 15 in [6].

(a+1)*" il g

Hp(s)8™ (g(s),nz)

Remark 3.10. If p(n) =0. Then we extended and
improved Theorems in [2].

Remark 3.11. If a =a, =1,q(n) =qn+ 1),
gn) = n+1— 1. Then we reduced to Theorems in [8].

Remark 3.12. If b((n) =1L, a1 =a, =1,g(n) = n+
1. Then we reduced to Theorems in [15].

4. Examples

In this section we will show the applications of our
oscillation criteria by three examples. We will see that the
equations in the example is oscillatory or tend to zero based
on the results in Section 2.

Example 4.1. Consider the difference equation

A3 (x(n) + %x(n - /11)) + (z—;) x(n—2,) =0. 4.1)

If we take p(n) = 1 and H(m,n) = m — n, then all
conditions of theorem 2.4 are also satisfied. Hence every
solution of (4.1) is oscillatory or satisfies lim,,_,,, x(n) =
0.

Example 4.2. Consider the third order nonlinear neutral
difference equation

A (i (AZ (xn +2x(n - 2))))

+nlx3(n-1)(1+x*(n—-1))=0n=1.

If we take p(n) = n , then, Corollary 2.2 asserts that every
solution of (4.2) is oscillatory or tend to zero.

“4.2)

Example 4.3. Consider the third order difference equation
A3 <x(n) + %x(n — 2)) + n/l—zx(n —2)=0,n=>1. 4.3)

By choosing p(n) = n,u =1 and H(m,n) = 1.Then, by
Theorem 2.7, we conclude that every solution of (4.3) either
oscillates or tend to zero.
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