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Integral Equations of the Second Kind
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Abstract A numerical method is presented in this paper to solve linear Volterra integral equations of the second kind. In
this proposed method, orthogonal Legendre polynomials are employed to approximate a solution for an unknown function in
the Volterra integral equation and convert the equation to systemof linearalgebraic equations. The accuracy and efficiency of

this method are illustrated through some numerical examples.
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1. Introduction

Linear Volterra integral equations of the second kind have
the form

)= [Tk 0p(@de = f(x),~ 0 <a<x<b<oo (1)

In solving the integral equations with given kernel k(x, t)
and the function f(x), the problem is typically to find the
unknown function y(x).

Several numerical methods for solving these integral
equations have been presented. Babolian and Shamloo[1]
used operational matrices of piecewise constant orthogonal
functions to solve these equations. In their method, the
integral equations were transformed to Laplace form and the
numerical solutions were obtained through an inversion of
Laplace transform by operational matrices. Ordokhani and
Razzaghi[ 2] developed rationalized Harr functions and used
them to approximate the unknown function y(x) of the
nonlinear Volterra integral equations and reduced these
integral equations to a set of algebraic equations then solved
them. Mestrovic and Ocvirk[3] applied the Romberg
extrapolation on the quadrature method solution of linear
Volterra integral equations of the second kind. Rashidinia
and Zarebnia[4] proposed a method of using Sinc basis
functions to solve the linear Volterra integral equation of the
second kind. The numerical results showed a good
convergence and verified the efficiency and accuracy of that
method.

Orthogonal polynomials have been widely used for
function approximation. Therefore, in the solution of the
Volterra integral equation, such polynomials can be applied
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to approximate y(t) and then convert the integral equation
into a system of algebraic equations and solve it. Maleknejad
et. al[5] used Chebyshev polynomials to solve both linear
and nonlinear Volterra integral equations of the second kind
and illustrated the accuracy and efficiency of their method.
In this paper, another general orthogonal polynomial,
Legendre polynomial, is used in the solution of the linear
Volterra integral equations.

2. Legendre Polynomial

Legendre polynomial is an important orthogonal
polynomial with interval of orthogonality between -1 and 1,
and also i considered as the eigenfunctions of singular
Sturm-Liouville[6]. Matehmatically, Legendre polynomials
are solutions to Legendre’s differential equation

dl_ .24 _
dx[(l x )den(x)}+ﬂ,Pn(x) 0 @

where the eigenvalue A equals n(nt+l). The recurrence
relation of Legendre polynomials is

(+ DPpsi(x) = 20 + DxPp(x) - 0Py (x),n 21 (3)
and Rodrigues’ formula is
1 4"
P, (x)= ([x2 - l]j (4)
2" n! dx"
Because of its orthogonal properties, Legendre

polynomials have been used for solving other integral
equations such as Fredholm integral equations[7]. This paper
employs Legendre polynomials to expand the unknown
function y(x) in Eqn. (1) as Legendre polynomials series
with unknown coefficients. The unknown coefficients are
then determined based on the properties of the Legendre
polynomials and some operational matrices. The detailed
approach is demonstrated in following sections and validated
through several numerical results.
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3. Function Approximation

A function f(x) defined on[-1, 1] can be expanded by
Legendre polynomials series as

f)=2 ¢P(x) (5)

i=0
Ifthe infinite series in Eqn. (5) is truncated, then we have
N
T
f)= Y ¢B(x)=P (x)C (6)
i=0

where Cand P(x) are (N + 1) x 1 vectors given by
C =[eo, c1, €., ex]'s P(x) =[Po(x), Pi(x), Pa(X).... PN(T"
(7
In Eqn. (7) the coefficients c; are determined by Scanlon
(8]

_2i+1
2

The kernel k(x, t) is estimated as
k(x,t) = P (x)KP(t) )
where K is a (N+1)*x(N+1) matrix, with
K, = (R(0).k(x0.P,(0)=

(21‘ . 1}( 2)+ 1] [ [ PkenP, (s

flf(x)P,-(x)dx, i=0,1,..,N (8

¢

(10)

2 2

where (.,.) denotes the inner product.

4. Solving Volterra Integral Equations

In this section, the Volterra integral equation of the second
kind (Eqn. (1)) is solved by using Legendre polynomials
Pi(x). As demonstrated in above sections, the unknown
function y(x), and the kernel k(x, t) are firstly approximated
as

y(¥) =P'(x)Y and k(x, t) =P (x)KP(t)  (11)

The integral J‘_xl k(x,t)y(t)dtis approximated as
jl k(x,0)y(t)dt ~ jl PT(x)KP(¢)P (t)Ydt
=p7 (x)K( jl P(t)P" (z)drjy

Here we have to simplify J: P(t)P (t)dt -

From previous researches[9, 10], we assume a (N+1) x
(N+1) square matrix Z(x) whose elements z; are, which can
be easily calculated based on a given x.

z, = L P(1)P,(t)dt
Substituting Eqn. (11— 13) into Eqn. (1) and have
@)= [ ke 0y(@)de = PT ()Y = PT()KZ()Y = f(x) (14)

(13)

To find the unknown coefficient vector Y, select N + 1
collocation points x in the interval[-1, 1] that

2i
x,=—l+=—,i=0,1,..,N (15)
N

Eqn. (14) is therefore reduced to a systemof N + 1 linear
algebraic equations

P"(x,)Y = P" (x)KZ(x,)Y = f(x,) (16)

where P'(x) and f(x) are N + 1 vectors, K and Z (x) are (N+1)
x (N+1) square matrices, which can be calculated from
above equations based on specified x;. The vector Y can be
easily solved as

Y = (P ()~ PT(r)KZ(x)) fx) (A7)

The unknown function y(x) is then approximated using the
Legendre polynomials with coefficients Y.

5. Numerical Examples

In this section, several numerical examples of the Vo lterra
integral equation (Eqn. (1)) are solved to illustrate the
accuracy of presented method. These problems have been
previously solved by Mestrovic and Maleknejad[3, 5]. All
calculations are performed using Maple 11 and Matlab 7.0;
the detailed steps are:

1. Approximate y(x) and k(x, t) with Legendre
polynomials and start with Eqn. (14) (Eqn. (11, 14)).

2. Determine the order N and select collocation points
(Eqn. (15)).

3. Calculate square matrix K for given kernel k(x, t) (Eqn.
(10).

4. Evaluate vectors PT(xi) and f(x), and compute square
matrix Z(x) for every collocation points x (Eqn. (16)).

5. Return to Eqn. (17) and solve Y as well as y(x).

Numerical results are compared with the exact solutions
and plotted in following figures to validate the proposed
method.
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Figure 1. Absolute error in example 1 for N=10
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Example 1

Solve the linear Volterra integral equation of the second
kind

Y = [ e ynde =2x—(1-€") 1< x<1

2+12 _ 1=x2 .
and f(x) =2x—(1-¢"" )with exact

where k(x, t) =e "
solution y(x) = 2x.

We solve this problem following above steps with N = 10.
The obtained results are compared to the exact solution and
the absolute errors between the estimated solution and the
exact one are plotted in figure 1. From that figure it can be
found that the errors are below 1.3 x 107,

Example 2

Solve the linear Volterra integral equation of the second
kind

Y - [ xty(yde =™ —1(1—@“}6,-15 x<1
- 2\e

1 (1

2\e
solution is y(x) = e

Similarly, this problem is solved by using the proposed

method and the absolute errors between the approximated
solution and the exact one are displayed in figure 2. From
that figure it can also be seen that the errors are below 3.0 %
107, Please note that in this example, for k(x, t) = xt, K is
calculated as a zero square matrix. Therefore, Y is directly
solved from Y = (PT(x)) " fix;).

where k(x, t) = xt and f(x) =, e ijith exact
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Figure 2. Absolute error in example 2 for N = 10

6. Conclusions

In this paper, the linear Volterra integral equation of the
second kind is solved by employing Legendre polynomials

and collocation method. In the presented method, the
unknown function y(x) is approximated using Legendre
polynomials and the integral equation is converted to a
system of algebraic equations. Detailed steps are illustrated
within text step by step. As verified through numerical
examples, the proposed method provides good efficiency
that in order to acquire enough accuracy, we only need to
convert the integral equation to the system of linear
equations by order less than ten.

This method can be extended and applied to solving
general integral equations and equation systems with
appropriate modifications.
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