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Abstract In this paper, a prey-predator model is developed by introducing a saturating effect of prey population on
predator. It is observed that saturation has great impact on the qualitative behavior of the dynamics of the population. We
investigate the stability of the equilibria of the model. The global stability analysis is carried out by choosing a suitable
Lyapunov function. It is found that the interior equilibrium, both prey and predator are positive, is globally asymptotically

stable whenever it exists.
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1. Introduction

Mathematical modelling is an area of applied
mathematics that focuses on studying mathematics of the
real world. The increasing study of realistic mathematical
models in ecology[5, 20] is a reflection of their use in
helping to understand the dynamic processes involved in
such areas as predator-prey and competition interactions,
renewable resource management, evolution of pesticide
resistant strains, control of pests, multi-species societies,
plant-herbivore systems and so on.

Competition is a central role of the ecosystem where
every species compete for its establishment against all
species who share the same habitat and resources. Natural
disaster and human induced effects are constant pressure on
dynamics of the ecosystem[19, 21]. Under this pressure
many species disappeared from the world and many are in
great danger. Conservation of forest helps protect wild life
and keep the balance in the ecosystem. In principle, part of
the systemof a large ecosystem would be declared reserved
and rest of the system remained unreserved. To ensure the
safety of any species the predators of that species are not
allowed in the reserved area, where as prey can move freely
between the two zones. Several researches found the
effectiveness of this eco-model on the conservation of
threatened wild life[8-14].

How the dynamics of the wild life evolves in a controlled
ecosystem gains much interest among the ecologists.
Mathematical models have been playing a major role in
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investigating long term behaviour of the dynamics of the
ecosystem[1-5]. Tyson et al. investigate the role of a
specialist predator on the low densities of a prey in the
cycle of prey-predator system in the boreal field[22]. Dubey
et al. highlight the importance of conservation of resources
by showing that fish populations can be maintained at an
appropriate equilibrium level, in a habitat divided into
reserved and unreserved zones, even if fishery is exploited
continuously in the unreserved zone[7]. In a similar study
Zhang et al. also obtained the same consequences with
optimal fishing strategy[15]. Some studies focused on the
protection of prey population by implementing control
measures on predators[16-18]. In another study, Dubey et al.
found that the reserve zone has a stabilizing effect on
predator-prey interactions[6].

Realizing the importance of conservation of ecosystems
we further investigate the model of[6] with more realistic
interactions. For convenience of study we present here the
original model (1.1). Consider a prey-predator system in a
habitat that divided into two zones, an unreserved zone
where prey and predator can move freely, and a reserved
zone where prey can live but predators are not allowed to
enter the area. It is also considered that the predator is
totally dependent on the prey. The dynamics of the system
is governed by the following system

X = rx(l— %) —o1x + gy — f1xzZ,

y=sy(1—%)+01x—02y,

. Baxz
Z = — Z.
a+x ﬁO

(1.1)
with the initial conditions
x(0) =0,y(0) = 0,2(0) > 0.

Here x and y are preys in reserved and unreserved zones
respectively; z is a predator. The interaction, f;xz, between
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prey and predator is bilinear. This is also known as mass
action law. In this interaction, consumption of predator
increases with the number of prey. However, in reality every
predator has a maximum consumption capacity. Beyond this
maximum limit predator do not consume prey any more.
Which can be reflected by saturating functional response
defined by %, where « is a positive constant. The factor
a can be explained as the attack prevention ability of prey.
As the number of prey x tends to infinity, this functional
response becomes constant indicating the fixed amount of
consumption of predator. In this paper, we modify the model
(1.1) by including saturating response of prey population and
investigate the effect of saturation on the dynamics of the
prey-predator system.

The rest of the paper is organized as follows. In Section 2,
we formulate the model, which is a straight forward
modification of the model (1.1). Section 3 presents the
criterion of the existence of equilibria. Stability of the
equilibria is analyzed in Section 4. In Section 5, the
numerical simulation of the model is presented. Finally,
Section 6 provides a discussion and some concluding
remarks.

2. The Model with Saturating Effect

As discussed in previous section, let x(t) be the density
of prey species in unreserved zone, y(t) be the density of
prey species in reserved zone and z(t) be the density of the
predator species at any time t > 0. Let o;be the migration
rate of the prey species fromunreserved to reserved zone and
0, be the migration rate of the prey species fromreserved to
unreserved zone. It is assumed that the prey species in both
zones are growing logistically. The interaction between prey
and predator is assumed to be followed by the law of
saturation. Then dynamics of the systemis governed by the
following system of ordinary differential equations:

'x=rx(1 —%)—alx +02y—%,
y=sy(1 —%)+ 01X — 029,
7 =522 _ g, @.1)

a+x

with the initial conditions
x(0) = 0,y(0) >0,2(0) >0.
In the model (2.1), r and s are intrinsic growth rate
coefficients of prey species in unreserved and reserved zones
respectively; K and L are their carrying capacities. §; is
depletion rate coefficient of the prey species due to the
predator, 8, is the natural death rate coefficient of the
predator species and « is the attack prevention ability of
prey. All the parameters r, s, S, f; [,,and a are assumed
to be positive constants. With these assumptions, it can be
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shown that the solutions of (2.1) are positively invariant and
bounded in the positive cone as stated in the following
theorem.

Theorem 2.1 The set
F={(x,y,z)ER§:0<w=x+y+z$E}
n

is a region of the attraction for all solution of the model (2),
where 7 is a constant such that

K L
0<T]<ﬁoaﬂ=;(r+77)2+;(5 +m2, B = By

3. Existence of Equilibria

The system (2.1) has only three nonnegative equilibria,
namely E;(0,0,0), E(£,9,0) and E(X,¥,%). The trivial
equilbrium E, exists obviously regardless of the
parameters. Regarding the equilibrium £, we have following
existence criteria

—61)2 —
s(r—o1) (s—o)r ’ G.1)

LO‘2 K
(r—o)(s—o02)<oi07 , (3.2)

From the system (2.1), we observe that if there is no
migration of the prey species from reserved to unreserved
zone (i.e. 0, = 0) and r < gy, then, ¥ < 0. Similarly, if
there is no migration of the prey species from unreserved to
reserved zone (i.e. o; = 0)and s < g, theny < 0. Hence it
is natural to assume that

r < g;ands < o;. 3.3)
The component of the equilibrium E is given by
= lxﬁo
X = ’
ﬁz—ﬁlo
Y= trtm [L(Bz — Bo)(s — 02)]
+I2(s = 03)2 + 4oysLafo (B, — Bo) .
Ba=Bo) 1 aBy
z=|\———+=) [+ —-0)———=
G+ 5o+ 0= o0
a’r Bo ]
K (B, — Bo)?
It is noted that Z to be positive, we must have
_ a Bo a’r  Bo
+ (r— — . 3.4
V=0 G T K Gt Y

Equation (3.4) gives a threshold value of the carrying
capacity of the free access zone for the survival of predators.

4. Stability Analysis

In this section, we study the stability of equilibria. To
analyze the stability of the equilibrium, we linearize the
system (2.1). The Jacobian ofthe system (2.1) is given by,
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2rx (@ +x)Byz — Bixz Bix
r——- Ul - UZ
K (a + x)? (@ +x)
2sy
] = 01 S — T - 02 0
\ (@ + x) B,z — Byxz 0 Box /
(a + x)? (a +x) Po
4.1. Local Stability of E,(0,0,0)
AtE; (0, 0, 0), the Jacobian of system (2.1) becomes
B1x
T2 G
Jo= 0y s—o, 0
0 0 _BO

One of the eigenvalues of Jjis —f,, which is negative. The sign of the other two eigenvalues or stability of E; can be
determined from the trace and determinant of the sub matrix of J,given by

. r—01 02
]0=( o1 5—02)

The trace of j; is negative and the determinant of j, is positive if
r+s< 01 + (9]

rs > 01S + 1oy (4.1)
respectively. Therefore, the equilibrium E|, is stable if the conditions (4.1) hold. Otherwise, E is a unstable saddle point.

4.2. Local Stability of E(%,¥,0)
At E(%,7,0) the Jacobian is given by

2rx B1x
r — — —
/ k% %2 (a+2) \
2sy
1= | 01 S — 0 () 0 |
Bax
0 0 - /
\ o P
One of the eigenvalue of J; is 4, = ﬁ — By, which is negative if
g <222 (4.2)
N a+i
The sign of the other two eigenvalues or stability of £ can be determined fromthe trace and determinant of the sub matrix
2r¥
r————go¢ o
L K 1 2
J 2sy
0-1 S — T - 0'2
By the similar argument, the two eigenvalues of j are negative if
2rx 25y
r+s <T+01+T+62
and
4rsxy = 2rx 2sy 2rsx 2rsy
rs 4 ——2 p 2202 4 V0L T 4 564 + =2 + oy (4.3)
KL K L L

Therefore, E is locally asymptotically stable, if the conditions (4.2) and (4.3) are hold. Otherwise, £ is unstable.

4.3. Global Stability of E(X,y,%)

We present the global stability criterion of the coexistence equilibrium. In the following theorem, we show that E is
globally asymptotically stable.
Theorem 4.1 The interior equilibrium E is globally asymptotically stable whenever it exists.
Proof: Suppose that the coexistence equilibrium E exists. We use the following positive definite function about E for
global stability. . 4
v(e) = (x —f—fln;)+cl (y—y—ylng) +c, (Z—Z—Zlng)
Differentiating v (t) with respect to t along the solutions of model (2.1), we get
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dv_6v6x+ auay+ dv oz
dt _oxat  Yayor T 2ozot

=(1—£)(rx—£—ax+a y—ﬁlxz)
01 2

X a+x

+cy (1 —% (sy— ﬂ‘l‘ 01X — 02}’)
+e, (1-7) (557 - A?)
2

rXx Xz — XX _
= 7‘x—7—<71x+02y—ﬁ1 —rX— =+ o X -
0y X XZ S
iy+i1+ + sy = ¢ =+ 101X = €10,y
CcqS g1 X —_ c XZ
—c;Sy + 1” —c y+c102y—|——2ﬂ2
a+x
CaBaxZ
B0z — =+ oz
2 _
rx XZ — rXxXx —_
=‘rx—7—01x+02y—ﬁ1 —TX———+oX
X
szy ﬂle
-t . +ci8y — cl—+ C101X — C10,Y
C1S o1 X
_C]_Sy+ L1y yy C]_ 1 y
c Xz ¢ Xz c XZ c XZ
+c 0,7 + 232 zﬁz_ B zﬂz_
+x a+x a+x a+x
Xz — XX _
bz oy —DE 4k

—rx—1—0x+a -
K 1 Zy a+x K )

1£3 = _ B1XZ _oyxXy , By1%z y
——+6,y — - + +csy—c
K 2y a+x x a+x 1 y 1
01X
+ ¢ 0,x — ¢ 0,y — ¢y + L2 yy — 2y clsy
_2 _ __
S — c XZ Cc Xz Cc XZ Cc XZ
_ 01L +c,00% + 2Boxz zﬁz_ B zﬁz_
L a+x a+x a+x a+x
That is
dv rx? N pixz _ rxf_l_ ~
=rx————01x+ 0y — —rk—— 471X
dt K 1 2Y a+x K
_rE sy B oty BiEr o s (4.4)
K Zy a+x x a+x 1 y 1 L ’
— sy” Cc1Syy
_ 2
a1 Xy — cByxz
—Cq + sy — +clalx + E—

_ Czﬁzfz _ Czﬁz.XZ_ + CzﬁzX’Z
a+x at+x a+x

Using the equilibrium equations for E , we have
0y Xy + B1xZ 2rxx

2
rx
TX+T—O'1X=—

X a+x K (4.5)
and
_ ) _ _
sy + 12 — ¢ o,y = L2 —clcrl?f (4.6)
Now, using (4.5) and (4.6) in (4 4), we get
ol _n2 12 2
= (- D) (y 7
XZ XZ
+ (a+x - a+x - a+x a+x) (CZﬁZ Bl) (4'7)
Xy—Xy
+02(x—x)( )+ co(y— y)( )
Z dv
By choosing ¢; = y_ﬂ and ¢, = ﬂ—l, — can further be written as,
X0q1 ﬁz dt
D T — )2 =225 (52 — %2 %y — x7)2
i = kX0 T -y - oAy —xy)t (4.8)
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This shows that %S 0, with equality holding only at

the equilibrium E . Hence v is a Lyapunov function[20]
and E is globally asymptotically stable.

5. Numerical Simulation

In this section, we present some numerical simulations of
the model (2.1) to illustrate the results obtained in the
previous sections. To carry out the numerical simulation we
need the parameter’s values. Since the data are not available
we choose the following values of the parameters from[6] to
simulate the models (1.1) and (2.1).

r=4,s=3.5K=40,L=50, g, =3,
B =5 B,=40,=250,=15a=1 5.1

a0 T T

121

This shows that the equilibrium E(%,¥,0) exists with
X = 36.73, and y =53.22 . The interior equilibrium
E(x,7,Z) also exists with x = 3, y = 32.44, z = 13.89.
Initially, if the predator (z) is zero, it remains zero forever.
This is shown in Fig 1. However, with the positive initial
values of x,y, and z, the solutions of (2.1) approach to the
equilibrium E (3,32.44,13.89). This shows that the
equilibrium E is stable, shown in Fig 2. By changing the
parameter, 5, from 3.0 to 3.20 , It can be shown that the
predator free equilibrium E, is stable, Fig 3. In this case, the
interior equilibrium E does not exist which is consistent
with Theorem 4.1, that upon existence the equilibrium E i
globally asymptotically stable.

Population

125 2 25

Time

Figure 1. Solutionsofthe model (2.1). Predator free state.Parameters: r =4, s=3.5, K=40, L=50, 61=2.5, 52=1.5, 0=3.0, 1=5.0, B=4.0, x(0)=5, y(0)=3,

z(0)=0, and a=1

a0

45

Population
1 1 w w £
= il s} a0 o

—
[ay]

10

Time

Figure 2. Solutions of the model (2.1):State of co-existence Parameters: r =4, s=3.5, K=40, L=50, 61=2.5, 5,=1.5,B0=3.0, 1=5.0, B=4.0, x(0)=5, y(0)=4,

z(0)=3, and a=1
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Figure 3. Solutions of the model (2.1): Predator is disappeared. Parameters: r =4, s=3.5, K=40, L=50, 61=3, =15, fo=3.0, B1=5.0, p2=3.2, x(0)=10,
¥(0)=5, 2(0)=20, and =1
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Figure 4. Solutions of the model (1.1). Parameters: r =4, s=3.5, K=40, L=50, 6,=2.5, 5,=1.5,30=3.0, 31=4.0, 2=3.0, x(0)=5, y(0)=3, z(0)=0
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Figure 5. Solutionsofthe model (2.1). Parameters: r =4, s=3.5, K=40, L=50, 6:=2.5, &=1.5, Bo=2.5, B1=4.0, B.=3.0, x(0)=5, y(0)=3, z(0)=0, and =1
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Figure 6. Solutionsofthe model (1.1). Parameters: r =4, s=3.5, K=40, L=50, 6:=2.5, 5=1.5, Bo=3.1, $1=5.0, f2=5.50, x(0)=5, y(0)=3, z(0)=0
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Figure 7. Solutions of the model (2.1):Predator free state. Parameters: r =4, s=3.5, K=40, L=50, :=2.5, 0>=1.5, Bo=3.1, $1=5.0, B2=5.5, x(0)=5, y(0)=3,

7(0)=0, and a=10.

6. Discussion

We developed a model to investigate the saturation effect
ofprey population in the dynamics of a prey-predatorsystem.
Local stability criterion of the equilibria are established
through standard method. We also determined the global
stability of the coexistence equilibrium. To observe the
effect of saturation effect on the dynamics of the model, let
us investigate some aspects of two models. In comparison,
the models (1.1) and (2.1) preserve the number of
equilibrium states. The equilibrium points namely E; and
E, of the corresponding models are component wise equal

forboth the models. Howeverthe interior equilibria E ofthe
two models and their stability conditions are quite different.

We may also observe some significant effect of saturation
fromnumerical exp loration.

Using the same set of parameter values in equation (1.1)
and (2.1) it is observed in Fig 4-5 that the solutions of model
(2.1) takes longer time to reach the equilibrium state than
that of model (1.1). It is also noticed that the population of
model (2.1) experience a large oscillation followed by small
oscillations before settle down to the equilibrium state. By
contrast, such effect is not observed in the solution of (1.1).

Using a different parameter values in Fig 6-7, it is shown
that the model (1.1) predicts co-existence of both prey and
predator. By contrast, model (2.1) predicts the disappearance
of predator population. This is a crucial result; because from
ecological point of view we do not expect destabilization of a



124

Joy Ray etal.:

habitat through disappearance of a species. Thus, if a system
more likely follows the model (2.1), the authority should put
their attention on the predator and take some measures for
the surviving of the predators.

The model can be further extended to investigate the
dynamics of two predators on a single prey population. We
intend to report that analysis in the next project.
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