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Abstract The present paper deals with a Kirchhoff problem under homogeneous Dirichlet boundary conditions, set in a
bounded smooth domain Q of R*{N}. The problem studied is a stationary version of the original Kirchhoff equation,
involving the p(x)-Laplacian operator, in the framework of the variable exponent Lebesgue and Sobolev spaces. The
question of the existence of weak solutions is treated. Applying the Mountain Pass Theorem of Ambrosetti and Rabinowitz,
the existence of a nontrivial weak solution is obtained in the variable exponent Sobolev space W {1,p(x)} ().
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1. Introduction

In the present paper we are concerned with the following
problem

p(x)
‘m[fg%dXJdiV(IWI”““ vu)=t(xu)ing, (P

u=0o0noQ
Where QcR" is a smooth bounded domain,
pec(ﬁ) with 1< p(x)<N for any xeQ, m is a

continuous function and f is a Carathéodory function.

Problem (P) is related to the stationary version of a model,
the so-called Kirchhoff equation, introduced by[12]. To be
more precise, Kirchhoff established a model given by the

equation
2 P 2 2
pa_l;_ B E pHoul 4y a_g:o,
ot h 2L70|ox OX
where  p,h,P,,E,L are constants which extends the

classical D'Alambert's wave equation, by considering the
effects of the changes in the length of the strings during the
vibrations. There are papers[4,11,14] in which the authors
give the existence of solutions of Kirchhoff-type and
p-Kirchhoff-type equations. Moreover, for
p(X¥)-Kirchhoff-type equations see, for example,[2,5-7].

The p(x)-Laplace operator Ap(x)u=div(\Vu\”(x)’2 Vu) is

a natural generalization of the p-Laplacian operator
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Apu:div(|Vu|p’2 Vu)where p>1lis a real constant. The

main difference between them is that p-Laplacian operator
is (p-1)-homogenous, but the p(x)-Laplacian operator, when
p(x) is not constant, is not homogeneous. This causes many
problems, some classical theories and methods, such as the
Lagrange multiplier theorem and the theory of Sobolev
spaces, are not applicable. For p(x)- Laplacian operator, we
refer the readers t0[9,10,15,16] and references there in.
Moreover, the nonlinear problems involving the
p(X)-Laplacian operator are extremely attractive because
they can be used to model dynamical phenomenons which
arise from the study of electrorheological fluids or elastic
mechanics. Problems with variable exponent growth
conditions also appear in the modelling of stationary
thermo-rheological viscous flows of non-Newtonian fluids
and in the mathematical description of the processes
filtration of an ideal barotropic gas through a porous
medium. The detailed application backgrounds of the
p(X)-Laplacian can be found in[1,3,17,19] and the
references there in.

2. Preliminaries

First, we recall some basic properties of spaces
LP®(Q) and WP (Q) (for details, see e.g.,[8,14]).
Set

C+(5):{p:pec(ﬁ),p(x)>1f0ranyXE5}.

Forany peC, (5) ,denote

P =infp(x), p"=SUPP(x) <=,

xeQ xeQ

and define the variable exponent Lebesgue space by
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LPO(Q) = {u is a measurable real function on Q: J'Q\u\p(x) dx < oo}.

We define a norm, the so-called Luxemburg norm, on
LP™(Q) by the formula
p(x)
dx <1},

\u\p(x) =inf {/1 >0: J'Q
and then (Lp(x) (Q),| . |p(x)) becomes a Banach space.

u(x)

X
A

Define the variable exponent Sobolev space by
W) = {ue L (Q);[vu[e L™ ()},
then it can be equipped with the norm
||u||l,p(x) = |u|p(x) +|Vu|p(x) YU eWHPo Q).
The space W,"P*(Q) is defined as the closure of
C,"(Q) in W'PY(Q) with respect to the norm

|u For ueW,""™(Q), we can define an

||1,p(x) '
equivalent norm  |uf| = |VU|p(X), since the well-known
Poincaré inequality holds.

Proposition 1.[8,13] The conjugate space of LP™)(Q) is LP' (),

where ——+ =1. Forany u e LP®(Q)

1
p(x) p'(x)

/
and ve L” ¥ (Q), wehave

Ly

Proposition 2.[8,13] Denote o (u) :J‘Q|u|p(x) dx,

UQUVdX‘S %+ 7 ‘u‘p(x) MDI(X)'

vu,u, e LPX) (©2), thenone has
(i) |u|p(x) >1= |u|p(x)p7 = p(u) S|u|p(x)p

(ii) |u|p(x) S13|u|p(x)p Sp(u)s|u|p(x)p_ ’

(i) 1im|al o =0 < lim 2 (un) =0,

n—oo n—oo

(1) [im|unl p) = = < lim 2 (un) = .
n—oo

n—oo
Proposition 3.[8,13] If u,u, e LP(X) (Q),
thenthe following statements are equivalent :

(i) lim|u, _u|p(x) =0,

n—oo
(i) lim (s, -)=0
n—oo
(iii) u, > u inmeasure Q and lim p(u,)=p(u).

N—o0

where

Proposition 4.[8,13]

(i) If 1<p™ < p* <o, thenthespaces LPO (), Wl’p(x)(Q)

and Wol' () (Q) are separable and reflexive Banach spaces,

(ii) If py, p, €C, (5) and py(x)< p,(x) forany xeQ, then

theembedding L™ (Q) - LP2(Q) iscontinuous,

(iii) If qu+(5) and q(x)< p*(x) forany x € Q, then

the embedding W, () (©) - L9 (@) is continuous and compact,

where

Np(x)

N = p(x)
+00 f p(x)>N.

Definition 5. Let X bea Banach space and

*

5 ()=

if p(x)<N,

l: X >R aC!- functional.
Wesaythata functional | satisfiesthe
Palais — Smale (( PS) for short) condition

if any sequence {u,} in X suchthat {I(u, )} isbounded

and 1 (u,) -0 as n — oo, admitsaconvergent
subsequence.

Proposition 6.[8,14] Let X be a Banach spaceand
definethe functional

vu|P™)
A= 2
2 p(x)
Themapping A’ : X — X~
is a strictly monotone, bounded hom eomorphism,

dx. Then A: X — R isconvex.

and of (S, ) type, namely
u, — u(weakly) and |im<A/ (upn).up —u> <0

n—oo
implies u, — u (strongly).

We say that u eW,""" (Q) is aweaksolution of (P) if
o/ p(x)-2
m[[g o) dx .[Q|Vu| VuV¢dx:JQ f(x.u)e,
where (peWOl’p(X)(Q)_
We associate to the problem (P) the energy functional,

definedas 1 :W,""¥(Q) >R,

|Vu|p(x)

I(u)=M [fg o) dx]—jQF(x,u),

M(t):j:m(s)ds and F(x,u):jouf(x,s)ds-

We know that from (m0) and (f0) (see Section 3) | is
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well defined and in a standard way we can prove that
| eC! (Wol'p(x)(g),]R)and that the critical points of | are

solutions of (P). Moreover, the derivative of | is given by
(o] [ B
—j (x,u)e,

forall u,peW,""(Q).

dx]j |Vu|p 2 VUV gpdx

3. The Main Results

Now, we are ready to set and prove the main result of the
present paper.
Theorem 7. Assumethat the following assumptions hold :

(m0) m:(0,+w) —(0,+wx) isacontinuous functionsuchthat,
(1=t <m(t) < (1+7)t"M w0, 15720

and a(x)>1 VxeQ;

(fO) f:QxR — R isaCaratheodory functionand satisfies

the growth condition | (x,t)| < c(1+|t|ﬂ(x)7l) V(x,t)e QxR,
where ﬂeC+(5) and B(x)<
(f1) f(xt)

p (x) forall xeQ;

.
:o(|t|p lj, t — 0 uniformly for xeQ,

where —> p*;
a

(AR) Ambrosetti — Rabinowitz 's condition holds, i.e.,

+( At a*
p
IK >0, > GH]j(—)l
_ a -
")
0<OF (x,t)< f(xt)t, [t >K, ae.xeQ.

Then(P)has at least one nontrivial weak solution.

The proof of Theorem 7 follows from the following two
Lemmas.

Lemma 8. Suppose(m0), (A

suchthat

R)and (f
Then | satisfies (PS) condition.

Proof. Let us assume that there exists a sequence
{Up JinWg" P(9) () such that

|1 (u,)|<cand I'(u,)—>0.

0) hold.

Therefore,

Solutions of a Nonlocal Elliptic Problem Involving p (X)-Kirchhoff-type Equation

+fun]2 1 (tn) -2 (1 (tn).un)

2P o (0 )
a+(p+)a B(p_)a -1

X(J.Q‘Vun‘p(X) dxj+J‘Q[% f(xup)u, —F (X,un))dx

v
—
T
I
—

- 1+7]7 (IQ‘VUn‘p(X) dx)a(X)JrC

| ALy,
() ol )

Therefore, {||Un||} is bounded in Wol’P(X)(Q). From this

[P e

bound estimate, going to a subsequence if necessary, there
exists  a u in W, () such  that

u, — u(weakly)inW,"" (Q). Thanks to the compact
embedding W,""™ (Q) - L™ (Q) , we get

u, — u(strongly)in L2 (Q),
u, >uaexeQ.
Since, <I’(un),un—u

<I/(un),un—u>
[I Il "XJIQWW

—J.Q f (x,un)(un —u)dx — 0.
From (f0) and Proposition 1, it follows
UQ f(x,up)(u, —u)dx‘s

n|ﬁ(><) 1

>_>o,we have

Vu, (Vu, —=Vu)dx

cflu

» |u, - u|ﬂ(x) + c'[Q|un —uldx.

By the embeddings, we get
J.Q f (x.u,)(u, —u)dx —0.

Hence,

p(x)
m[J‘Q [Vuy| dXJJ'Q|VUn|p(X)‘2 Vu, (Vu, —Vu)dx — 0.

p(x)

From (m0), it follows

_[Q|Vun|p(x) 2vu, (Vu, =Vu)dx—>0. (31)
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Since the functional (3.1) is of type (S+), we get

u, —> u(strongly) in W,"* (Q). 1
condition.
Lemma 9.Suppose (m0), (AR), (f0) and ( f1) hold.

Thenthe following statements hold :

satisfies  (PS)

(i) Thereexisttwo psitive real numbers  and a suchthat
I(u)=a>0, u eW," p(x) (Q) with|u] = 7;
(ii) Thereexistsa u in Wo""™) (Q) suchthat |u|> 7, 1 (u)<0.

Proof.
(i) Let us assume |u| <1. Then by (m0), we have

I (u) 2(1;77)[” T —J.Q F(xu).
a (p")
By the continuous embeddings
W, (Q) — L™ (@), and
W, (Q) > L7 (@),
there exist some positive constants ¢ such
that, Vu e W,"P (Q),

Ul <Clull and ul . <cful. (3.2)

Further, using (f0) and (f1), we get
Fxt)<el™ +c, "™, v(xt)c QxR
Therefore,

1_7] + o+ +
(02— ] o dxec, |l o
a(p* «
| e e ol
at €
at p+)
Let us define the function
CD(t):i(l_ﬂ) @ PP g tf P
a+(p+)a
Since £ P it is clear that there exists a » such
a+

that

max,, ®(t)=®(y)>0. Hence, for a fixed

m

() . .
e[o, Ey)] small enough, there exist two positive real
c

numbers 14 and a such that
I(u)2a>0,ueW,"™™ (Q)with|u| = » (0,1).
(i) From (AR), we have

F(xtu)>t"F(xu), vt>1 aexeQ

Hence, for weWOl'p(X)(Q),a;¢0, and t>1 wehave

w|P®
I (tw)=M {jﬁ%dx}jﬁ F(x.to)

+

<) aty (IQ|Vu|p(X) dx)a ~t?[ F(xo)

a (v )
From (AR), it can be obtained that @ > o* p*. Therefore,
| (tw) — —oo(t — +0).
Proof of Theorem 7. From Lemma 8, Lemma 9 and the
fact that 1(0)=0, I satisfies the Mountain Pass theorem

(see e.g.[18]). Therefore, | has at least one nontrivial
critical point, i.e., (P) has a nontrivial weak solution. We are
done.
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