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Abstract  During sampling, a researcher may sometimes encounter a population, in which selection chance of each one of 
the samples is not equal; in  such a situation, it  is better to utilize weighted distribution instead of main distribution for data 
analysis. Accordingly, considering a weighted distribution (for a state in which response variable has such a distribution in a 
linear regression model) and also a multip le regression (two regressors) model, this paper proposed an appropriate design (for 
estimating the parameters) using the known optimality design (D-optimality) to obtain optimality of the presented design.  
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1. Introduction 
Assume that, while sampling from a population, chance of 

selecting the samples is not equal. In  such a case, samples 
would fo llow a weighted distribution. Weighted distributions 
which are obtained from a main distribution could have 
various weights; selection of weights depends on sample 
types and sampling conditions[6]. The weight which  is used 
here has been known as a skewed  length and occurs when the 
selection possibility  of a d istance is in  proportion to length of 
that distance[7]. In this study, a linear regression model with 
two independent variables was considered so that its 
response variable had normal weighted distribution with the 
mentioned weight. In this state, to estimate availab le 
parameters in  the presented model, a  suitable design was 
introduced and a desirable optimality criterion (Section 4) 
was used to locally optimize the introduced design (in this 
article, non-linear models were considered and local 
optimization method was used considering the application of 
the presented criterion and dependence of Fisher information 
matrix on the parameters). Accordingly, the art icle structure 
is as follows: 

In Sect ion 2, linear regression model and weighted 
distribution for its response variable are presented. Fisher 
informat ion matrix in normal weighted distribution is 
presented in Section 3. Locally D-optimal design for some of 
the partitioned spaces of parameters is given in Section 4 and 
Section 5 concludes the paper. 
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2. Linear Regression Model with Skewed 
Responses 

Assume 𝑦𝑦𝑗𝑗 = 𝒙𝒙j
T𝛃𝛃+ 𝜀𝜀𝑗𝑗   ;  𝑗𝑗 = 1, … , 𝑛𝑛 , in which 𝑦𝑦𝑗𝑗   is a  

response variable, 𝒙𝒙j = �1, 𝑥𝑥1j ,𝑥𝑥2j�
𝑇𝑇

 is vector of regression 
function, 𝛃𝛃 = (𝛽𝛽0 ,𝛽𝛽1 ,𝛽𝛽2)𝑇𝑇  is vector of unknown 
parameters, 𝜀𝜀𝑗𝑗  is random erro r and 𝑛𝑛 is sample volume. In 
the above presented regression model, response variable has 
normal d istribution as    𝑌𝑌𝑗𝑗~𝑁𝑁�𝒙𝒙j

T𝛃𝛃,𝜎𝜎2� . Now, without 
losing generality, assume  σ2 = 1; thus, density function of  
𝑌𝑌𝑗𝑗  random variable will be as: 

    𝑓𝑓𝑌𝑌𝑗𝑗 �𝑦𝑦𝑗𝑗 � = 1
√2𝜋𝜋

𝑒𝑒−
1
2
�𝑦𝑦𝑗𝑗−𝜇𝜇𝑗𝑗�

2
,             (1) 

in which 𝜇𝜇𝑗𝑗 = 𝒙𝒙j
T𝛃𝛃. 

Density function of weighted distribution is generally 
defined as[5]: 

  𝑓𝑓𝑌𝑌𝑤𝑤 (𝑦𝑦) = 𝑤𝑤(𝑦𝑦)𝑓𝑓𝑌𝑌 (𝑦𝑦)

𝐸𝐸𝑓𝑓 �𝑤𝑤 (𝑌𝑌)�                  (2) 

where 𝑤𝑤(𝑦𝑦) ≥ 0 and is called weight function so that  
0 < 𝐸𝐸𝑓𝑓�𝑤𝑤(𝑌𝑌)� < ∞. 

Accordingly, 𝑓𝑓𝑌𝑌𝑤𝑤 (𝑦𝑦)  has the conditions of density 
function. 

As mentioned in  Section 1, the weight which was studied 
here was weight of skewed length; i.e. 𝑤𝑤(𝑌𝑌) = 𝑌𝑌; however, 
since Y has normal distribution, positive condition of 𝑤𝑤(𝑌𝑌) 
will not always hold. Therefore, the truncate  distribution of 
Y in 𝑌𝑌 ≥ 0  is used, in which case density function of 
normal weighted distribution is as follows: 

𝑓𝑓𝑌𝑌𝑗𝑗
𝑤𝑤 �𝑦𝑦𝑗𝑗 |𝒙𝒙𝑗𝑗 ,𝛃𝛃� =

𝑦𝑦𝑗𝑗
𝒙𝒙j

T𝛃𝛃
∙ 1
√2𝜋𝜋

𝑒𝑒−
1
2
�𝑦𝑦𝑗𝑗−𝒙𝒙j

T𝛃𝛃�
2

.      (3) 

In this relation, mean is regarded greater than 4[4] . 
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According to what was mentioned in  the introduction, a 
suitable design was considered in the following way in order 
to estimate passive parameters: 

𝜉 = ��
𝑥𝑥11
𝑥𝑥21

�

w1
   �
𝑥𝑥12
𝑥𝑥22

�

𝑤𝑤2
   ⋯    �

𝑥𝑥1𝑚𝑚
𝑥𝑥2𝑚𝑚

�

𝑤𝑤𝑚𝑚
�∈ 𝛯𝛯.            (4) 

Then, the present design was optimized using 
D–optimality criterion (Section1-4). In Relation (4), 𝛯𝛯  is 
space design which is defined as 
𝛯𝛯 = �𝜉𝜉|𝜉𝜉 ∈ 𝛯𝛯,∑ 𝑤𝑤𝑗𝑗 ;  0 ≤ 𝑤𝑤𝑗𝑗 ≤ 1𝑚𝑚

𝑗𝑗=1 �.  Considering 
definit ion of the criterion  used in this study, Fisher 
informat ion matrix should be calculated for each and every 
member o f Design (4). Then, the informat ion matrix related 
to the mentioned design will be calculated as:  

𝐌𝐌(𝜉 ,𝛃𝛃) = ∑ 𝑤𝑤𝑗𝑗  𝐌𝐌�𝒙𝒙𝒋𝒋 ,𝛃𝛃�𝑚𝑚
𝑗𝑗=1                (5) 

where 𝑝𝑝 ≤ 𝑚𝑚 ≤ 𝑝𝑝(𝑝𝑝+1)

2
 and 𝑝𝑝  is the number of unknown 

parameters[8]. 

3. Fisher Information Matrix 
Fisher informat ion matrix for each and every observation 

(related to Design (4)) in  a non-weighted distribution is as 
follows: 

𝐌𝐌�𝒙𝒙𝑗𝑗 ,𝛃𝛃� = 𝐸𝐸𝑓𝑓 �−
𝜕𝜕2 𝑙𝑙𝑙𝑙𝑙𝑙 𝑓𝑓�𝑦𝑦 |𝒙𝒙𝑗𝑗 ,𝛃𝛃�

𝜕𝜕𝛃𝛃  𝜕𝜕𝛃𝛃𝑇𝑇
�             (6) 

And in a weight distribution, it refers to:[5] 

     𝐌𝐌𝑤𝑤�𝒙𝒙𝒋𝒋 ,𝛃𝛃� = 𝐌𝐌�𝒙𝒙𝒋𝒋 ,𝛃𝛃� +
𝜕𝜕2 𝑙𝑙𝑙𝑙𝑙𝑙 ℎ�𝜇𝜇𝑗𝑗 �

𝜕𝜕𝜇𝜇𝑗𝑗
2 𝒙𝒙𝑗𝑗𝒙𝒙𝑗𝑗𝑇𝑇     (7) 

where ℎ�𝜇𝜇𝑗𝑗 � = 𝐸𝐸𝑓𝑓 �𝑤𝑤�𝑌𝑌𝑗𝑗 ��.  Now, calculat ing 𝐌𝐌�𝒙𝒙𝑗𝑗 ,𝛃𝛃� , 

ℎ�𝜇𝜇𝑗𝑗 �   and 𝒙𝒙𝑗𝑗   and using Function (1)  and Equation (7),  
the following can be given: 

𝐌𝐌𝑤𝑤�𝒙𝒙𝑗𝑗 ,𝛃𝛃� =

⎝

⎜
⎜
⎛

1− 1
𝜇𝜇𝑗𝑗2

𝑥𝑥1𝑗𝑗 −
𝑥𝑥1𝑗𝑗

𝜇𝜇 𝑗𝑗2
𝑥𝑥2𝑗𝑗 −

𝑥𝑥2𝑗𝑗

𝜇𝜇 𝑗𝑗2

𝑥𝑥1𝑗𝑗 −
𝑥𝑥1𝑗𝑗

𝜇𝜇 𝑗𝑗2
𝑥𝑥1𝑗𝑗

2 −
𝑥𝑥1𝑗𝑗

2

𝜇𝜇𝑗𝑗2
𝑥𝑥1𝑗𝑗 𝑥𝑥2𝑗𝑗 −

𝑥𝑥1𝑗𝑗𝑥𝑥2𝑗𝑗

𝜇𝜇 𝑗𝑗2

𝑥𝑥2𝑗𝑗 −
𝑥𝑥2𝑗𝑗

𝜇𝜇 𝑗𝑗2
𝑥𝑥1𝑗𝑗 𝑥𝑥2𝑗𝑗 −

𝑥𝑥1𝑗𝑗 𝑥𝑥2𝑗𝑗

𝜇𝜇 𝑗𝑗2
𝑥𝑥2𝑗𝑗

2 −
𝑥𝑥2𝑗𝑗

2

𝜇𝜇𝑗𝑗2 ⎠

⎟
⎟
⎞

  

This matrix depends on unknown parameters and will be 
used in the following section to obtain the optimal design. 

4. Locally D-optimal Design 
Information matrix is very important in optimal designs 

since various types of optimality criteria are defined based 
on the information matrix. Among optimality criteria, D- 
criterion is used and focused more frequently due to its 
stability and that is why this criterion was also used in this 
study.  

In general terms, D-optimality criterion is defined as 
– 𝑙𝑙𝑙𝑙𝑙𝑙  𝑑𝑑𝑑𝑑𝑑𝑑 𝐌𝐌(𝜉𝜉,𝛃𝛃)[1]. Since informat ion matrix o f weighted 
distribution is considered here, the aforesaid criterion will be 
defined as – 𝑙𝑙𝑙𝑙𝑙𝑙 𝑑𝑑𝑑𝑑𝑑𝑑  𝐌𝐌𝑤𝑤(𝜉𝜉 ,𝛃𝛃). 

To calculate an optimal design, first, a design with the 
determined number of points should be considered[3]. Three, 
four, five and six point designs could be assumed based on 
the number of model's unknown parameters according to 

Carathéodory’s  theorem[8]. The designs considered here 
included three and four point designs. 

As mentioned in Section 3,   𝐌𝐌𝑤𝑤�𝒙𝒙𝑗𝑗 ,𝛃𝛃�  depends on 
unknown parameters; therefore, D-optimal design was 
locally calculated in this study. 

In Table 1, locally D-optimal design is calculated in terms 
of various values of parameters when the number of points in 
this design is equal to the number of parameters. Tab le 2 
shows locally  D-optimal design for a state in which the 
number of points is four. 

In Tables 1 and 2,   𝑥𝑥𝑖𝑖𝑖𝑖∗  ;  𝑖𝑖 = و  1,2   𝑗𝑗 = 1,2,3,4 and 
𝑤𝑤𝑗𝑗∗  ;  𝑗𝑗 = 1,2,3,4  are respectively points and weights of 
D-optimal design. Additionally, 𝑥𝑥1𝑗𝑗

∗ ∈ 𝒳𝒳1  , 𝑥𝑥2𝑗𝑗
∗ ∈ 𝒳𝒳2 , 

𝑤𝑤𝑗𝑗∗ ∈ [0,1]  and 𝛽𝛽𝑙𝑙 ∈ [−2,2] ;  𝑙𝑙 = 0,1,2  in which 𝒳𝒳1 =
𝒳𝒳2 = [−9,9]. 

It is noteworthy that values of weights in these tables are 
rounded up to three decimal places. 

Table 1.  Locally D-optimal design with three points 

�
�𝑥𝑥11

∗

𝑥𝑥21
∗ � �𝑥𝑥12

∗

𝑥𝑥22
∗ � �𝑥𝑥13

∗

𝑥𝑥23
∗ �

𝑤𝑤1
∗ 𝑤𝑤2

∗ 𝑤𝑤3
∗ � 𝛽𝛽2 𝛽𝛽1 𝛽𝛽0 

�
� −1

1.25��
−9
0 ��

1
9�

1
3

1
3

1
3

�  0.8 

-2 

1 

�
�−1

9 ��
−9
0 ��

1
5.55�

1
3

1
3

1
3

� 0.9 

�
�−1

9 ��
−9
0 ��

1
4.90�

1
3

1
3

1
3

� 1 

-1.9 

�
�−1

9 ��
−9
0 ��

1
4.45�

1
3

1
3

1
3

� 1.1 

�
�−1

9 ��
−9
0 ��

1
3.91�

1
3

1
3

1
3

� 1.2 

-1.8 

1.1 

�
�−1

9 ��
−9
0 ��

1
3.61�

1
3

1
3

1
3

� 1.3 

�
�−1

9 ��
−9
0 ��

1
3.28�

1
3

1
3

1
3

� 1.4 

-1.7 

�
�−1

9 ��
−9
0 ��

1
3.06�

1
3

1
3

1
3

� 1.5 
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Table 1 shows that, if the number of points in the design is 
equal to the number of unknown parameters, in this case, the 
uniform design would be optimal[8]; however, points of the 
design would change considering the values for the unknown 
parameters. 

Table 2.  Locally D-optimal design with four points 

�
�𝑥𝑥11

∗

𝑥𝑥21
∗ � �𝑥𝑥12

∗

𝑥𝑥22
∗ � �𝑥𝑥13

∗

𝑥𝑥23
∗ � �𝑥𝑥14

∗

𝑥𝑥24
∗ �

𝑤𝑤1
∗ 𝑤𝑤2

∗ 𝑤𝑤3
∗      𝑤𝑤4

∗ � 𝛽𝛽2 𝛽𝛽1 𝛽𝛽0 

�
�−1
−9�       �9

0�       � 0
−9�     �2.90

1 �
0.250   0.250   0.250   0.250

� -0.8 

2 

-1 

�
�−1
−9�       �9

0�       � 0
−9�     �2.95

1 �
0.250   0.250  0.250   0.250

� -0.9 

�
�−1
−9�       �9

0�       � 0
−9�     �3.15

1 �
0.251   0.251   0.249   0.249

� -1 

1.9 

�
� −1
−6.27�       �9

0�       � 0
−9�     �3.21

1 �
0.210   0.210   0.290   0.290

� -1.1 

�
� −1
−5.75�       �9

0�       � 0
−9�     �3.50

1 �
0.204   0.204   0.296   0.296

� -1.2 

1.8 

-1.1 

�
� −1
−5.30�       �9

0�       � 0
−9�     �3.55

1 �
0.199   0.199   0.301   0.301

� -1.3 

�
� −1
−4.85�       �9

0�       � 0
−9�     �3.82

1 �
0.194   0.194   0.306   0.306

� -1.4 

1.7 

�
� −1
−4.53�       �9

0�       � 0
−9�     �3.88

1 �
0.194   0.194   0.306   0.306

� -1.5 

5. Conclusions 
If selection chance of sampling is not equal, a weighted 

distribution is considered for analyzing the data. In this study, 
this weighted distribution was studied for the response 
variable in a multiple linear regression model (with two 
regressors). The focused weighted distribution was a normal 
weighted distribution with the weight function of skewed 
length.  

In order to obtain D-optimal design, first, Fisher 
informat ion matrix was calculated based on the weighted 
distribution so that the information matrix related to the 

weighted distribution was obtained in terms of information 
matrix of the main distribution. Then, D-optimal design was 
locally calculated considering the dependence of information 
matrix on  the model's unknown parameters. Locally 
D-optimal designs are mentioned in Tab les 1 and 2 as 
specific states of D-optimal designs for some values of 
parameters. 

In addition to three and four point designs, five and six 
point designs could be considered and locally D-optimal 
designs can be also calculated in such states. 
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